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Chapter

- Analysis

FIELD PROPERTIES

The real number system is of all a set {a, b, c, ...} on which the operations of addition and

multiplication are defined so that every pair of real numbers has a unique sum and product, both
real numbers, with the following properties.

(i) Commutative laws: @ +b =5 +a and ab=ba .

(i1) Associative laws: (a + b) + c=a + (b + ¢) and (ab)c = a (bc) .

(iii) Distributive law: a (b + ¢) =ab + ac .

(iv) There are distinct real numbers 0 and 1, a + 0 =a and al = a for all a.

(v) For each a there is a real number —a 3> a + (—a) = 0, and if a #0, there is a real number 1/a >
a(l/a)=1.

HE ORDER RELATION

The real number system is ordered by the relation <, which has the following properties.

(1) For each pair of real numbers a and b, exactly one of the following is true: a=b ora< bor b<a.
(1) Transitive: fa <band b <c, thena <c.

(iii) If a < b, then a + ¢ <b + ¢ for any c and if 0 < ¢, then ac < bc.

% The Triangle Inequality: If @ and b are any two real numbers, then |a + b| <|a| +| b]|.

% If a and b are any two real numbers, then |a —b|>||a|—|b||and |a + b|>||a|—]| b]|.

SUPREMUM OF A SET

A set K of real numbers is bounded above if there is a real number b 5x < bwhenever x € K. In this
case b is an upper bound of K.

If B is an upper bound of K, but no number less than 3 then {3 is a supremum of K, § =sup K.

% The Archimedean Property: Ifa and b are positive number, then na > bfor some integer n.
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T.2 Analysis

INFIMUM OF A SET

A set K of real numbers is bounded below if there is a real number a 3x > a whenever x eX. In this
case a is a lower bound of K.

Ifa is a lower bound of K, but no number greater than o, then a is an infimum of K, o= inf K.
% A set K is said to be bounded if it is bounded above as well as bounded below.

OPEN SET AND CLOSED SET

If x, is a real number and € >0, then the open interval (x, —¢, xy +¢€) is an e-neighborhood of
xo. If a set K contains an g-neighborhood of x, then K is a neighborhood of x(, and x, is an
interior point of K.

The set of interior points of K is the interior of K, denoted by KO 1f every point of K is an
interior point, then K is open.

L A set K is closed if K€ is open.

DELETED NEIGHBORHOOD

A deleted neighborhood of a point x|, is a set that contains every point of some neighborhood of x,,
except for x itself.

% The union of open sets is open

% The intersection of closed sets is closed

LIMIT POINT, BOUNDARY POINT, [SOLATED POINT

Let K be a subset of R. Then

(1) xq is a limit point of K if every deleted neighborhood of x, contains a point of K.

(ii) x is a boundary point of X if every neighborhood of x, contains at least one point in X and one
not in K. The set of boundary points of K is the boundary of K, denoted by K. The closure of K is
denoted by K, K =K UOK

(iii) x is an isolated point of K, if x; € K and there is a neighborhood of x, that contains no other
point of K.

(iv) x is an exterior to K, ifx is in the interior of K€ . The collection of such points is the exterior of K.

L A setis closed iff it contains all its limit points.

DENSE AND PERFECT SETS

% A subset K of R is said to be dense in R if every point of R is a limit point of K.

L AsetK issaid to be dense in itself if every point of K is a limit point of K.
& A subset K of R is said to be a perfect set if it is closed and dense in itself.

OPEN COVERINGS

A collection A of open sets is an open covering of a set K if every point in K is contained in a set 4
belonging to A, (i.e), if K c U {4|A4 €A}
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Analysis T.3

% Heine-Borel Theorem: If 4 is an open covering of a closed and bounded subset K of the real
line, then K has an open covering 4 consisting of finitely many open sets belonging to 4.

% Bolzano—Weierstrass Theorem: Every bounded infinite set of real numbers has at least one
limit point.

COUNTABLE AND UNCOUNTABLE SETS

An infinite set K is said to be countably infinite or denumerable or enumerable if it is equivalent to
the set NV of Natural numbers. Otherwise it is uncountable.

% Countable union of countable set is countable.
% Every subset of a countable set is countable.

% The set of all rational numbers is countable.

f(x) approaches the limit / as x approaches x, and write lim f(x)=/
X = X0

& If lim f(x)exists, then it is unique.(i.e) if lim f(x)=/ and lim f(x)=1/,then/ =1,.

