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Complex Numbers and Their
Applications

1'l. Introduction
There are equations such as
x¥4-1=0, x*—4x+13=0

which are not satisfied by any real number and this leads to the
introduction of complex numbers. If we solve x*+1=0, we get

xt=—1orx=44—1. The positive square root of —1 is usually
denoted by i and is read as ‘iota’. Thus x=4i. Similarly on

solving the equation

B —dx+13=0,
we get, =42 V230 _AE6 4y

Here 2+ 3i are complex numbers. A complex number is the
sum of a real number and an imaginary number and it is of the form
a+ib, where a and b are real numbers. If b= 0, the number is said
to be wholly real and if a=0, the number is said to be purely or
wholly imaginary. It may be seen that i*=—1, i=—i, it=1, ’=/
etc. We also write complex number a+ib as an ordered pair of real
numbers (a, b). Thus 2+3i is written as (2, 3) and 2—3i as (2, —3).

If a complex number a+ib =0, then a=0 and b=0. If two
complex numbers z+iy and a+ib are equal, i.e. if, x+iy=a+ib,
then x=a and y=b. Thus x+iy=3+4i>x=3 and y=4.

Let n=x+in=0x, y),
and Zy=Xa+iys=(x3, y),
be any two complex numbers. Then the addition of z; and =z: is
defined as

21+ 2= (X Fiy) + (Xa iy = (xy 4 X)) +i(yy+ ).
Their difference as
23— z3=(x—x) +i(y,—y2).
Their product as
71 . z3=(xy+iy;)) (x2+iy,),
=(x1X2—y1y2) +i(xpa+y1x.).
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Their quotient as
o e )=(__xx+"b_) x(-"*'iy—‘ ) G0

Z3 Xz t+iy, Xp iy, X3—iys
(apxatyiy) | . (Vixa—X;v,) .
= X32+y22 +i x22+y2’

The numbers (x+iy) and (x—iy) are said to be complex con-
jugates with respect to each other, If we write z=(x+iy), then
z=(x—iy). Thus x=4(z+2) and iy=4(z—%).

Also z. z2=(x+iy)(x—iy)=x*+)y.

1'2. Polar Form of a Complex Number

A complex number can always be put in the form
r(cos 8+i sin 8), where r and 9 are real.

Let z=x+iy=r(cos 6+isin 6). Equating real and imaginary
parts, we have x=r cos 0 and y=r sin §. By squaring and adding,
we get r*=x"+3? or F= v (x*+°), taking the +ve sign only. Here
ror 4 (x*+)%) is called the modulus of the complex number
z=(x+iy).

Further, Y =—r—§19-i-=tan 6 or 6=tan? (l) , where 6 is
X rcosé X

called amplitude or argument of the complex number z. The
principal value of amplitude is that value of @ which lies between —=
and =. The general value of the amplitude is 8+2n=, where n is
any integer. We also writer=mod zor r= |2z |, read as mod z
and 6 =amp z or arg z.

It may be noted from above that
z2=r",
1'3. Geometrical Representation
A complex number x+iy is defined as an ordered pair (x, y).
Therefore, it can be represented by the point P(x, y) with reference

14

v
i
¢
'
r |Iy
1
1
:
X" i X
0 M
x !
Yl

Fig. 1°1,



COMPLEX NUMBER AND THEIR APPLICATIONS 3

to co-ordinate axes X'OX ond Y’'OY in a plane. All points on X'0X
represent real numbers and thus X'OX is called the real axis ; all
purely imaginary points, iy, lie on Y'OY which is called the imaginary
axis,

From Fig. 1'1,
oP=r=V/F+y)=|z1,
and L POM=0= arg z.

This type of representation of a complex number on XY-plane
is called Argand diagram.

We can represent z,+z:, z,2; and z;/z, on Argand diagram.

Let P, and P, represent numbers z; =x,;-+iy; and za=x;+iy;
respectively. Complete the parallelogram OP,QF,. It can easily
be seen that the co-ordinates of Q are (x;+x,, ¥y +y2). Thus @
represents the complex number

(a1 Fx2) +HiOn+ y) =+ i) +(x2 +iy)=z,+2,.
Yi

R {4,%1)
1zl o
0 X
Fig. 1°2.
Now OQ<0P1+0P3;
ie., |Z;+Zz|<‘7-1|+l22l.

Thus the modulus of the sum of two complex quantities is less
than or equal to the sum of their moduli.

Similarly, we can represent 2z,—z,, z.2; and z,/z; on Argand
diagram.

