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Preface

This book has an integrated course designed with the aim to help and guide
ambitious engineering students, who are aspiring and preparing for various services

and post including Civil Services, Engineering Services and Public Sector Units.

This book fulfills the need of the students appearing in their regular examination
such as BE/B.Tech./A.M.L.E. or in competitive examinations conducted by various
agencies like UPSC (Engineering and Civil Services), GATE, State and Central Level,

Admission/Recruitment Examinations.

In order to have an overview of the examination patterns, the book provides a
number of objective questions drawn from latest papers of UPSC (IES), GATE and
from various other exams, so that students can practice those questions straightway.
It is advised to the students that they should solve problems without looking into the
solutions given in the book.

Every attempt has been made to make this book student friendly, but some
errors might have crept in. Suggestions for improvement of the text, and intimation

of misprints will be thankfully acknowledged.

The publisher shall be grateful, if any such mistakes are brought to his
knowledge for making amendment and changes in the subsequent editions.

—Publishers
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Electric Circuits

An electrical network is an interconnection of electrical components (e.g. batteries, resistors, inductors,
capacitors, switches) or a model of such an interconnection, consisting of electrical elements (e.g.
voltage, current sources, resistances, inductances, capacitances). An electrical circuit is a network
consisting of a closed loop, giving a return path for the current.

INTRODUCTION

The knowledge of electricity began with the study of various
phenomenon which are all used to know the basic concepts of
electricity. A flow of electrons constitutes an electric current,
and the pressure that produces the electron flow is a potential
difference between two terminals. Potential difference between
two terminals is produced by an excess of electrons on one
body and/or a deficiency of electrons on the other, (or) simply
we can state as, the excess and deficiency of electrons are the
result of chemical action. When an electric current flows, heat
is generated by the motion of electrons, hence the electric lamp,
heater, iron box etc.,

The inter connection of various components of an electrical
system is called electric circuit and a circuit diagram is a graphic
representation of an electric circuit.

Electricity exists in the smallest particle in nature called
the atom. The atom is the basic building block of matter. An
atom is so small that human eyes cannot see it. We only see
them with the help of very powerful magnifying devices.

Below is an illustration of an atom.

Nucleus (core)

Neutrons (neutral no charge)

Protons (positively charged)

Electrons (negatively charged)

In the atom, there are three sub-atomic particles — Protons,
Neutrons and Electrons. Protons and Neutrons are located right
in the nucleus (centre or core) of the atom. Around the nucleus,
there are electrons that are constantly moving very quickly. The
electrons move because they have some energy.

Neutrons have no charges. Protons are positively charged.
Electrons are negatively charged, and they encircle the nucleus.
Electrons encircle the nucleus because opposite charges
(negative charge electrons and positive charge protons) are
attracted to each other, and alike charges tend to move away
from each other.

Electron transferred
from atom 1 to atom 2

The encircling electron can move from one atom to the
other. When Protons and fast moving Electrons interact, electricity
is produced. In simple terms, electricity is the interaction of
Protons in the atom and the fast moving of Electrons around
it. It is the flow of electrons.

CIRCUIT CONCEPTS

An electric circuit is formed by interconnecting components
which have different electrical properties. It is therefore important
in the analysis of electric circuits to know the properties of the
involved components as well as the way the components are
connected to form the circuit.

When two oppositely charged electrodes make contact,
electrons flow from negatively charged electrode to the positively
charged electrode. Thus, electrons flow from electrode which has
excess electrons to one with a deficiency of electrons.

Note: Electrons will also flow from a negatively charged
electrode to an uncharged electrode (or) to one with a lower negative
charge thus, the movement
of electrons constitutes a
flow of electric current.

The flow of charge
carriers allow occurs if
the two charged electrodes
are connected by a
piece of metal which is
known as conductor. The
material which readily
allow electrons to pass Figure 1: Symbolic representation of
through them are termed potential difference, electron flow and
as conductors.

Metallic wire
(Resistance)

+ K= Potential difference — —

resistance.
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Note: Electric current measured in Ampere (A) and resistance
is measured in Ohm (W).

Note:
1. In battery the electron flow take place through chemical
reaction instead of metallic wire.

2. A potential difference exists between a negatively
charged electrode and positively charged electrode.
This produces a flow of electrons from negative to
positive when the bodies are connected by a metallic
wire called resistor.

Potential

The amount of electrons which the particular electrode carries in it
is defined as the potential. Potential difference (or) electromotive
force is an electrical pressure that tends to cause current to flow
when a suitable conducting path is provided.

Note: Potential difference is measured in volts (V)

STATIC ELECTRICITY

A static electric charge, typically produced by friction, which
causes sparks or crackling or the attraction of dust or hair. It
is the transfer of an electron from a negatively charged object
to a positively charged object in an electric field. It is a charge
(not a current) because there is no flow of electrons and there
is no path for the electrons to flow along.

When non-conductive materials (plastic, rubber and
glass) are rubbed against each other, there is usually a transfer
of electrons. This transfer results in an imbalance of charges
between the two materials.

Lightning

Lightning is simply a powerful electric charge. When rain
clouds form, the ice particles and water droplets in the clouds
rub vigorously against each other, losing lots of electric charges.
When other lighter clouds with more charges come into contact
with the rainclouds, electrons are discharged (transferred into
the rain clouds). The discharge produces a lot of heat and the
spark that results if what we see as lightning.

CURRENT ELECTRICITY

Electric current in simple terms are electrons in motion along
a path, regardless of the number of electrons flowing. The path
may be a conductor such as copper, silver and aluminium.
Free electrons can be forced to move from one region of the
conductor to the other.

Current

Current is the rate at which an electric charge flows in a
conductor. It is the number of electrons passing a given point
in a second. This means that if more electrons pass by a given
point, the current is greater.

The symbol for current is the letter “I”. Electrical current
is measured in Ampere or "amp".

Current Direction

Current flow in a resistor
is +ve to —ve (i.e.) outside
of the battery).

vy
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Electron flow from —ve
to +ve in a battery

Figure 2: Representation of electron flow
and conventional current flow.

When two electrodes are connected resistor then the
electron will flow from —ve electrode to + ve electrode through
resistor. Because, electrons will flow from higher potential to
lower potential.

Note: —ve electrode will have more number of electrons. +ve
electrode will have less number of electrons from figure
(1.2), we can understand the difference between two
different currents which is flowing inside the battery and
outer side of the battery, when electrons flow from —ve to
+ve in inside the battery the current which is coming out
from the battery (i.e., from +ve terminal) will be entering
in to the external resistance and ends with the —ve terminal
of the battery.

From figure (2), we can under stand that the current which
is flowing in the elements (R) will by from +ve to —ve to
+ve.

Direct Current and Alternating Current

Current that flows continuously in one direction is termed direct
current (DC). This is the kind of current supplied by a voltage
cell. Because the voltage at the terminals of a voltage cell does
not reverse polarity but remains substantially constant, a voltage
cell can be termed as direct voltage source. (Fig.3a) and (3b)
shows the illustration of DC source.

+ A

4t

Figure 3 (a):
Direct current.

Figure 3 (b):
Direct voltage Source.

Alternating current (AC) is current that flows first in
one direction for a brief time, and then reverses to flow in the
opposite direction for a regular interval time. This illustrated in
figure (4a) and Fig (4b).
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Figure 4 (a):
Alternating Current.

Figure 4 (b):
Alternating Voltage Source.

Voltage and Current Sources

Let we see the classifications of sources. The source can be
mainly classified into two types i.e. voltage source and current
source. Again the voltage sake and current source can be further
classified into two types. i.e. Independent voltage and current
sources then Dependent voltage and current sources.