X —> X0 X —> X0 X —> X0

% If lim f(x)=/ and lim g(x)=1/, then
X —> X

X —> X0

lim (f +&) () =h +1,
X —> X0
lim (f -g)(x)=h -1
X —> X0

lim (fg) (x)=4h

X —> X0

% andifl, #0 lim [fj(x)=l].

X —> X0 g

CONTINUOUS

(1) A function g is continuous at x, if g is defined on an open interval (a, b) containing x, and
lim g(x) =g(xo)
X—=>X()

(ii) A function g is continuous from the left at x), if g is defined on an open interval (a, x) and
g(x,-)=g(xp)

(iii) A function g is continuous from the right at x), if g is defined on an open interval (x, b) and
g(x ) =glxp)

PIECEWISE CONTINUOUS

A function g is piecewise continuous on [a, b] if

(1) g(x o ) exists for all x, in [a, b)
(i) g(x o ) exists for all x in (a,b]
(iii) g(x o )=g(x o ) =g(x() for all but finitely many points x, in (a, b).



T.4 Analysis

If (iii) fails to hold at some x in (a,b), g has a jump discontinuity at x,. Also, g has a jump
discontinuity at a if g(a+) # g(a) or at b if g(b-)= g(b)
& If f and g are continuous on a set K, then so are f+g, f—g and fg.

f/g is continuous at each x in K 3 g(x) #0.

REMOVABLE DISCONTINUITIES

% Let g be defined on a deleted neighborhood of x, and discontinuous at x, . A function g hasa

removable discontinuity at x, if lim g(x) exists.

X—>X(
UNIFORM CONTINUITY

A function g is uniformly continuous on a subset K of its domain if, ¥V &€>0, there is ad>0>
|g(x) — g(xg)|< € whenever | x —x(|< d and x, x, €K.

& If g is continuous on a closed and bounded interval [a, b], then g is uniformly continuous on
[a, b].
If g is continuous on a set K, then g is uniformly continuous on any finite closed interval
contained in K.

If g is monotonic and non constant on [a, b], then g is continuous on [a,b] iff its range
R, = {g(x)| x €[a, b]} is the closed interval with endpoints g(a) and g(b).

¢

¢

& If gis continuous on a finite closed interval [a,b], then g is bounded on [a, b].

%  Intermediate Value Theorem: Suppose that f is continuous on [a, b], f(a) # f(b), and p is
between f(a) and f(b). Then f (c) =p for some c in (a, b).

DERIVATIVE

A function f is differentiable at an interior point x, of its domain if the difference quotient

f,(X0)= lim f(x)_f(XO)

X—>X( X —_XO

, X # X limit exists

% If f is differentiable at x, then f is continuous at x.

% If f and g are differentiable at x, then so are f+g, f—g and fg with

D (f+8) (xg)=/f"(x0) +8"(x0)
(i) (f —g)" (xg) =/ "(x9) —&" (x9)
(iii) (/)" (xo) = f " (xg) &(xg) + [ (x0) &' (xg)-
The quotient f'/g is differentiable at x, if g(x() =0, with
(iv)ifj' (xg) =L G080~ () (x0)
g [g(x0)]

% The Chain Rule: Suppose that g is differentiable at x, and f is differentiable at g(x;) ). Then
the composite function / = f 0 g, defined by A(x) = fig(x)), is differentiable at xy, with

h'(xg) = 1" (g(x)) g" (xg)-:
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Analysis T.5

RIGHT- AND LEFT-HAND DERIVATIVES

If f is defined on [x, b) the right-hand derivative of fat x, is defined to be

I )= tim T @G0

XX+ X —Xq

the limit exists,

If f is defined on (a, x ] the left-hand derivative of fat x, is defined to be

)= tim @ G0)

o X —Xp

DIFFERENTIABLE ON THE CLOSED INTERVAL

(1) f is differentiable on the closed interval [a,b] if f is differentiable on the open interval (a, b)
and £, (a)and f_ (b) both exist.

the limit exists.

(i1) f is continuously differentiable on[a, b]iff is differentiable on[a, b], f ' is continuous on
(a,b), f, (a)=f"(a+)and f_(b) = ' (b-) both exist.
% Rolle’s Theorem: Suppose that fis continuous on the closed interval [a, b] and differentiable
on the open interval (a,b), and f(a)=f(b). Then f' (c)=0for some c in the open interval (a, b).
% Intermediate Value Theorem for Derivatives: Suppose that fis differentiable on [a, b],
f'(a)# f'(b), and pis between f' (a)and f' (b). Then f'(c)=p for some c in (a, b).
% Generalized Mean Value Theorem: If fand g are continuous on the closed interval [a, b] and

differentiable on the open interval (a, b), then [g(b) — g(a)] f' (¢)=[f(b) — f(a)]lg'(c) for
some c €(a, b).