1'4. Product and Quotient of Complex Numbers

Let zy=ry(cos 6;+i sin 6,),
and z,==rq(cos 8,+i sin 6,),
then, 2,23 =ryrs(cos 6,+i sin 6,)(cos 6,+i sin 6,),

=r,r.{(cos 8, cos 6,—sin 6, sin 8,)
+i(sin 8, cos 8;,4cos 9, sin 6,)},
=rr,{cos(6,+ 6,)+i sin (6,+6,)}.
Thus lzyz2 | =rira= | z1 | |25,
and arg (z,z,)=(0,+0,) =arg z,4arg z,.
This result is true for the product of any number of complex
quantities. Thus
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(i) the modulus of the product of any number of complex
quantities is the product of their moduli.

(ii) the argument of the product of any number of complex
quantities is the sum of their arguments. Further,
o ry(cos 6,4+ i sin 0,) ,
Zs ry(cos 85+ i sin 6,)
ry  (cos 6y+isin 6,) (cos 8;—i sin 6,)
T rg (cos 85+ i sin 6,) (cos 6,— i sin 6,)
_n {(cos 8, cos 8,4-sin 8, sin 8,)+ i(sin 6, cos 8, —cos 9, sin 02)}
T ry cos? 8,+sin’%,

= {cos(6,— 0)+i sin(8y— 8)}.
2

nl_n_lal,
Z3 - re | Zgl

and arg ( . ) (0,—6,)= arg z;—arg z,.
2

Thus

(i) the modulus of the quotient of two complex quantities is the
quotient of their moduli.

(ii) the argument of the quotient of two complex quantities is
the difference of their arguments.

Example 1. Express

() A+D+IG+) @) ot

in the form A+4iB.
Sol. (14+)Q+i)B+i)=0243i+i)(3+i)
=143)B+i)=3+10i+3i2 [ i*=-1]
=10i=0+10i.
.. 243i 243i 3—4i
@) T3¥a © §3+4i;—x 53—41‘}
_ 6—8i+9i—12i*  18+4i
T 9—16i2 ~ 9416
184+i 18 1

=725 =25 25!
Example 2. What locus is represented by | z—1 | =2, on the
Argand diagram.

Sol. Wehave |z—1| =2,
or [ x+iy—1]=2 or |(x—=1+iy|=2,
or (x—1)24+y*=4  or x*+y*—2x—3=0,
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which is a circle with centre (1, 0) and radius 2. The centre
will be on the real axis.

Example 3. Show that the points representing the numbers
14i, —24-3i, 5i/3 are collinear.

Sol. The given points are (1, 1), (—2, 3), (0, 5/3) as represen-
ted on the Argand diagram.

The equation of a line passing through (1, 1) and (-2, 3) is
given by

2ole-1)  or  2x#3y-5=0

y—1=

Clearly the third point (0, 5/3) satisfies it and as such it also
lies on the line. Thus the three given points are collinear.

Example 4. If the complex numbers z;, z; and z, be the verti-
ces of an equilateral triangle and zo be the circumcentre of the tri-
angle. Then show that

212+22‘+23’=3202.

Sol. Let A(z,), B(z,) and C(z,) be the vertices of the equilate-
ral triangle and D(z,) its circumcentre, on the Argand diagram.
Also, let each side of the AABC
be 2a.

Draw a perpendicular BO
from the vertex B on the side AC.
Take O as origin, OC and OB as
X-axis and y-axis respectively.

Then
21=0A =-a,
z3=0C=a.
Now z.=i . OB ) X' x
(" The point B is on y-axis) Az 0 Gy
From AOBC, we have
OB _ o
OC =tan 60°=+/3
OB=a+/3.
or z.=i.avy3.
From AODC, we get
oD _ .
—O—C-—-tan 30 V3
a
or OD=—, 3

Now, zo=i.0D=i . —\j—’é— .
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We have
z2 4 2t + 2 =(—a)*+ (i av/3)*+(a)*

-l i_a_)‘
a*=3 . ( V3
or ZI’+232+7-;’-320’
Example 5. Prove that the area of the mangle whose vertices
are the points z,, z,, z; on the Argand diagram is

S fuary
4iz,

.Sol. Let Zy=x1} iy, 23=Xst i) and zy=x3+iys. Then the
coordinates of the vertices of the triangle on the Argand diagram
are (x;, y1), (x3, y:) and (x;, y;) respectively.

Then the area of the triangle

1lx n 1

A=Z|Xs ¥s
X3 }’s 1
X1
Xy i yz (Multlplymg C; by i)
Xy iys
X1 x1+lyl 1
Xy Xgtiys
xg Xxstiys 1
1 X1 2 1

=_-xg zg 1
2, 8 Il

= —z x1(23= z4)

=1LN(&atc \, -
2 ( 3 )(Z. Z3)

=%[z z(zg—2z)+ z 2, (23— zs) ] .