Source

|
! }

Voltage Source Current Source

1

Dependent In dependent ~ Dependent In dependent
voltage voltage current current
source source source source
Voltage

Voltage measures the difference electric potential between two
points of a circuit. Voltage is measured in Volt and represented
by the letter 'V'
Current and voltage can be very confusing.
Here is an illustration to help you. Think of electrical charge,
current and voltage as a huge water tank connected to a pipe.
Water = Charge
Pressure = Voltage
Flow = Current
The water in the tank represents electric charge. The more
water in there, the more the charge. Voltage is like pressure.
The more the water, the higher the pressure (voltage) at the
end of the pipe.
]

Water
(Charge)

1]

Tap is closed Tap is open
(resistance) (no resistance)

S

Point A Point B

Figure 5
In the diagram above, there is voltage at point A, but no
current, because the tap is closed and the water is NOT flowing.
This means there can be voltage without current, but no current
without voltage. Then voltage is came with the current effort.
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At point B, the tap is opened and water flows. At this
point, there is both voltage and current because there is a flow.

If we open the tap to drain some water out, the pressure
will reduce (lower voltage).

Just as a pump can be used to force water through a
pipe, we can use an external source of power (electromotive
force) such as a battery to push free electrons in conductors
to flow from place to place along a path. Current moving in
one direction is called Direct Current. Electrons in the atom
do not move in a straight direction. There undergo repeated
collisions with other electrons in nearby atoms. During these
collisions, free electrons are knocked off towards the positive
end of the conductor.

RESISTANCE

Resistance can be understood in two ways.

In terms of electron flow, it is the difficulty that electrons
face as they flow inside a conductor (wire). A thin wire means
that the electrons have little space to flow, and they bump into
each other, therefore the flow is not smooth enough. Here, we
say there is more resistance. In a thicker wire, there is more
space for the electrons to move. There is less bumping into each
other and therefore there is less resistance.

In terms of resistors on an electrical circuit, it is anything
that gets in the way of the electricity. Examples include bulbs,
lamps, buzzers and so on. These resistors use up some of the
electricity. Without them, there could be a short circuit.

Conductor

A conductor is a material that allows electricity to easily pass
through them. There are more free electrons in the atoms of
conductors, and are free to move from atom to atom. As a result,
electric charges are free to move from place to place. There is
less resistance to the movement of the electrons.

Examples of good conductors

Aluminum, copper, gold, water are examples of conductors. This
is why electricity producers use copper and aluminum wires to
carry power from generating plants to consumers. Conductors
also allow heat energy to pass through them easily.

Conductivity is the ability of a material to conduct electricity.
Such a material is said to have high conductivity.

Insulator

An insulator is a material that does not allow electricity to easily
pass through them. The electrons in the atoms of insulators do
not freely move from atom to atom. As a result, electric charges
do not freely move from place to place. There is more resistance
to the movement of the electrons.

Examples of good insulators

Rubber, plastics, wood and paper are all examples of insulators.
These materials are also poor conductors of heat energy.
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OHM’S LAW

Ohm's law was named after the German physicist Georg Ohm,
who, in a treatise published in 1827, described measurements
of applied voltage and current through simple electrical circuits
containing various lengths of wire. Ohm explained his experimental
results by a slightly more complex equation than the modern
form below.

<
A
VW

Py

|
V, land R, the &
parameter of Ohm’s law.

Figure 6
Ohm's law states that the current through a conductor
between two points is directly proportional to the voltage across
the two points. Introducing the constant of proportionality, the
resistance, one arrives at the usual mathematical equation that
describes this relationship:

where I is the current through the conductor in units of
Amp, V is the voltage measured across the conductor in units of
volts, and R is the resistance of the conductor in units of ohms.
More specifically, Ohm's law states that the R in this relation is
constant, independent of the current.

Highlights: In physics, the term Ohm's law is also used to
refer to various generalizations of the law originally formulated
by Ohm. The simplest example of this is:

J=oE

where J is the current density at a given location in a
resistive material, E is the electric field at that location, and o
(sigma) is a material-dependent parameter called the conductivity.
This reformulation of Ohm's law is due to Kirchhoff.

Ohm’s law cannot be applied to

® Magnetically coupled circuits such as transformers

®  Vacuum tubes

® Qas filled tubes

e Semiconductor devices such as diodes, transistors, thyristors
® Temperature dependent devices such as thermistors

® Photo sensitive devices such as photoelectric devices,
LDRs etc and

® Nonlinear elements such as powdered carbon, thyrite,
electric arc etc.

LAWS OF RESISTANCE

Resistivity or Coefficient of Resistance is a property of substance,
due to which the substance offers opposition to the flow of
current through it. Resistivity or Coefficient of Resistance of
any substance can easily be calculated from the formula called
Laws of Resistance.
The resistance of any substance depends on the following
factors:
1. The resistance of a substance depends on its length.
2. The resistance of a substance depends on its cross sectional
area.
3. The resistance of a substance depends on the nature of
material of the substance.
4. The resistance of a substance depends on the temperature
of the substance.
There are mainly four (4) laws of resistance from which
the resistivity or specific resistance of any substance can easily
be determined.

ELECTRICAL CIRCUIT

An electrical circuit is a path through which an electrical current
flows. The path may be closed (joined at both ends), making it
a loop. A closed circuit makes electrical current flow possible.
It may also be an open circuit where the electron flow is cut
short because the path is broken. An open circuit does not allow
electrical current to flow.

Below is a basic set of symbols that you may find on
circuit diagrams.

_®__@_

Open Switch Battery Lamp/Bulb Lamp/Bulb

oo i —&— D

Closed Switch Cell Ammeter Buzzer

Fuse Resistor Resistor Voltmeter
Figure 7

It is very important to know the basic parts of a simple
circuit and the symbols that relate to them. A simple circuit has
conductors, a switch, a load and a power source. Here are the
functions of each part:

Conductors

These are usually copper wires with no insulation. They make
the path through which the electricity flows. One piece of the
wire connects the current from the power source (cell) to the
load. The other piece connects the load back to the power source.

Switch

The switch is simply a small gap in the conductor where you
can close or open the circuit. When the switch is closed, the
circuit is closed and current flows.



The Load

The load is a small light bulb or buzzer that lights when the
circuit is turned on. The load is also known as a resistor.

Cell

The power source is a cell. (Note that more than one cell put
together is known as a battery)

The diagram below shows how a basic circuit looks like.
B ——
P N
Cell
{ Conductor (wire)

Switch ).

Load (bulb)
A 4

_®_

Figure 8

It is important to draw circuits with clean straight lines, as
shown in diagram B. Avoid realistic sketches. It is important to
know that a circuit can have more than the basic components in
the diagram. It can have two or more batteries or two or more
bulbs. There are two types of circuits namely Series Circuit and
Parallel Circuit.

SERIES CIRCUITS

A series circuit is one that has more than one resistor, but only
one path through which the electricity (electrons) flows. From one
end of the cell (battery), the electrons move along one path with
NO branches, through the resistors, to the other end of the cell.
All the components in a series circuit are connected end-to-end.

A resistor in a circuit is anything that uses some of the
power from the cell. In the example below, the resistors are the
bulbs. In a series circuit, the components are arranged in a line,
one after the other. Take a look at the diagram below:

The schematic drawing is a better way to draw a series

circuit.
Cell

h
One pat Schematic Drawing

9"

—

Resistors (light bulb)
Figure 9

Each time there is damage (break) in any one of the
resistors the entire circuit will not function. For example, if one
light bulb goes out, all the other lights will go off because the
electricity path in the broken bulb is cut off.

Do you put Christmas lights on the trees at home during
Christmas? If the lights are in a series circuit, one burned out

Electric Circuits 17

bulb will keep all the lights off. That is one disadvantage of
series circuits. One advantage though is that you will always
know if there is a break in a series circuit. If there are many
bulbs in a circuit with a battery (cell), it is very likely that the
light will be dimmer because many resistors are acting on the
same voltage of power from the battery.

Now let us take a look at Parallel Circuits.

PARALLEL CIRCUITS

In a parallel circuit, there is more than one resistor (bulb) and
they are arranged on many paths. This means electricity (electrons)
can travel from one end of the cell through many branches to
the other end of the cell.

Look at the illustration below involving two resistors in
a parallel circuit:

F AB
e cares !

Path 1
S A
resistor
Path 2
H “.; G &
resistor
Figure 10

You will notice from the above that there is more than
one path:

PATH 1: A-B-C-D-E-F and back to A.