% Mean Value Theorem: Iff is continuous on the closed interval [a, b] and differentiable on the

open interval (a,b), then ' (¢) = w for some ¢ € (a, b).

& If £/ (x)=0for all x in (a, b), then f is constant on (a, b).
L If /7 exists and does not change sign on (a, b), then f* is monotonic on (a, b), increasing, non

decreasing, decreasing, or non increasing as f'(x)>0, f'(x)>0, f'(x)<0, or f'(x)<0,
respectively, for all x €(a, b).

L If| /' (x)| < M, a<x< b, then| f(x)— f(xp)| < M|x—xy|,x xq €(a, b).

% L’Hospital’s Rule: Suppose that f'and g are differentiable and g’ has no zeros on (a, b). Let
lim f(x)= lim g(x)=0 or lim f(x)=2c0 and lim g(x)=+cw, and suppose that

x—>b— g1 x—>b— x—>b— x—>b—
lim [ = [ (finite or £o0). Then lim S =1
x—>b- g'(x) x—b- g(x)

SEQUENCE

% A function S:N — R is known as real sequence and its denoted by {S,, }.
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T.6 Analysis

BOUNDED SEQUENCES

A sequence {S,, } is bounded above if there is a real number b 5 S, < b for all n, bounded below if
there is a real number @ 5§, > a for all n, bounded if there is a real number r>|S§,,|< r for all n.

CONVERGENCE OF A SEQUENCE

A sequence {S,}convergesto alimit/ if V &> 0 there is an integer m 3|S,, —I|<eif n>m.

{S,}is convergent if lim §, =1
n—0
A sequence that does not converge is diverges, or is divergent.
Every convergent sequence is bounded.
The limit of a convergent sequence is unique.
Every bounded sequence has a limit point.
The set of the limit points of a bounded sequence has the greatest and the least members.

A necessary and sufficient condition for the convergence of a sequence is that it is bounded and
has a unique limit point.

& FEEEEE

A sequence {S,} is said to be a cauchy sequence if Ve>03meN 3|S
VnzmVp=1

n+p Sn |< €
% Sandwich theorem: If {a, } and {b, } are two sequences converging to same limit / then {c, } is
asequenceda, <c, < b, Vn=m,me N, then limiting value of ¢, =/
. . [a;+ay,+.+a
% Cauchy's first theorem on limits: If lim a, =/then lim (12”) =1
n—>0 n—»0 n
Ifasequence {a, } of positive terms converges to a positive limit /, then lim (al a...a, "oy
—>0
% Cesaro's theorem: If the sequences {a,, } and {b, } converge to finite limit a and b respectively,
albn + azbn71 +...+anb1

then lim =ab
n—>o0 n
- . . P’ .
% Cauchy's second theorem on limits: If {a, } is a positive term sequence if lim “ntl exists
n—o da,

then so does lim (a,)""

n—0

, and the two limits are equal.
A sequence {u,} is decreasing if u, > u,4 for all n, or increasing if u; <u, | foralln. A

monotonic sequence is a sequence that is either increasing or decreasing. If u;, > u,;, 11 for all n, then
{uy,} is decreasing, while if wu,, <u, | for all n, {u,} is increasing.

(i) If {u,,} is increasing, then lim u, =sup{u,}.
n—»0

(i1) If {u,,} is decreasing, then lim u, = inf{u,}.
n—>0
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Analysis T.7

SUBSEQUENCE OF A SEQUENCE

A sequence {x;} is a subsequence of a sequence {x,} if x; =x
increasing infinite sequence of integers in the domain of {x,, }.

n,, k=0 where {x, } is an

% If lim x, =x (-0 <x < ), then lim x
k—0

=x for every subsequence {x, . yof {x,}.
n—>o0

s

% If {x,} is monotonic and has a subsequence fry, b2 limx, =x {-o0<x<oo}, then
k—0

lim x, =x.
n—>0

% A pointx is a limit point of a set S iff there is a sequence {x,,} of pointsin S 5x, #x forn>1,
and lim x, =Xx.

S OIf {xr;_}wfs bounded, then {x,,} has a convergent subsequence.