Now 2z,(ze—23)=0

|

i

S

(Adding C, to C,)

(" z;m=x,+iy, and so on)

1
& A=Ti- z z(za—z)
1 X 2G—2) . 2
4i Zy

(Multiplying and dividing by z)

(Z; f‘)(Zg"‘ Z.)
4121

—z 4{2(12’

( 29— Z!) {1 | ' (-.- zlz‘=z‘l)
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EXERCISE 1 (a)
1. Express the following in the form A+iB
(@) (1+2)(3-1),

4-5i\( 3+2i
® ( 23 )( T+ i )
2. Show that the points representing the complex numbers

—4+3i, 2—3i, —i are collinear.

3. If lz;] =]z and arg z,+arg z,=0, show that z, and
z; are conjugate complex numbers.
4. If z,, z,, z; are vemces of an equilateral triangle, show that
34zl 4 2 =212, 4 2.2+ 232,

5. Show that if arg —gL_——;:;g—:_-%‘%—
1 3

representing z;, z,, z;, z, on the Argand diagram lie on a circle or
on a straight line.
6. Find the locus of z moving on the Argand diagram so that
(@) iz=n|=|2-27]|
(ii) ‘ Z‘zl! + ‘ Z— Zy I =2
(i) |z—z | =2|z—2z|.
7. Interpret geometrically the following loci

@ ( §+: )>2
(i) Arg (z-H )=§'

8. Given that—; -——l—i +cpi+ -;—z , express p in the form
Ae*, giving the values of 4 and 4.
1'5S. De Moivre's Theorem

If n is an integer, positive or negative or a rational number, then
the value or one of the values of (cos 8+i sin 8)* is cos n@+i sin né.

Proof. Case I. When n is a positive integer.

By actual multiplication, we have

(cos 6,41 sin 8,) (cos 8, +i sin 6,)=(cos 0, cos 6,—sin 4, sin 6,)
+i(sin 0, cos 8;+cos 8, sin 68,),

=cos (0, +6,)+i sin (8,4-6,). ...(1)
Multiplying both sides of (1) by (cos 9, +i sin 8,), we get
(cos 8,+i sin 8,)(cos 85+ sin 6,)(cos 85+ sin 6,)
=[cos (8,4 6)+i sin (8;+8,)] (cos 85+ sin 8,),

=[cos (8, +8,) cos 8,—sin (8, +8,) sin 6,]
+i[sin (8,+8,) cos 85+ cos (8,+8,) sin 8,],

=cos (§,+0,+6,) +i sin (6,4 0,+6,).

} is zero, the four points
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Proceeding in this way, we have

(cos 0,+i sin 6,)(cos 8,+i sin 6,)(cos 85+ sin 85). ...
(cos 8,+i sin 8n) =cos (6;+6;+ 83+ .. +6n)
+i sin (8, + 65+ 05+...+6,)

Putting 6, = §,=0,... .. =8, =0 on both sides, we get

(cos 6+ i sinf)"=cos nb +1i sin nd, which proves De-Moivre’s
theorem for a positive integer.

Case II. When n is a negative integer.
Let n=—m, where m is a positive integer. Then
(cos 8+i sin 6)"=(cos 8+i sin 6™
1

= (cos 6+i sin 6)™

~ cos mb+i sin mé

_ cos md—i sin mé ,
~ (cos mb+i sin mb) (cos m6—i sim mb)
___cos m8 —i sin mb

~ cos? md +sin? mé

=cos mf —i sin mé,

=cos (—m)8+i sin (—m)0,

[By case 1.

=cos nf+i sin né. [ —m=n]
. (cos 6+i sin 6)"=cos nf-+i sin nf, which prove De-
Moivre’s theorem for a negative integer.

Case III. When n is a rational number.

Let n=-’q’- (g£0)
0 A 6 . [}
Now, (cos —1isi ~) = os( —)+ism ( ~),
2 +isin p c q p q P

=cos 6+isin 4.
(By case I or II)

Taking gth root on both sides, we have

cos —a—+i sin —g— as one of the values of (cos 8+i sin 6)!/¢

(cos 0+ sin t)e= ( cos -Z—+i sin —g—)
Raising both sides to power p,
(cos 6+ sin 6)Pii= (cos —:~+i sin —3-)’,
ph

=Cos -p—o—+i sin -—.
q q
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Putting q—=n, we get

(cos 041 sin 6)"=cos nf-+1 sin nf
which proves De-Moivre’s theorem for a rational number.
De-Moivre’s theorem may also be used in the following forms.
(cos 0+i sin 6)~"=cos(—n)8+ i sin (—n)6 = cos n6—i sin n.
(cos 8 - i sin &)"=cos nb—i sin nb.
(cos 8—i sin 0)~"=cos n+-i sin nb.
Example 1. Simplify
(cos 46+ i sin 48)® . (cos 8 - i sin 6)~*
(cos 64i sin 6)~5 . (cos 26+i sin 26)~%°
Sol. Now applying De-Moivre’s theorem, we get

(cos 126+ sin 126)(cos 46+ i sin 46)
= (cos 50 —i sin 50)(cos 126- i sin 126) °’

__(cos 8+i sin 8)'?. (cos §4i sin 6)
= (cos 6 +i sin 8)~° . (cos 6+ sin )=

_ (cos 8+i sin 6)'
" (cos 8+isin 6)~17

=(cos 0+i sin 6)33
=cos 336+ sin 336.