PATH 2: A-B-C-G-H-D-E-F and back to A.

From the above, it is clear that electricity from the cell
can take either path A or Path B to return to the cell. The great
thing about parallel circuits is that, even when one resistor (bulb)
burns out, the other bulbs will work because the electricity is
not flowing through one path.

Think of all the light bulbs in your home. If one bulb
burns out, the other bulbs in the rooms still work.

Another great thing is that the bulbs in a parallel circuit
do not dim out like the case in series circuits. This is because
the voltage across one branch is the same as the voltage across
all other branches.

What is a short circuit?

A simple, well-designed circuit,
as discussed earlier, has a cell A
providing current along a path
(wire), to a load (resistor) and

{ Conductor (wire)

back to the other end of the cell Load (bulb)
as shown in this diagram. v

As the voltage gets to the ® o
resistor (load), there is a power Figure 11
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drop, because the resistor uses some of the electricity up to
produce heat and light. This means that the voltage that ends
up at the other side of the cell is reduced.

For many reasons, the wires in a circuit can find a short-
cut, bypassing the load (and other components). This causes
the same voltage from the cell to flow to the other end of the
cell. When this happens the high voltage causes the wires to
heat up and catch fire.

Can you think of some reasons why there could be
a short circuit?

Here are a few:

®  Wires may loose their insulation and touch each other in
the circuit

® There could be a fault (improper wiring) in a device

e Intentionally connecting both ends of a cell/battery with
wires. This causes a massive drain of electricity and the
battery looses its power in a very short time.

®  Ashort circuit can cause heating, melting of wires, harmful
smoke and smell, and blinding light (like what you see
during welding)

Circuit Protection

It is very important that electrical devices in homes, cars, aeroplanes
and other complex machines are protected from higher voltage
than the wires are designed to take — otherwise, the devices
can break and even catch fire.

In real life electrical circuits, it is possible that wires
(conductors) loose their insulation and come into contact with
the ground or other conductors. If that happens, the voltage in
the wire will have no resistor (load) and the same high voltage
will be returned to the source of power.

This can result in overheating, as there is way too much
voltage than the wires can take. Overheating will then cause
melting and eventually a break (open) in the circuit. One way
to protect a circuit is to add a fuse, circuit breaker or thermal
breaker to the circuit. These work in similar ways, but let us
consider a fuse in more detail:

A Fuse

A fuse is simply a strip of alloy wire (made of bismuth and tin),
which is connected to the circuit. The fuse is usually designed
to take specific volumes of electricity (voltage). For example is
a 3amp fuse is fixed into a circuit — it cannot take any more
than 3amps of electricity. If for any reason, there is a surge
or increase in the voltage, the fuse will melt immediately and
break. This will stop the flow of high voltage and prevent any
potential damage to the circuit or device.

Potential Divider

In electronics, a voltage divider which is also known as a
potential divider, is a passive linear circuit. It is a simple circuit
which turns a large voltage into a smaller one. It produces an
output voltage (V) that is a fraction of its input voltage (V, ).

Voltage division is the result of distributing the input voltage
among the components of the divider. It is a high resistance
connected across the supply mains and is employed to provide
a variable voltage from a constant voltage supply. The variable
voltage is available across a fixed point A and variable point C
(shown in Fig. 12).

AAAAA
VVVVY
Y

Y

A

A

Figure 12

Coils of resistance wire are wound uniformly on an
insulating tube and sliding contact is mounted on a conducting
bar fastened about 1 cm above the tube. With terminal C open,
that is, not connected to any thing, the voltage V_, can be
changed in small increments from zero to V,.

The resistance per mm of wire between A and B is constant
throughout the its length and , therefore, the resistance between
points A and C (R, ) is the same fraction of the total resistance
(R,p) as the distance from A to C is a fraction of the distance
from A to B.

Electrical Power and Energy

Electric power is the rate, per unit time, at which electrical
energy is transferred by an electric circuit. The SI unit of power
is the Watt, one joule per second. It is usually produced by
electric generators, but can also be supplied by sources such
as electric batteries. It is usually sold by the kilowatt hour (3.6
MJ) which is the product of power in kilowatts multiplied by
running time in hours.

Electric utilities measure power using an electricity meter,
which keeps a running total of the electric energy delivered to a
customer. It provides a low entropy form of energy and can be
converted into motion or other forms of energy with high efficiency.

Joule's Law of Electric Heating

The joule's first law shows the relationship between heat produced
by a flowing electric current through a conductor. The amount of
generated heat is proportional to wire's electrical resistance when
the current in the circuit and the flow of current is not changed.
The Joule’s first law shows the relationship between heat

produced by a flowing electric current through a conductor.

Q=PEFRT
where,

Q = indicates amount of heat,

I = shows electric current



R = is the amount of electric resistance in conductor
T = denotes time

® The amount of generated heat is proportional to wire’s
electrical resistance when the current in the circuit and
the flow of current is not changed.

® The amount of generated heat in conductor carrying current
is proportional to square of the current flow through the
circuit, when the electrical resistance and current supply
is constant.

® The amount of heat produced because of the current flow
is proportional to the time of flow, when the resistance
and current flow is kept constant.

Conversion Efficiency

Energy conversion efficiency (1) is the ratio between the useful
output of an energy conversion machine and the input, in energy
terms. The input, as well as the useful output may be chemical,
electric power, mechanical work, light (radiation), or heat.

The Greek letter eta () is commonly used as the letter
ration of output power to input power.

DC NETWORK ANALYSIS

Concept of Network

Generally speaking, network analysis is any structured technique
used to mathematically analyze a circuit (a "network" of
interconnected components). An electric circuit or network is
an interconnection of physical electrical devices.

The purpose of electric networks is to distribute and convert
electrical energy into some other forms. Accordingly, the basic
circuit components are an energy source (sources), an energy
converter (or converters) and conductors connecting them.

An energy source, such as a primary or secondary cell, a
generator, and the like, is a device that converts chemical, mechanical,
thermal or some other from of energy into electrical energy.

An energy converter, also called the load, (such as lamp,
heating appliance, or an electric motor) converts electrical energy
into light, heat, mechanical work and so on.

Electrical energy is a form of energy that occurs as a
result of either stored or moving charged particles. When the
energy is stored it is called electric potential energy and when
it is moving in an electric current it is a form of kinetic energy.

The relationship between the current through a resistance
and the voltage across the same resistance is called its volt-ampere
(or voltage-current) characteristic. When represented graphically,
voltages are laid off as abscissa and currents as ordinates.

There are two types of volt-ampere characteristics—straight
line and non-linear (curve), as shown in fig. given below;

Resistive elements for which the volt-ampere characteristic
is a straight line (Fig. 13a) are called linear, and the electric
circuits containing only linear resistances are called linear circuits.

Resistive elements for which the volt-ampere characteristic
is other than a straight line are termed as nonlinear, and so the
electric circuits containing them are called nonlinear circuits.

Electric Circuits 19

—— Current, | —»
—— Current, | —»

Voltage, V —» Voltage, V —»
(@) (b)
Figure 13

In an electric circuit, a nonlinear element or nonlinear
device is an electrical element which does not have a linear
relationship between current and voltage. A diode is a simple
example. Examples of linear elements are resistors, capacitors,
and air core inductors.

Unilateral Circuits and Bilateral Circuits

There are two types of contracts: one is the unilateral contract
and another one is the bilateral contract. The essential difference
between the two is in the parties. Unilateral contracts contain
the only promisor while bilateral contracts contain both promisor
and promise.

Unilateral Circuits

In wunilateral circuits, when the circuit property changes at
the same time direction of supply voltage or current also be
changed. In other words, unilateral circuit allows the current
flow only in one direction. Diode rectifier is the main example
of unilateral circuit because it doesn’t perform the rectification
in both direction of supply.

Bilateral Circuits

In bilateral circuits, when the circuit property didn’t change, but
the change in the direction of supply voltage or current takes
place. In other words, the bilateral circuit allows the current
flow in both directions. Transmission line is the main example
of bilateral circuit because if you give power supply from any
direction, the circuit properties remain constant.