% A necessary condition for convergence of an infinite series Z u, converges, then lim u, =0
n—0

% Cauchy’s Convergence Criterion for Series: A series Zun converges iff for every ¢ >0

there is an integer m 3|u, | + U, o +.+u, ,|<e Vn=m and p=1

n+p
% If a series z u,, of positive monotonic decreasing terms converges then not only u,, — 0 but

also nu,, > 0asn— oo,

&  The positive term geometric series 1 + 7 + P converges for < 1 and diverges for » > 1.
% A positive term series ZLP is converges iff p>1
n
% The Comparison Test: If 0< u, <v, Vn>m,meN , then
1) Zun is convergent if Zvn is convergent
(ii) Z v, is divergent if Z u, is divergent
%  Suppose that u, >0 and v, > 0 for n > m, and nliinw Z—: =[where, 0 <[ <. Then ZM,Z and

ZV,, converge or diverge together.

% Cauchy’s Root Test : If u, >0 for n>m,m e N such that lim (u, )l/n =1 then the series

n—»0

(1) converges if /<1, (ii) diverges if / >1, (iii) test fails if /=1

%  D'Alembert's Ratio Test: Ifu, > 0forn> m,m e N such that lim (u””J =/ then the series

n—o\ U,

(1) converges if /<1, (ii) diverges if />1, (iii) test fails if /=1

% Raabe's Test: If u, >0 for n> m,m € N such that lim n( Un_ _ IJ =1/ then the series

n—0 Upi1

(i) converges if />1, (ii) diverges if / <1, (iii) test fails if /=1
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T.8 Analysis

Uy

n —
n—»0

% Logarithmic Test:If u, > 0 for n> m,m € N such that lim {n log Jz [ then the series

Upi
(1) converges if />1, (ii) diverges if / <1, (iii) test fails if /=1
% The Integral Test: Let u,, = f (1), n > a, where [ is positive, non increasing, and locally
integrable on [a, ©). Then z u, and I ” f(x)dx converges or diverge together.
a

%  Alternating Series Test : The series Z(—l)” u, convergesif 0<u, . ; <u,and lim u, =0.
n—

% Absolute Convergence: A series Zun converges absolutely if Z| u, | is convergent.

% Abel’s Test: If u,, | <u, forn>N, lim u, =0and Zun is a convergent series, then the
n—> 0

series Z u, b, is also converges.
% Dirichlet’s Test: If b, is a positive, monotonic decreasing function with limit zero, and if for

the series Zun, the sequence {S, } of partial sums is bounded then the series Zunbn is
convergent.

SEQUENCE AND SERIES OF FUNCTIONS

Suppose that {f, } is a sequence of functions, defined on an interval / and the sequence of values
{f,, (x)} converges for each x in /. {f,,} converges pointwise on / to the limit function f'is defined by

f(x)= lim f,(x),x€S.

& Ifthe series an converges for every pointx €/ and f(x) = an (x), Vx €[a, b]the function
n=0

fis called the sum of the series Zf” on [a,b].

UNIFORM CONVERGENCE

A sequence {f, } is said to converge uniformly on an interval [a,b] to a function /" if for any € >0
and for all x €[a, b]there is an integer N (independent of x but depend on € ) such that for all x €[a, b],

()= f(x)|<e Vn>N.
% Uniform convergence implies pointwise convergence. Converse not true.

% Cauchy’s Uniform Convergence Criterion: A sequence of functions {f,} converges
uniformly on [a,b] iff for each € >0 there is an integer N such that ‘ s p ()= fo (x)‘< €
Vn>N,p>1l

% Let {f,} be a sequence of functions, such that lim f,(x)=f(x),x €[a,b] and let

n—»0
M, = Sup |f,(x)-f(x). Then f, — f uniformly on [a,b] iff M, —0as n— co.
xela,b]
L Weierstrass’s Test : The series 2 [, converges uniformly on [a,b] if there exist a convergent
/(0] < M, Vn,

& If {f,} converges uniformly to fon [a,b] and each f,, is continuous on [a,b] then so is /. (i.e., )

series Z M, of positive numbers such that for all x €[a, b],

a uniform limit of continuous functions is continuous.
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Analysis T.9

% Abel's Test: If b, (x) is a positive, monotonic decreasing function of  for each fixed value of
x in the interval [a,b] and b, (x) is bounded for all values of n and x concerned, and if the series
Z u, (x) is uniformly convergent on [a,b], then so also is the series Z b, (x)u, (x)

% Dirichlet’s Test: If b, (x) is a positive, monotonic decreasing function of » for each fixed
value of x in [a,b] and b, (x) tends uniformly to zero for a < x < b, and if there is a number