(cos 6+i sin 8)®
(sin 0+i cos 6)? *

=(cos 8 1 i sin 6)16+17

Example 2. Simplify

(cos 0+1i sin 6)8
(sin 64 cos 8)?

=(cos 8+i sin 6)° . [ cos {;—-0 }

—7
+isin { z o }]
By De-Moivre’s theorem, we have
(cos 56 +i sin 59) [ cos {—:?:—72 -+76 }

Sol.

=(cos 8+ sin 8)® (sin 8+i cos 6)7,

+isin{—

i +7a}]

~=cos ( 50— 75"—+7a )+i sin (50- ——+7a)

Tn .. n
=cos (7—120 )—1 sin (-2--120 )
=—sin 120 +i cos 126;
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Example 3. If a=cos 2a+i sin 22, b=cos 2B+i sin 28,
c=cos 2Y-+i sin 2y and d=cos 28+i sin 28 prove that

@) \/—é—+J—aT=2 cos (G+B-—y)
N e o
(i) \/ od +J -aT——Z cos (a4B - y—3).

Sol. (i) We have a_b (cos 2a+i sin 2«) (cos 28+ i sin 28)
‘ ¢ cos 2y sin 2y

= cos 2(«+B—y)+i sin 2(x+B—7)
\/.ilf=[cos 2(a+B—7y) +i sin 2(«+B—1)]'/2

=cos 2 . §(@+B—v)+isin2. $(a+B—Y)
[By De Moivre’s theorem]

=cos (x+B—y)+i sin (z+B—7y) ...(1)

7_[ 1 ]
\/?IT— cos (x+B—y)+isin (x+f—7)
[By 1]
=[cos (x+B—Y) +i sin (x+B—¥)]™*

=cos (a+ﬁ—'r)~z sin (2+8-7) .. (2)
[By De Moivre's theorem}

From (1) and (2), we have

\]111.+JZ=2 cos (x+8—y)
c ab

(ii) This can be proved like part (i).

" (14sin ¢+i cos P
(1+sin ¢—i cos ¢ )"

nw .. nw
= cos (-—2————n¢ )+1 sin ( > n¢ )
Sol. Let 1+siné=r cos 8 and cos ¢=r sin @

r sin 6 cos ¢
rcos@ = 1+sin¢

Example 4. Prove that

tan 0=
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- (3-2)

_r_¢
or 0= S
L.HS.= [I‘(COS 0+i sin 0)]a=—‘-(COS 6+isin a)n (COS 8—sin 0)~n

[r(cos 6—i sin 6))"

=(cos n8+i sin nd)(cos né+i sin nb)
[By De-Moivre’s theorem]

=cos 2n0+i sin 2né
= cos 2 (1 Lﬁ_)_l. inoam [ = i)
=cos 2n |\ 7 —5 |+isin2n |z~

[+ =3-4]
=¢os ('-’%—mﬁ )+ i sin ('—'21'——-n¢ )=R.H.S

Example 5. If cos a+2 cos B+3 cos y=0
=gsin «+2 sin B+3 sin y, Prove that
cos 32+ 8 cos 38+27 cos 3y=18 cos (x+8+7),
and sin 3248 sin 38427 sin 3y=18 sin (a+B+Y).

Sol. Let a=cos «+i sin @, b=2 cos B+2i sin B, )

¢=3 cos Y+3i sin Y.
atb+c=(cos «+i sin «)+(2 cos B+2i sin B) )

+ (3 cos y+3i sin ¥)

= (cos 42 cos B+3 cos f) )
+i(sin «42 sin B +3 sin Y)=0.

Since a+b+c=0,
a*+b*+4c*=3abc.
i.e. (cos a+i sin @)+ (2 cos B+2i sin B)*+(3 cos Y+3i sin ¥)? .
=3(cos a+i sin «)(2 cos B+2i sin B)(3 cos y+3i sin Y)

(cos 32+ sin J) +(8 cos 348 :l-s(l§73cﬂgs 3y427 i sin 3Y)
=18[cos (+B+Y)+isin (x+8+7)]
or (cos 32+8 cos 3427 cos 3y)+i (sin 3z+8 sin 38427 cos 3y)
=18[cos (a+B+7)+i sin (x+B+7)]
Equating real and imaginary parts, we get
cos 3x+8 cos 33427 cos 3y=18 cos (x+B+7)
sin 3248 sin 38+27 sin 3y=18 sin (+$+7)
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Example 6. Find general value of 0, which satisfies the
Sollowing equation,
(cos 0+i sin 8)(cos 26 +i sin 26)...(cos n8+i sin né)=1.