CLASSIFICATION OF NETWORKS

The behavior of the total network depends upon the behavior
and characteristics of the elements. Based on such characteristics,
electrical networks can be classified as shown below

Linear Network: A circuit or network whose parameters
i.e., elements like capacitances, resistances and inductances are
always constant irrespective of the change in voltage, time and
temperature, etc are known as linear network. The Ohm’s law
can be applied to such a network.

Nonlinear network: A circuit whose parameters changes
their values with change in time, voltage, temperature, etc is
known as a non-linear network. The Ohm’s law may not be
applied to such network. Such network does not follow the
law of superposition. The response of the various elements is
not linear with respect to their excitation. The best example is
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a circuit consisting of a diode where the diode current does not
vary linearly with the voltage applied to it.

Bilateral Network: A circuit whose characteristics, behavior
are same irrespective of the direction of current through various
elements of it, is called bilateral network. A network consisting
only resistances is a good example of bilateral network.

Unilateral Network: A circuit whose operation, behavior
is dependent on the direction of the current through various
elements is called unilateral network. Circuit consisting diodes,
which allows the flow of current only in one direction is a good
example of unilateral circuit.

Therefore, this is all about unilateral circuits and bilateral
circuits which include the basic electrical circuit, types and
properties.

Network Topology

A network is the arrangement of a network, including its nodes
and connecting lines.

Importance of the topological approach for solving the
electric circuits.

Node: It’s the point in the network to which two or more electric
elements are connected

Branch: It’s the line segment, which represents the network
elements or a combination of network elements connected
between the two nodes

Path: It’s the group of elements of the property that they can
be traversed in such a way that no node again passing possible
Loop: It’s the closed path in the network

Mesh: It’s an independent loop, which don’t any other loop in it

Kirchhoff's Laws

Kirchhoff's circuit laws are two equalities that deal with the
current and potential difference (commonly known as voltage)
in the lumped element model of electrical circuits.

These laws were first described in 1845 by German physicist
Kirchhoff. This law generalized the work of Georg Ohm and
preceded the work of James Clerk Maxwell. It is widely used
in electrical engineering, and is also known as Kirchhoff's rules
or simply Kirchhoff's laws.

Figure 14: The current entering any junction is equal to the
current leaving that junction. i, + i, =i + i,
Both of Kirchhoff's laws can be understood as corollaries
of Maxwell's equations in the low-frequency limit. They are

accurate for DC circuits, and for AC circuits at frequencies
where the wavelengths of electromagnetic radiation are very
large compared to the circuits.

This law is also called Kirchhoff's first law, Kirchhoff's
point rule, or Kirchhoff's junction rule (or nodal rule).

The principle of conservation of electric charge, combined
with the very large repulsive Coulomb forces that will occur if
charge "piles up" anywhere, imply that:

At any node (junction) in an electrical circuit, the sum of
currents flowing into that node is equal to the sum of currents
flowing out of that node or equivalently

The algebraic sum of currents in a network of conductors
meeting at a point is zero.

Recalling that current is a signed (positive or negative) quantity
reflecting direction towards or away from a node, this principle
can be stated as:

S, =0
k=1

n is the total number of branches with currents flowing
towards or away from the node.

This formula is valid for complex currents:
Y, k=0
k=1
The law is based on the conservation of charge whereby

the charge (measured in coulombs) is the product of the current
(in amperes) and the time (in seconds).

Uses

A matrix version of Kirchhoff's current law is the basis of most
circuit simulation software, such as SPICE. Kirchhoff's current
law combined with Ohm's Law is used in nodal analysis.

KCL is applicable to any lumped network irrespective of
the nature of the network; whether unilateral or bilateral, active
or passive, linear or non-linear.

Kirchhoff's Voltage Law (KVL)

This law is also called Kirchhoff's second law, Kirchhoff's loop
(or mesh) rule, and Kirchhoff's second rule.

vity,tv,—-v,=0
The principle of conservation of energy implies that

The directed sum of the electrical potential differences
(voltage) around any closed network is zero, or:

; ..V5
Figure 15: The sum of all the voltages
around a loop is equal to zero.



More simply, the sum of the emfs in any closed loop is
equivalent to the sum of the potential drops in that loop, or: The
algebraic sum of the products of the resistances of the conductors
and the currents in them in a closed loop is equal to the total
emf available in that loop.

Similar to KCL, it can be stated as:

k=1
Here, n is the total number of voltages measured. The
voltages may also be complex:

iv/'k=0
1

T Ms

This law is based on the conservation of energy whereby
voltage is defined as the energy per unit charge. The total
amount of energy gained per unit charge must be equal to the
amount of energy lost per unit charge, as energy and charge
are both conserved.

NETWORK THEOREMS

Network Theorems are the basic laws that govern electric circuits
based on the Ohm's laws and the Kirchhoff's laws.

Because the circuit is linear we can find the response of
the circuit to each source acting alone, and then add them up
to find the response of the circuit to all sources acting together.
This is known as the superposition principle.

The superposition principle states that the voltage across
(or the current through) an element in a linear circuit is the
algebraic sum of the voltages across (or currents through) that
element due to each independent source acting alone.

1. Superposition Theorem

The basic principle of superposition states that, if the
effect produced in a system is directly proportional to the
cause, then the overall effect produced in the system, due
to a number of causes acting jointly, can be determined
by superposing (adding) the effects of each source acting
separately.

This principle is only applicable to “linear” networks and
system.

Consider the circuits below. In Fig. 1, clearly the voltage
across the resistor and the current are given by
V.=V, -V;I=V/R=V/R-V/R.

AN
VVVVY

+ R +
v, v,

<« |

Figure 16: A circuit
Now, applying the superposition theorem yields
I=1 +1=V/R-V/R,

i.e., the sum of the currents due to two sources.
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Question: Is the superposition theorem applicable to the
power as well?

.

+ R "R
v, N
<+ | 12:?2

Figure 17: Illustration of Superposition Theorem

Example 1: Verify the superposition theorem.

AN AN
VVVVY VVVVY

. O

Figure 18: Example 1 problem

<

O
N
AVAVAVAVAV

Example 2: Verify the superposition theorem.
R

»—ANN

i, vv\v/‘:_ ilz 13
i (O CT: ve "2y, Do

Figure 19: Example 2 problem

Reciprocity Theorem

Consider two loops A and B of a network N where an
ideal voltage source V in loop A produces a current I in
loop B, then the network is said to be reciprocal if an
identical source in loop B produces the same current I in
loop A. In short, a linear network is said to be reciprocal
if it remains invariant due to the interchange of position of
cause (source) and effect (linear elements) in the network.

Example 3: Verify the reciprocity theorem.

AMAAA AN
VVVVY VVVVY

20Q 20Q

20 VO N Fitoa DN\dna,

Iy

AAAAA
VVVVY
RN
3

AAA AN

VVVVY VVVVV
20Q 20Q
- 10Q
i 10Q -
v, ﬁ\—— r, 10Q
2006*°v

Figure 20: Example 3 problem

Thevenin’s Theorem

This theorem states that a linear circuit containing one or
more sources and other linear elements can be represented
by a voltage source VTH in series with an impedance ZTH.
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VTH is the open-circuit voltage between the terminals of
the network and ZTH is the impedance measured between
the terminals of the network with all sources removed
(but not their impedances). This is also called the voltage
source equivalent circuit.

V, Network /_R

Figure 21 (a): General network  Figure 21 (b): Equivalent circuit

Example 4: Find the Thevenin’s equivalent circuit.

AN AN
VVVVY VVVVY

<
@
AAAA
VVVVY
N
@
-
AAAAA
VVVVY
N
)

Figure 22: Example 4 problem

Example 5 Find the Thevenin’s equivalent circuit.

Figure 23: Example 5 problem

Norton’s Theorem

Norton’s theorem says that the linear network consisting of
one or more independent sources and linear elements can
be represented by a current source I . and an equivalent
impedance Z_,, in parallel with the current source. I is the
short-circuit current between the terminals of the network
and Z_, is the impedance measured between the terminals
with all sources removed (but not their impedances). This
is also called the current source equivalent circuit.