S, ()

r=1

M>0 independent of x and 7 such that for all values of x in [a,b], < M, Vnthen the

series Z b, (x)u, (x) is uniformly convergent on [a,b]

MONOTONIC FUNCTIONS

A function /" is non decreasing on an interval / if

f(x)< f(y) wheneverxand yare in/ifx< y (1)
or non-increasing on / if
f(x)>= f(y)wheneverxand yarein /and x< y .. (2)

In either case, fis monotonic on /. If < can be replaced by <in (1), /' is increasing on / . If > can be
replaced by > in (2), fis decreasing on / . In either of these two cases, f'is strictly monotonic on /.

%  Suppose that g is monotonic on (a, b) and define o, = inf , f(x) andPB= sup f(x).

a<x< a<x<b
(1) If gis non decreasing, then g(a+) =a and g(b-) =.
(i1) If g is non increasing, then g(a+) =P and g(b-) =a..
% A function f'(x) is said to be convex in [x},x, Jif /' (Ax; + (1 =A)x5) <A (x) + (1 =21) f(x5),
0 <A <lininterval [x;,x, Jand f"(x) > 0.
% A function f (x)is said to be concave in[x;,x, Jif f(hx; + (1 =A)xy) 2 Af (x) + (1 =21) f(x5),
0 <A <lininterval [x;,x, Jand f"(x) < 0.

% A point x is said to be fixed point of the curve if f(x) =x.

FUNCTIONS OF BOUNDED VARIATION

% A finite set P of points, xg,x,X5,...,x, Where a =x; <x; <x, <...<x, =b is called a

partition of the interval [a, b]

orresponding to partition P, |f (x;)— f(x;_;)|is known as length of the i"* sub interval an
% Corresponding to partition P, |f (x;) — / (x;_; )]s k length of the i”” sub interval and

n
Z‘f(xl- )— (x4 )‘ is known as the variation of the function in [a, b].

i=1

% Supremum of the sum is known as variation or total variation of f on [a,b] (i.e)
n
V(fra,b)=Sup Y |f (x;) = f(x;-p)|
Pj=1

% The function fis said to be bounded variation on [a, b]iff its total variation V' (£, a, b) s finite.
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T.10 Analysis

% A bounded monotonic function is a function of bounded variation.
% The sum (difference) of two functions of bounded variation is also of bounded variation.
L

The variation function of a function f of bounded variation is continuous iff /is a continuous
function.

RIEMANN INTEGRABLE

%  Corresponding to the partition P, Upper sum and Lower sum are defined as follows;

n n
UP,f)= Z M;Ax; andL(P, )= ZmiAx,-respectively, where M and m denotes
i=1 i=1

supremum and infimum of f{x) in i ™ sub interval.

b b
%  The upper and lower integral on [a, b] are defined as J.fdx =inf U and J.fdx =sup L.

a a
b b b
3 j Sfdx = .[ fdx = I fdx , we say that f is Riemann integrable on [a, b].
a a a

% A necessary and sufficient condition for the integrability of a bounded function f is that
lim{U (P, ) — L(P, f)} =0 when the norm of the partition P tends to 0

L Iff is bounded on [a, b], the oscillation of f'on [a, b] is defined by
Wela, bl = sup [f(x)—f(x")|

<x,x'<
A bounded function f'is integrable o; [::: xb]biff Ve >03apartition P3U (P, f)—L(P, f)<e.
If f is continuous on [a, b], then f is integrable on [a, b].
If f is monotonic on [a, b], then f is integrable on [a, b].
A bounded function /" having a finite number of points of discontinuity on [«, b] is integrable on [a, b].

If f and g are integrable on [a, b], thensois f + ¢

If f is integrable on [a, b] and m is a constant, then mf'is integrable on [a, b].

If £ and g are integrable on [a, b and f(x) <g(x) fora<x<b,then [ f(x)dx < [ g(x) .
a a

If f is integrable on [a, b], then so is| f'|.
If fand g are integrable on [a, b], then so is the product fg.

s E&E&F & FFEEEEE

Fundamental Theorem of Calculus: If f is continuous on [a, b], then f has an antiderivative
b

on [a, b]. If F' is any anti derivative of fon [a, b], then J fx)dx=F(b)—F(a).
a

IMPROPER INTEGRALS

% If fis locally integrable on [a, b), deﬁnej ’ f(x)dx= lim I ¢ £ (x)dxprovided that the limit
a c—>b-7a

exists (finite).
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