Sol. Here (cos 8+i sin 6)(cos 29+i sin 26)...(cos n-+i sin nﬂ%

or  (cos 8+isin 0)'. (cos §+i sin 8)%...(cos 6+i sinf)"
[By De-Moivre’s Theorem]

=cos 2rr+i sin 2rw [ cos 2rx+i sin 2rr=1]
or (cos 8+i sin 0)!1+3+3+--++r=cos 2rn +i sin 2rw
n(n+1)
(cos 8-+ sin 0) 2  =cos 2rr+isin 2rn

[ 2n=—"—('L——§L)-]

cos L'(_”THl. 6+isin ’in.%l_)_ 0=cos 2r=+4isin 2r=

Applying De-Moivre’s theorem, we get

Thus we have

n(nt1) 0=2rn
2

g=_arr
n(n+1)

1'6. Roots of a Complex Number
We have seen that cos —;—+i sin %— is one of the values of

(cos 6+i sin 6)'/7. Here we shall show that (cos 8+i sin 6)''¢ has
g and only q different values.

Since cos 6 and sin @ are periodic functions with period 2nw
(n being an integer).

cos 0+i sin 8=cos (2nx+06)+i sin (2nw+6)
5 (cos 8+i sin 9)'/e=[cos (2nm+6)+i sin (2xn+6)]'/¢

= oS (l"—'?'—a)+i sin (25%’;) (1)

Giving n the values 0, 1, 2, 3,...... {g—1) successively, we get
following g values of (cos 6+i sin 6)'".

cos ~o—+i sin 2 (for n=0)
q q

. 2+ 6 . 2n+6
q q

co +i sin (for n=1)
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4n40
q

cos dnt?

+i sin (for n=2)

cos gLQ:IE)l:ia_+ isin—z_(qu)E-—l—.a_ (for n=q__1)

Each of the above value is a root of (cos 4i sin 6)1/¢,

Note 1. If we give to n values greater than ¢—1, no new
roots are obtained but the same values will repeat. For example,
when we put n=gq in (1), we get (g+1)th root as

cos (ﬂ%i'i).}_ i sin (_____~2q7;+0 )
(2 +-2 )+ isin(2ﬂ=+ 0)
= T —_— —
cos p 7
=cos !—+ isin i,
q q

which is same as the value obtained by putting n=0.

Note 2. The roots of (cos 8 +i sin 8)!/¢ are in G.P., as shown
below. The roots of (cos 6+i sin 6)'/? can be written as

o (2 ) (2
forn=0, 1, 2, 3,...... , g—1.
Further, cos (l"“_;'l)+ i sin ( 2mcq+0 )

=(cos _221_{_ isin @l)(cos i-l— i sin __0_)
q q q q

\
2n ..21:)"( 6 ..0)
=1cos — <+ isin — ) [ cos —+ i sin —
( p i p q+ nq
=q" 0 for n==0, 1, 2, 3,...... , q—1
where ae= cos—2-1:+isin%1E
. 6
and ﬂ=cos—:—+ism--

Therefore, the roots of (cos 8+i sin )!'? can be written as
B, aB, «2B,..eeeeun. , w7718,

Thus we see the roots are in G.P. with common ratio
a=Cos 2—“—+ isin qu .
Example 1. Find all the values of ().

Sol. 1=cos 0+isin 0
= cos (2nm)+ sin (2nw)
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& (1)e=[cos (2n7)+i sin (2n=)] /8

=cos"T“+ i sin %’-:- (1)
where n=0,1,2,3,4,5 [By De-Moivre’s theorem]

Putting n=0, 1,2, 3,4, 5 successively in (1), we get the
required roots as follows,

(i) cos 0+ sin 0==1 [for n=0]
.. ®, ..o T 1 i3 _
(ii) cos 3 + i sin ) 4 5 [for n=1]
(iii) cos 23E+ i sin %’lr— —-——;—+ 1\/—23— [for n=2]
(iv) cos m+i sin T=~1 [for n=3]
(v) cos f;n-+ i sin —4;—“—= ———%—L\g—:; [for n=4]
» STC Q1 5“ = }_—L\./_%. =
(vi) cos —3—+ isin 5==3 5 [for n=5]
1, iv3 1, V3
Thus the roots are 1, —1, 7&: ) + 5
Example 2. Find all the values of (1++/3 )15,
Sol. Let 1=rcos 8
Vv3=rsin 6
r=2
and 0=-;—

144/3i=2 (cos §-+ i sin —g—)

=2 [cos (2m:+ -;i)+ i sin ( nm4 ’3‘—)]

=2 [cos (6n+1) -}+i sin (6n+1) 1;-]
(143 i)113=(2)ll’[cos (6n+1) §+i sin (6n+1) -;L]‘la

=3 [cos (6n+1) %-}-i sin (6n+1)19]

for n=0, 1, 2
Hence the required values are,

T

13 F oL 13 Is . _:7_7‘_7_),
(2)’(cos 9+zsm 9),(2) (cos 9 + isin 9

13= . 13w
113 - i —_
) (cos 9 + isin 5 )
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Thus the required values are

(2)113( cos fg—+i sin—gf-) , for r=1, 7, 13.