Example Repeat examples 4, 5 using Norton’s equivalent
circuits.

Millman’s Theorem

Let V, (i =1, 2,..., n) be the open-circuit voltages of n
voltage sources having internal impedances Z, in series,
respectively, as shown in Fig. Suppose these sources are
connected in parallel, then they may be replaced by a single
ideal voltage source V in series with an impedance Z, where

Figure 24: Millman’s Theorem

Example 6: Find the current I in Fig.

X
102 20% 30 :

10
v av(®) av

y

Figure 25: Example 6 problem

Maximum Power Transfer Theorem

Maximum power will be delivered to a network, to an
impedance Z if the impedance of Z is the complex
conjugate of the impedance Z of the network, measured
looking back into the terminals of the network.
Example: A circuit model of a transistor driven by a current
source i(f) is shown in Fig., where RS is the source internal
impedance and 4, i, . and 1/h are transistor parameters.
Find Thevenin’s and Norton’s equivalent circuits and derive
the condition of maximum power transfer.

AN

dolvar g#
4 Rg 2
L

Figure 26: Example 7 problem

AAAAA
VVVVY
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Substitution Theorem

Sometimes, it is convenient to replace an impedance
branch by another branch with different circuit components,
without disturbing the voltage-current relationship in the
network. The condition under which, branch replacement is
possible, is given by the substitution theorem. It states that
any branch in a network may be substituted by a different
branch without disturbing the voltages and currents in the
entire network, provided the new branch has the same set
of terminal voltage and current as the original branch.



The substitution theorem is a general theorem and is
applicable for any arbitrary network. It is very useful
in circuit analysis of networks having one non-linear
element. Also, it is often used to replace the effect of
mutual inductance.

Example 8: Find the substitutions for xy branch.

AN AN
VVVVY VVVV

1Q 1Q

sv ()

AN

VVVVV
N
e}
N
©}

Figure 27: Example 8 problem

Compensation Theorem

In some problems, we are interested in finding the
corresponding changes in various voltages and currents of a
network subjected to a change in one of its branches. The
compensation theorem provides us a convenient method
for determining such effects. In a linear network N, if the
current in a branch is I and the impedance Z of the branch
is increased by Z, then the increment of voltage and current
in each branch of the network is that voltage or current that
would be produced by an opposing voltage source of value
V. (FIAZ) introduced into the altered branch after the
modification. The compensation theorem is based on the
superposition principle, and the network is required to
be linear.

Figure 28 (a): Original Thevenin’s equivalent circuit
Consider the network N in Fig. 28 (a), having branch
impedance Z, then

1= \/()C
Z+ 72y

Let 6Z be the change in Z. Then I' (the new current) can
be written as

_ Voc
Z+0Z+Zy

as shown in Fig. 28 (b). It follows that

’

Figure 28 (b): Load is changed by 6Z
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SI=T -1= ‘\/k)(: _ ‘\/k)(:
Z+3Z+2ry Z+Zpy
_[ Voc ) 8z Bz
Z+Zry ) Z+8Z+Zy Z+08Z+ Zy
Ve
Z4+08Z+Zry
where

V. =18Z , which is shown in Fig. 28 (c).

Figure 28 (c): Equivalent circuit by the
Compensation theorem
Example 9: Verify the compensation theorem when R is
changed from 4 to 2Q.

B AAAAA AN
7 VVVVY VVVVY

10 Yi, 10 Yi,
)

1v(©)

AAAAA

Figure 29: Example 9 problem

Tellegen’s Theorem

Tellegen’s theorem is based on two Kirchhoff’s laws and is
applicable for any lumped network having elements which
are linear or non-linear, active or passive, time-varying or
time-invariant. It is completely independent of the nature
of elements and is only concerned with the graph of the
network. Consider an arbitrary lumped network whose
graph G has b branches and n nodes. Suppose, to each
branch of the graph, we assign arbitrarily a branch voltage
v, and a branch current i, for k£ = 1,2,...,b and suppose
that they are measured with respect to arbitrarily chosen
associated reference directions. If the branch voltages
V), V,, ..., v, satisfy all the conditions imposed by KVL and
if the branch currents i , i, ..., i, satisfy all the constraints
imposed by KCL, then

22

b
> v (i, (t)=0,Y1,t’
k=1

It is noted that in a linear time-invariant network composed
of energy sources and passive elements under steady-state
sine-wave excitation, the conservation of power is depicted
by Tellegen’s theorem with ¢ = 7.

Proof: Consider a network N consisting of b branches
and n nodes, let A = [akj] be the incidence matrix, whose
elements are given by
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+1, if branchi ) leaves node k&

= —1, if branch ij enters node

0, otherwise
Then KCL can be written as
Ai=0,
where i =[i, i, ..., ib]T denotes the branch-current vector.
Note that A is an » X b matrix. Also, the branch voltages

v=1[v, v, .., v]" are related to the node voltages
v=1[V,v, ..v | by

v=Aly,.

Therefo}e,

S v i) =170 =(ATy,)' i = wJAL = 0.(QED)
k=1 -

Furthermore, consider another network N’, which has the
same topological configuration, the same references for
branch currents and voltages, and the same numbering for
the branches as the network N. Consequently, both networks
have the same incidence matrix A, and it follows that

Ai’=0;v=A"

Vo>
where j’)y’,y, denote branch current vector, branch
voltage vector and node voltage vector, of the network
N’, respectively. Therefore,
b T
S v (i () ="i"=(ATy, ) i=v/Ai=0.
k=1 -
which implies that Tellegen’s theorem is applicable to two
networks with the same topological configuration as well.
Furthermore, it can be easily shown that
XTL-=ZTL-/=21TL-=X/TL-/=O
Example 10: Find all branch currents and voltages for
both networks N, N, in Fig. 30 (a), (b). Then verify
Tellegen’s theorem.
by20 Q@h,ee  ®

AVAVAVAVAV VVVVY
+ - —

. ! +
l|1 \J) —lgl Vy

<

>+ .
Ov,=2v 403y,  i=1A D+v5

Figure 30 (a): Network N, in example 10 problem

@'—>3Q ORI ®

VWV

v, - V-
. 2 vl + V,=2y | _
= ;=
C*)Vq 502V, Vs=9Q
= = 7

Figure 30 (b): Network N, in example 10 problem

Example 11: Verify Tellegen’s theorem for networks N,
N, in Fig. 31 (a), (b). Assume steady-state conditions.

10 1H
+ - + -
) (3)
— >
i I3
sint(®) (1)li1 i 1F == (4)
N1

10 10
— _ VVVAVAV + _AVAVAVAVAV +
2) (3)
<+— <4——
(1,) i,z I 3
2a() ) T )
9 e | @)
+ N,

Figure 31 (b): Network N, in example 11 problem

Example 12: Consider two networks with the same
topology and, inside their respective two-port boxes, the
same set of elements—passive complex impedances z (s).
The outside elements differ—an open circuit at port 0 and
a source at port 1 in one case, and a source at port 0 and
a short circuit at port 1 in the other case.

ia0 i
<a_ L1>
+
Z,(s) ¥
Va0 Vaq
- n=2..N _
O—
ino i1
=l
bOT
+
z,(s) +
Vbo Vi
- n=2..N -

Figure 32: Networks for example 12

Choosing the currents from network a and the voltages
from network b for Tellegen’s Theorem,

N N
0= kEO Voilak =Voolao T Vorlar T kzz Vorlak

N . N . .
= X Vg = X plr 24 (9)
k=0 k=0

Choosing the voltages from network a and the currents
from network b for Tellegen’s Theorem,

N N
0= kzo Varlpe =Vaoipo T Varlpt + X Varlpe

N
=Vaolpo T Varlpr + kzz Lokl 2k (8) =Va0lp0 + Varlp

Therefore we have a reciprocity of the reverse open-circuit
voltage transfer equaling the forward short-circuit current
Yao _ _In

Val )

transfer:



ALTERNATING CURRENT (AC)

Alternating current describes the flow of charge that changes
direction periodically. As a result, the voltage level also reverses
along with the current. AC is used to deliver power to houses,
office buildings, etc.

Generating AC

AC can be produced using a device called an alternator. This
device is a special type of electrical generator designed to produce
alternating current. A loop of wire is spun inside of a magnetic
field, which induces a current along the wire. The rotation of
the wire can come from any number of means: a wind turbine,
a steam turbine, flowing water, and so on.

Because the wire spins and enters a different magnetic
polarity periodically, the voltage and current alternates on the wire.

Here is a short animation showing this principle:

To generate AC in a set of water pipes, we connect a mechanical
crank to a piston that moves water in the pipes back and forth
(our “alternating” current). Notice that the pinched section of
pipe still provides resistance to the flow of water regardless of
the direction of flow.

Waveforms

AC can come in a number of forms, as long as the voltage
and current are alternating. If we hook up an oscilloscope to a
circuit with AC and plot its voltage over time, we might see a
number of different waveforms. The most common type of AC
is the sine wave. The AC in most homes and offices have an
oscillating voltage that produces a sine wave. Triangle waves
are found in sound synthesis and are useful for testing linear
electronics like amplifiers.

Describing a Sine Wave

We often want to describe an AC waveform in mathematical terms.
For this example, we will use the common sine wave. There
are three parts to a sine wave: amplitude, frequency, and phase.

Looking at just voltage, we can describe a sine wave as
the mathematical function:

V(t) = V,sin 2nft + ¢)

V(?) is our voltage as a function of time, which means that
our voltage changes as time changes. The equation to the right
of the equals sign describes how the voltage changes over time.

V, is the amplitude. This describes the maximum voltage
that our sine wave can reach in either direction, meaning that our
voltage can be +V, volts, -V, volts, or somewhere in between.

The sin function indicates that our voltage will be in the
form of a periodic sine wave, which is a smooth oscillation
around OV.

21 is a constant that converts the frequency from cycles
(in hertz) to angular frequency (radians per second).

fdescribes the frequency of the sine wave. This is given in
the form of hertz or units per second. The frequency tells how
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many times a particular wave form (in this case, one cycle of
our sine wave — a rise and a fall) occurs within one second.

t is our independent variable: time (measured in seconds).
As time varies, our waveform varies.

¢ describes the phase of the sine wave. Phase is a measure
of how shifted the waveform is with respect to time. It is often
given as a number between 0 and 360 and measured in degrees.
Because of the periodic nature of the sine wave, if the wave
form is shifted by 360° it becomes the same waveform again,
as if it was shifted by 0°.

For simplicity, we sill assume that phase is 0° for the rest
of this tutorial.

We can turn to our trusty outlet for a good example of
how an AC waveform works. In the United States, the power
provided to our homes is AC with about 170V zero-to-peak
(amplitude) and 60Hz (frequency). We can plug these numbers
into our formula to get the equation (remember that we are
assuming our phase is 0):

V(t) = 170 sin (2n 60¢)

We can use our handy graphing calculator to graph this
equation. If no graphing calculator is available we can use a
free online graphing program like Desmos.

(Note that you might have to use ‘y’ instead of ‘v’ in the
equation to see the graph).
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Figure 33

Notice that, as we predicted, the voltage rise up to 170V
and down to -170V periodically. Additionally, 60 cycles of the
sine wave occurs every second. If we were to measure the voltage
in our outlets with an oscilloscope, this is what we would see.
(WARNING: do not attempt to measure the voltage in an outlet
with an oscilloscope! This will likely damage the equipment).
NOTE: You might have heard that AC voltage in the US is
120V. This is also correct. How? When talking about AC (since
the voltage changes constantly), it is often easier to use an
average or mean. To accomplish that, we use a method called
“Root mean squared.” (RMS). It is often helpful to use the RMS
value for AC when you want to calculate electrical power. Even
though, in our example, we had the voltage varying from -170V
to 170V, the root mean square is 120V RMS.

Applications

Home and office outlets are almost always AC. This is because
generating and transporting AC across long distances is relatively
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easy. At high voltages (over 110kV), less energy is lost in electrical
power transmission. Higher voltages mean lower currents, and
lower currents mean less heat generated in the power line due
to resistance. AC can be converted to and from high voltages
easily using transformers.

AC is also capable of powering electric motors. Motors
and generators are the exact same device, but motors convert
electrical energy into mechanical energy (if the shaft on a motor
is spun, a voltage is generated at the terminals!).

This is useful for many large appliances like dishwashers,
refrigerators, and so on, which run on AC.

DIRECT CURRENT (DC)

Direct current is a bit easier to understand than alternating
current. Rather than oscillating back and forth, DC provides a
constant voltage or current.

Generating DC

DC can be generated in a number of ways:

® An AC generator equipped with a device called a
“commutator” can produce direct current

e Use of a device called a “rectifier” that converts AC to DC
®  Batteries provide DC, which is generated from a chemical
reaction inside of the battery

Using our water analogy again, DC is similar to a tank
of water with a hose at the end.

Describing DC

DC is defined as the “unidirectional” flow of current; current
only flows in one direction. Voltage and current can vary over
time so long as the direction of flow does not change. To
simplify things, we will assume that voltage is a constant. For
example, we assume that a AA battery provides 1.5V, which
can be described in mathematical terms as:

V@ =15V
If we plot this over time, we see a constant voltage:

+ 1.5V

voltage

time —»

Figure 34
What does this mean?

It means that we can count on most DC sources to provide a
constant voltage over time. In reality, a battery will slowly lose its
charge, meaning that the voltage will drop as the battery is used.
For most purposes, we can assume that the voltage is constant.

Applications

Almost all electronics projects and parts for sale on SparkFun
run on DC. Everything that runs off of a battery, plugs in to

the wall with an AC adapter, or uses a USB cable for power
relies on DC. Examples of DC electronics include:

e (Cell phones
e The Lily Pad-based D&D Dice Gauntlet

e Flat-screen TVs (AC goes into the TV, which is converted
to DC)

e Flashlights
e Hybrid and electric vehicles

Battle of the Currents

Almost every home and business is wired for AC. However, this
was not an overnight decision. In the late 1880s, a variety of
inventions across the United States and Europe led to a full-scale
battle between alternating current and direct current distribution.

In 1886, Ganz Works, an electric company located in
Budapest, electrified all of Rome with AC. Thomas Edison, on
the other hand, had constructed 121 DC power stations in the
United States by 1887. A turning point in the battle came when
George Westinghouse, a famous industrialist from Pittsburgh,
purchased Nikola Tesla’s patents for AC motors and transmission
the next year.

AC vs DC

In the late 1800s, DC could not be easily converted to high
voltages. As a result, Edison proposed a system of small, local
power plants that would power individual neighborhoods or city
sections. Power was distributed using three wires from the power
plant: +110 volts, 0 volts, and —110 volts. Lights and motors
could be connected between either the +110V or 110V socket
and OV (neutral). 110V allowed for some voltage drop between
the plant and the load (home, office, etc.).

Even though the voltage drop across the power lines was
accounted for, power plants needed to be located within 1 mile
of the end user. This limitation made power distribution in rural
areas extremely difficult, if not impossible.

With Tesla’s patents, Westinghouse worked to perfect the
AC distribution system. Transformers provided an inexpensive
method to step up the voltage of AC to several thousand volts
and back down to usable levels. At higher voltages, the same
power could be transmitted at much lower current, which meant
less power lost due to resistance in the wires. As a result, large
power plants could be located many miles away and service a
greater number of people and buildings.

Edison’s Smear Campaign

Over the next few years, Edison ran a campaign to highly
discourage the use of AC in the United States, which included
lobbying state legislatures and spreading disinformation about AC.
Edison also directed several technicians to publicly electrocute
animals with AC in an attempt to show that AC was more
dangerous than DC. In attempt to display these dangers, Harold
P. Brown and Arthur Kennelly, employees of Edison, designed
the first electric chair for the state of New York using AC.