Example. 3. Prove that the roots of the equation
/5—
X4 11x*—1=0 are( EvI-] )(cos @E-i—' sin 28% ) .

2 R
where n=0,1,2 3,4
Sol. Here x1+11x°—1=0 ()
Put x8a=¢ in (i),
o t?*+11t—1=0
= =114 _ _—l145V5
2 2
oo —lIESVS _ —176480v/S
2 32

(Multiplying N*, and D’. by 16 so as to make the D" fifth
ower of 2.)

x5=(~176i§%‘—/—5—)(cos 2nw+ i sin 2nw)
5
x“=(L§—1) (cos 2nm+i sin 2nrx)
x-—-(i—\%i:l) (cos 2nr+ i sin 2n®)l.8
- 2 )
or x,__,(:!:\/g 1 )(cos ;n <+ i sin ';n )
where n=0,1, 2,3, 4.

Example 4. Prove that ¥/a+ib+/a—ib has n real values

and find those of ¥/ 1+v/3i +¥1—+/3i.
Sol. Leta=rcos fand b=rsin b

r=(a’+b%)"

b
8=tan™! —
and t a

Now (a+ib)'*+(a—ib)'/"=[r(cos 6 tisin 8)]'/"
+[r(cos 8~ sin 6)]'/*
=r'n[cos (2k™+6)+ i sin (2km+6)]!/»
+rll"[COS (2k1'l.'+ ﬂ) —isin (2k1t+0)]‘ In
—rnfcos ( ZEEE) 4 gin (2eH0 )

n

+cos(2kn:0 )—i sin (______2k.-r+0 )]

n
[By De-Movire’s theorem]
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=2rl/m cos( ZL"”ﬂ)

for k=0, 1, 2,..cc000ee, n—1.
Thus there are n real values of the given expression.
Putting a=1, b=+/3 and n=3,
We have r=2, 6=mn/3,
S VIHV3i 4V 1=y 3i =228, [cos (-2-5—1:;-’:—/3)]
for k=0, 1, 2

=2‘/=[ cos (6k+1) %]

Giving k the values 0, 1, 2 we get the required values as

in X o id 43 131.
2 cos9,2 cos 9,2 cos o

Example 5. Find the 7th root of unity and prove that the
sum of their nth power always vanishes unless n be a multiple of
7, n being an integer, and then the sum is 7.

(Bhopal 1981)

Sol. Let 1=cos 0+4isin 0
=cos 2nn+i sin 2an

S (1)1"=(cos 2nx +i sin 2nm)1"”
Applying De-Moivre’s theorem, we have

(1)*'=cos 2—"71'-+i sin i";-
where, n=-0,1, 2, 3,4, 5, 6.
Therefore the roots are

cos 0+ sin 0=1

2 , . . 2r®
cos ~7—+1 sin = =a(say)

cos _4;'_ +i sin ﬁ;—: «*® and so on up to «®

Let the sum of nth powers of the roots be S.
S=14+a"4(a?)*+......... 4 (ad)»
=14a"4(a%)+......... + (am)8
[A G.P. with common ratic "}

1_ n\7
s= 1= (D)
[ Sum of G.P..-=££ll—_i)
-r
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When 7 is not a multiple of 7

(a")’=( cos -2—+1 sin 2—7-)
2=, 2=. Tn
cos 7—~ +i sm—T—

[By De-Moivre’s theroem]
=¢o0s 2nm+i sin 2nt=1

1—(a®)’=1—1=0
Also 1--a"=l—( cos 27 +i sm-g;'—-)#o

as n is not a multiple of 7.
S=0 from (1).
When 7 is a multiple of 7, n="T7m (say)

™
oo a"=( cos_Z_r;_ +isin %F ) =cos 2rm+i sin 2rm=1

Similarly «®", a® etc. each term is 1.
S=14a"4a?4-...4at"
=l4l414...41=T,
Example 6. Solve the equation x*— x3+x*—x+1=0.

Sol. To solve the given equation, multiply both sides by

(x+1).
L (x+1) (Ht—x*+x*'—x+1)=0
or x341=0
or x’=—1=cos ®tisin~®
=cos (2nr+%)t i sin 2nr+x)
x=[cos 2n+1)x+i sin 2n+1)=]'/ for n=0, 1, 2.
Applying De-Moivre’s theoerm, we get

x=cos (2n+1) % +i sin 2n+1) —
Giving n the values 0, l 2 the roots are
cos-—it sin —5- , COS ~—= iz sin 951, cos ©+i sin =®.

The root cos n+i sin 1!--1, is due to multiplication by
x+1).

Hence rejecting x==—1, the other four roots are the required
roots.
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EXERCISE 1 ()

imolify (i) (cos 20— sin 26)7 (cos 36+ sin 36)-°
1, Simplify (i (cos 46— i sin 40)™% (cos 60+ sin 66)°
(i) (cos 8+i sin 6)®
" (sin ¢+1i cos ¢)*
2. Show that {(cos 6—cos ¢)+i (sin 6—sin ¢)}"
+{(cos 8—cos ¢)—i (sin 6—sin ¢)}"

= 2"+ sin" i;j cos n (ﬁzit’s—)

3. If x=cos 0+ sin 6, show that

@) "+ "\%“:2 cos mé (i) X"'—;},; =2i sin m#.
4. Prove that
m_ m _m
(i) (a+bi) " +@=bi) " =2a"+5") > cos (nﬂtan'l '3)
n+2
2

(i) A4+ +0=i)*=2 ° cos 'L:-

5. (i) xe=cos (—;;)-H sin(—z’i,-), show that
X3. Xg. x,....wz-l.

(ii) Prove that (14-cos 84i sin 6)*4 (1 +cos 8 —isin 6)*

) né
=9n+l i no .
2"+ cos"2 cos >

6. (i) If a, B be the roots of x*—2x--4=0,
prove that a4 fre=2n+! cos !'—31

(ii) Show that the equation whose roots are the nth powers
of the roots of x*—2x cos 84+ 1=0 is given by x*—2x cos nf+1=0.
7. If sin a+sin B+sin y=0=cos «+cos P+cos y, prove that
(i) cos 3x+4cos 3B+cos 3v=3 cos {a+B+Y)
(ii) sin 3x+sin 38+sin 3y=3 sin (a+B+)
(iii) cos (84v)+ cos (y+a)+ cos (x+B)
=sin (B+7v)+sin (y +a)+sin (a+B)=0
(iv) cos 2a+cos 284 cos 2y=sin 22+ sin 28+sin 2y=0
8. If (a,+ib,) (ay+iby) (a3+iby)...(an+ibn)=A+iB,
prove that
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(1) (@2+b,%) (@2 +byY)... (a2 +ba2)= A+ B?
(if) tan“(—% )+tan‘1 (% )+...+tan‘1(%§ ) tan~ (-g-)

9. If nis a positive integer show that
(V3+i)"+(¥/3 i) =2 cos -

10. If x=cos 8+isin 6 and 41 -c*=nc-1,
T T 5
show that 14c cos 8 n 14+nx 1+ X

11. Find the value of x such that
(x+a)"—(x+B)" _ sin nd

a—B " sin" 0
where « and P are roots of *—2¢t+2=0.
12. Prove that if n is a positive integer and
(14 x)"=po+p;x+paxi+...... 4+ pax®

then (i) po—pa+pe—......=2"1 cos"—:-

n—2

(ii) p.+p‘+p.+u-uo=2“_’+2 2 (o] ] %n-‘

13. Show that the sum of the infinite series
113+1357l3579ll+
2.4 2.4.6.8 2.4.6.8.10.12 """

is } (1 4¥2)18,
14. Find all the values of
() (6 (i) (=18 (i) (1—iy/3)iie
(iv) ()3 ) (1428,

15. Find the continued product of the four values of

S/‘
(cos +i snn~3)

16. Show that if « denotes any nth root of unity, then
1+atad+... . +ar-1=0

17. Solve the equation x*—1=0 and find the roots that satisfy
x*+x34+1=0.

18. Solve (i) x‘+x‘+x‘+x’+x’+x+1=0
(i) x3—xt+x3—x*+x--1=0.
19. Solve using De Moivre’s theorem the equation (x—l)"
(n being a +ve integer) and show that its roots are given bv

1 . re
_2—'{ 1+i cot (—‘;1—' )} .

where r=0, 1, 2, ...... (n—1).
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20, Solve x*=1 by De Moivre’s theorem and prove that the sum
of nth powers of the roots of the equation, n being an
integer not divisible by 5, is zero.

_ (v3—D+i(v3+1)
21. Express P= 272

in the form r(cos 6+i sin 6) and derive all the value of P!/,
22. Show that the roots of the equation
(14+x)*"+(1—x)*=0
are given by

, 2r—1
+i tan( an )n
where r=1, 2,...... , N

1'7. Expansion of cos nf, sin nf and tan né, in powers cos 0,
sin § and tan 8, when 7 is a positive integer.