The Rise of AC

In 1891, the International Electro-Technical Exhibition was held
in Frankfurt, Germany and displayed the first long distance
transmission of three-phase AC, which powered lights and motors
at the exhibition. Several representatives from what would become
General Electric were present and were subsequently impressed
by the display. The following year, General Electric formed and
began to invest in AC technology.

Sinusoidal Quantities

Phasor Representation of Sinusoidal Variables

About AC circuit analysis, all sinusoidal variables (currents and
voltages) are assumed to be of the same frequency. In general,
arithmetic operations of sinusoidal functions are not convenient
as they will involve using trigonometric identities. However, we
can consider such sinusoidal functions as real (or imaginary)
parts of some rotating vectors in the complex plane, and their
arithmetic operations (addition, multiplication, etc.) can be more
conveniently carried out (review of complex arithmetic).

A
e[ @ = 2nf
B/i . "y X
// ‘V A~ A
| AU N
\ vty ix)
Figure 35

The sum of the two sinusoidal function can now be found
as the real part of the rotating vector sum:

x(t)+ y(¢) = Acos(wt + ¢) + Beos(w?f + )
= Re[Xe/™ ]+ Re[Ye/™ ]=Re[(X + Y)e/™ ]

Specifically, consider two sinusoidal functions
x(7) = Acos(0f + 0) = Re[Ae’e/™ | = Re[Xe/™ ]
(1) = Beos(of + ) = Re[Be’V e/ | = Re[Ye/™ ]

where X = Ae’® and Y = e’V are two vectors in the complex

plane with different magnitudes and initial phases called phasors
X = Aej¢, Y= Bejw,

When multiplied by ¢, these vectors start rotating CCW
in the complex plane. As the two sinusoidal functions have
the same frequency, the two vectors are rotating at the same
rate. If observed in a reference frame rotating at the same rate,
these vectors become standing still, i.e., we can simply drop the
time-varying component , and represent the functions in terms
of their phasors representing their amplitudes and phases only.
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On the other hand, given such a phasor representation, we
can get the real sinusoidal function back by first multiplying &'
and then taking the real part:

x(#) = Re[Xe/™ ]
=Re[Ae’?e/®]
= Acos(wrf + ¢)

A phasor may be represented simply by a capital letter
(e.g., X, V or I) if no confusion will be caused. Sometimes

the RMS value A = A/A2, instead of the peak value A, is
used in phasor.

Phasor and the Fourier transform

A sinusoidal function x(f) = Acos(wt + ¢) can be expressed in
either Fourier transform (Fourier series) or phasor representation:

x(t) = Acos(wt + 0)

= Re[Ae’?e/™ = Re[(Xe’ ] (phasor)

= (%e/‘l’) e/ + (%e‘jq’) e~/ (Fourier coeffi)

=X,/ +X_je ™
We see that the phasor and the Fourier coefficients are
essentially the same, in the sense that they are both coefficients
representing the amplitude and phase of the complex exponential
function € :
. . A A .
X =Ae’?, X, =/, X, =—e e
2 2
In both cases the real time function can be obtained (inverse
Fourier transform) by either adding the two complex vectors
X, and X_ e’ rotating in opposite directions (CCW and CW),
or simply taking the real part of the complex variable Xe/®’

Generalized Ohm's law and Kirchhoff's Laws

In general, all methods such as Ohm's law and Kirchhoff's Laws
used for DC circuits composed of resistors can be generalized
to AC circuits composed of capacitors, inductors, as well as
resistors, all represented by their impedances. Also, if we
assume all voltages and currents in a circuit are sinusoids of
same frequency , they can be represented as complex phasors.
The Ohm's law can be generalized to become:

z=-%, =Y

I V4

and the Kirchhoff's laws can now be stated as:

V=7I

® Current Law (KCL): The vector sum of the currents into
anode is ¥, 1, =0
Zero .

® Voltage Law (KVL): The vector sum of the voltages around
a loop is S Vi =0
Zero
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Solving AC circuit by phasor method

If only the steady state solutions of the DE describing an AC
circuit is of interest, the phasor method can be used to solve the
problem algebraically without solving the DEs. Specifically, all
sinusoidal variables are represented as phasors in terms of their
amplitudes and phases, and all components in the circuit (L and
C, as well as R) are represented by their impedances, so that
all the laws (Ohm's law, KCL and KVL, current and voltage
dividers, parallel and series combinations of components) and
methods (loop current and node voltage methods, Thevenin's and
Norton's theorems, etc.) discussed for DC circuit can be applied.

v(t) =v2'V cos (ot + ¢)

convert to phasor

llnput , V=Vse
All generalized rules
Ohm'’s law, KCL, KVL
System voltage/current dividers
Thevenin and Norton;s Thums, etc.
l Output

=10
y

convert to time function

i(t) =v21 cos (ot + 6)

Operations on sinusoidal variables based on the trigonometric
identities are in general lengthy and tedious. The phasor method
can convert such sinusoidal variables to vectors in complex plane
and thereby simplify the operations.

The phasor represents the amplitude (effective or RMS
value) and phase of a sinusoidal function, but leaves out its
frequency as it is known to be the same for all sinusoidal
variables in the system.

Specifically here are the three steps of the phasor method
for arithmetic operation of two sinusoidal functions x(¢) = Acos(w?
+ ¢) and y(¢) = Beos(wt + ¢) of the same frequency:

® Represent each sinusoidal function as a phasor:
x(f) = A cos(0f + 0) = Re[Ae/ ()]
=Re[Ae’?e/® = Re[Xe/']
where X = Ae/® = Ae/® is the phasor of (x)z. Similarly

we also get Y =Be/V .
® Carry out any arithmetic operation (represented by *) on
the phasors:

Z=X*Y = Ae/* *Be/Y
® Convert resulting phasor back to a time function:

z(t) = x(1)* y(t) = Re[Ze’*' ]

Sinusoidal Phasors
variables | A cos(ot + ¢) > A exp(ot + ¢) Ao
Operations Operations
on sinusoidal on sinusoidal
variables variables
Sinusoidal ) Phasors
variables B cos(ot+y)=Re[B exp(jot)+y] | ALy

The operations on the original sinusoidal variables require
solving differential equations, while the operations on their
phasors only require solving algebraic equations. This is the
main advantage of the phasor method.

Pure Resistance

A pure resistor is one which exhibits only electrical resistance.
This means that it has no inductance or capacitance. In practice, a
carbon or metal film resistor is virtually perfect in these respects.

Large wire-wound resistors can have a certain inductive and
capacitive effect. Consider a perfect (pure) resistor, connected
to an a.c. supply, as shown in Fig.. The current fl owing at
any instant is directly proportional to the instantaneous applied
voltage, and inversely proportional to the resistance value. The
voltage is varying sinusoidally, and the resistance is a constant
value. Thus the current flow will also be sinusoidal,

A :

Figure 36

and will be in phase with the applied voltage. This can
be written as follows

Y amp
i=—
R
but, v =V_ sin of
. Voo
therefore, j=—2 sin ©f amp
R
but, i=1_sin of

Thus, the current is a sinewave, of maximum value V_/R
of the same frequency as the voltage, and is in phase with it.

Hence,

V. A%
I =—amp,orl=—am 1
m =g 0P R Amp (1)

The relevant waveform and phasor diagrams are shown
in Figs. 2 and 3 respectively.
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The instantaneous (p) is given by the product of the
instantaneous values of voltage and current. Thus p = vi.
The waveform diagram is shown in fig. From this diagram,
it is obvious that the power reaches its maximum and
minimum values at the same time as both voltage and current.
Therefore

PI’TI = VI’TI Im
V2
hence, p=vI= IZREwatt (2
p
________________ a_ \_/erage
Note: When calculating power
the power, the r.m.s. values must ot
be used. (rad)
\"
i

Figure 39

From these results, we can conclude that a pure resistor,
in an a.c. circuit, behaves in exactly the same way as in the
equivalent d.c. circuit.

Pure Inductance

A pure inductor is one which possesses only inductance. It
therefore has no electrical resistance or capacitance. Such a
device is not practically possible. Since the inductor consists of
a coil of wire, then it must possess a finite value of resistance in
addition to a very small amount of capacitance. However, let us
assume for the moment that an inductor having zero resistance
is possible. Consider such a perfect inductor, connected to an
a.c. supply, as shown in Fig. 40.

Figure 40

An alternating current will now flow through the circuit.
Since the current is continuously changing, then a back emf, e
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will be induced across the inductor. In this case, e will be exactly
equal and opposite to the applied voltage, v. The equation for
this back emf is
e= —Lﬂvolt
dt

e will have its maximum values when the rate of change
of current, di/dt, is at its maximum values. These maximum
rates of change occur as the current waveform passes through
the zero position. Similarly, e will be zero when the rate of
change is zero. This occurs when the current waveform is at
its positive and negative peaks.

Thus e will reach its maximum negative value when the
current waveform has its maximum positive slope. Similarly,
e will be at its maximum positive value when i reaches its
maximum negative slope.

Also, since v e, then the applied voltage waveform will
be the ‘mirror image’ of the waveform for the back emf. These
waveforms are shown in Fig 41 (a). From this waveform
diagram, it may be seen that the applied voltage, V leads the
circuit current, I , by /2 rad, or 90°. The corresponding phasor
diagram is shown in Fig. 41 (b).

Figure 41 (a)

/2

Figure 41 (b)

Once more, the instantaneous power is given by the product
of instantaneous values of voltage and current. In the first quarter
cycle, both v and 7 are positive quantities. The power is therefore
in the positive half of the diagram. In the next quarter cycle,
i is still positive, but v is negative. The power waveform is
therefore negative. This sequence is repeated every half cycle
of the waveform. The average power is therefore zero. Thus,
a perfect inductor dissipates zero power. These waveforms are
shown in Fig. 41 (c).
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p

ot
(rad)

Figure 41 (c)

In practical terms, the sequence is as follows. In the first
quarter cycle, the magnetic field produced by the coil current,
stores energy. In the next quarter cycle, the collapsing field
returns all this energy back to the circuit.

This sequence is repeated every half cycle. The net result
is that the inductor returns as much energy as it receives. Thus
no net energy is dissipated, so the power consumption is zero.

Pure Capacitance

Consider a perfect capacitor, connected to an a.c. s 10 supply,
as shown in Fig. 42. The charge on the capacitor is directly
proportional to the p.d. across it.

Thus, when the voltage is at its maximum, so too will be
the charge, and so on.

The waveform for the capacitor charge will therefore be in
phase with the voltage.

Current is the rate of change of charge. This means that
when the rate of change of charge is a maximum, then the
current will be at a maximum, and so on.

Since the rate of change of charge is maximum as it passes
through the zero axis, the current will be at its maximum values
at these points. The resulting waveforms are shown in Fig. 43.
It may therefore be seen that the current now leads the voltage
by / 2 rad, or 90°.

To maintain consistency with the inductor previously
considered, the circuit current will again be considered as the
reference phasor.

Thus, we can say that the voltage lags the current by /2
rad. This is illustrated in Fig. 44.

Figure 42

Figure 43

/2

Figure 44

The power at any instant is once more the product of the
voltage and current at that instant. When the power waveform
is plotted, it will be as shown in Fig. 45.

Again, it can be seen that the average power is zero. We
can therefore conclude that a perfect capacitor dissipates zero
power. In a similar manner to the inductor, the energy stored
in the electric field of the capacitor, in one quarter cycle, is
returned to the supply in the next quarter cycle.

ot
(rad)

Figure 45

CAPACITIVE REACTANCE

The opposition offered to the a.c. current is due to the p.d.
developed between the capacitor plates. Again, it is more
convenient to refer to this opposition in terms of a quantity
measured in ohms. This is known as the capacitative reactance,
X, , which is defined as the opposition offered to the fl ow of
a.c. through a perfect capacitor. The equation for this reactance
can be derived in one of two ways. Once more, both will be
demonstrated here.

q = vC coulomb; and i= % amp
av

i=ct
dt

therefore,



and since v =V sin ot volt, then
d .
i=C—(V,, sinw?)
dt

= oCV_cos of

when time £ =0, 1=1 ; and cos ot =1

therefore, [ =oCV_
and Vo V_ Lohm
I, T oC
capacity reactance,
1 1
¢~ E = %

(see fig. 3)

..(la)

Alternatively, consider the waveforms shown in fig. 46.

In general:
average charge = average X time

Figure 46

therefore, in first quarter cycle:

=i, X—
q av 4
iav
) =
q 4f
21
but i, =—%=
2nf
therefore, g =1 2nf; and since
then Cv, = I
2nf
d Vo V. _ 1 1
an I, I 2nfC oC

i.e. capacitive reactance,
1 1
XC ==
2nfC oC

qg=CV

.(1b)
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Examination of equation (1) shows that the capacitive
reactance is inversely proportional to both the capacitance and
the frequency. Consider the two extremes of frequency. If /) Hz
(d.c.), then X infinity.

This must be correct, since a capacitor does not allow d.c.
current to fl ow through it. At the other extreme, if f infinity,
then X 0. The graph of capacitive reactance versus frequency
is therefore in the shape of a rectangular hyperbole, as shown
in Fig. 47.

X (€)

0 f(Hz)

Figure 47

Impedance

This is the total opposition, offered to the flow of a.c. current,
by a circuit that contains both resistance and reactance. It is
measured in ohms, and has the quantity symbol Z.

Thus, (D)

where V is the circuit applied voltage, and I is the resulting
circuit current.

In order to describe the concept of impedance, let us
consider a circuit comprising a pure resistor connected in series
with a pure inductor.

Please note that this arrangement could equally well
represent a practical inductor. That is, one which possesses both
resistance and inductance.

In this latter case, it makes the circuit analysis simpler
if we consider the component to consist of the combination of
these two separate, pure elements

INDUCTANCE AND RESISTANCE IN SERIES

A pure resistor and a pure inductor are shown connected in
series in Fig. 48. The circuit current, I, will produce the p.d.
V. across the resistor, due to its resistance, R.

Similarly, the p.d. V| results from the inductor’ s opposition,
the inductive reactance, X, . Thus, the only circuit quantity that
is common, to both the resistor and the inductor, is the circuit
current, I. For this reason, the current is chosen as the reference
phasor.
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Figure 48

The p.d. across the resistor will be in phase with the current
through it (¢ = 0). The p.d. across the inductor will lead the current
by 90° (¢ = + 90°). The total applied voltage, V, will be the
phasor sum of V_ and V, . This last statement may be considered
as the ‘a.c. version’ of Kirchhoff” s voltage law. In other words,
the term ‘phasor sum’ has replaced the term ‘algebraic sum’,
as used in d.c. circuits. The resulting phasor diagram is shown
in Fig. 49. The angle ¢, shown on this diagram, is the angle
between the circuit applied voltage, V, and the circuit current,
L. It is therefore known as the circuit phase angle.

Vi

| Vg

Figure 49

Figure 50

Phasors are vector quantities. They may therefore be drawn
anywhere on the page, provided that they are of appropriate
length, and are drawn in the appropriate direction. Thus, the
voltage triangle, involving V, V| and V|, as in Fig. 50, may be

‘extracted’ from the phasor diagram.

Considering Fig. 51, Pythagoras' Theorem may be applied,
as follows:

V2 = VRZ + VL2
Now, V., =IR; V, =IX;and V = 1Z
and substituting these into equation (1) we have:
(IZy = (IR)* + (IX)?
and dividing through by I? we have:
72 = R2 + XL2

Z=\R*+X;

From the last equation, it may be seen that Z, R and X,
also form a right-angled triangle. This is known as the impedance
triangle, and is shown in Fig. 51.

therefore,

R
Figure 51

From both the voltage and impedance triangles, the following
expressions for the circuit phase angle, ¢, are obtained:

cosQ):B:k

Z VvV

. X, Vi
or, sing =—=— 1
o Y, (1)

or, tan(])=ﬁ=i

Vr

Any one of the above three expressions may be used to
obtain the value of ¢. However, as will be seen later, equation
(1) is most frequently used.
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