We have by De Moivre’s theorem,
cos nb+i sin nd=(cos 0 + i sin )"
=cos" #4"C, cos™! 6. (i sin 8) +"C; cos™? @ (i sin 6)*
+"C, cos™? 8 (i sin 8)*+"C, cos™™* 0. (i sin 6)*
Funeee +*Cp-; cos 0. (i sin 0)**4(i sin 6)"
[By Binomial theorem]
= (cos” 8—"C, cos™? @ sin® 0+"C, cos® ¢ # sin* §—......)
+i("C, cos® 1 8 sin 6 —*Cy cos* > 8 sin* 6 —.. ..)
Equating real and imaginary parts on both sides, we get
cos né=cos"H—* C, cos*? 0 sin® §+"C, cos"~* # sin* 0—...(1)
and sin nd="C, cos™~! 6 sin 6—"C, cos™* 0 sin® 0
+*C; cos™~5 # sin® 6— (2)
. Replacing sin®* by 1—cos® 8 in (1) and cos®@ by 1—sin* &
in (2), we get the required expansions of cos né and sin nf.
Now, dividing (2) by (1), we get
*C\ cos™-*8 siné —"C, cos*~* 0 sin® 0+"C; cos™~*  sin®0 ...
cos™ §—"C, cos™? 0 sin® 0+" C, cos®* #sin® 0— ..
___*C, tan 6—"C, tan® §4-"C; tan® 6—...
=T 1—="C, tan® 6+*C, tan® 0—...
[Dividing N and D' by cos" 8}
Example 1. Expand cos 78 in powers of cos 8 and sin 0.

Sol. We know cos né=cos*® —"C, cos™? # sin®#
+*C, cos™*0 sin%d—"C¢ cos™* 0 sin® 0 ¢+ ...

tan nf=

cos 7 0=cos’ -—% cos® 0 sin? @

7.6.5.4
+71234

= cos? #—21 cos® 8 sin® 6+ 35 cos® & sin* #—7 cos 0 sin® 6.

cos® 8 sin* 8—7 cos # sin® @
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Aliter
(cos 0+i sin 6)"=cos’ 847C, cos® 8(i sin 8)+"C, cos®d(i sin 8)*
+7C; cos* 8(i sin 0)*+7C, cos® 0 (i sin 8)*+"C; cos® 0 (i sin )
+7C¢ cos 0 (i sin 8)8+7C, (i sin 8).
cos 70+i sin 76=(cos? 8—21 cos® 0 sin® 435 cos® 8 sin* §
—7 cos 8 sin® 8) +i(7 cos® 8 sin §—35 cos*® 8 sin® 6
421 cos? 8 sin® §—sin” ).
Equating real parts on both sides, we get
cos 70=cos’ 6—21 cos® 4 sin? 8 + 35 cos® 8 sin* 6 —7 cos @ sin® 4.
Example 2. Expand sin 86.
Sol. We know sin n6="C, cos *~! 0 sin § ~"C, cos"® 0 sin® &
+"Cs cos™8 8 sin® 8 —"C, cos *~? 0 sin” 8+.......
sin 8 =8 cos” 8 sin 8—56 cos® @ sin® 0 + 56 cos® 8 sin® 8
—8 cos 0 sir” 6,
Example 3. Expand tan 60 in powers of tan 8.
_ C, tan §—*C, tan® 6 +*C; tan® 6—...
Sol. We know, tan né 1—"C3 tan® a+nc‘ tan® 0—...
tan 60= $C, tan 6—°C, tan®  +°Cy tan® 8
1—5C, tan® 8+°C, tan* 8—°C, tan® 0
6tan §—20tan® 6+6tan® 8§
1—15 tan® 6+15 tan* §—tan® 6
EXERCISE 1 (¢)

Prove that

1. sin 70=7 cos® sin 8 —35 cos* @ sin® 0
421 cos? 0 sin® 8 —sin” 0

2. sin 60=6 cos® @ sin §—20 cos® 9 sin* 646 cos ¢ sin* ¢

3. 14cos 108 =2(16 cos® §—20 cos® §+5 cos )*

4. 1—cos 100=2(16 sin® #—20 sin® 9 +5 sin )

5 tan 90— 9 tan §—84 tan® 0+126‘tan‘ 0—36 tan’ 0 +tan® 0
1—36 tan® 6126 tan® 6 —84 tan® 6 +9 tan®

1'8. Expansion of cos" § in terms of cosines of multiples of
6 when 7 is a positive integer,

Let x=cos 6+i sin 8

-L==cos 0—isin 0 or x+—1- =2cos §
x x

Hence, (2 cos 0)'=(x +-J1; )”

1
rarcoet. Lpcyen Ly

, 1 - 1 1
+*Crmax? . ;T;-_:"" Cn-3 . X . ’;;-T"*‘";.T
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Since "Ce="Cn-y, We get
(2 cos O)"=x"+"C, x"24"C, x"4+..

) e )

(s = e o)
e (xn-,, L)t

Now x"+% =2 cos nd, x"*+ —1—— =2 cos (n—2)8 and so
[By De Moivre’s theorem]

on.
2" (cos 8)*=2[cos nd +"C, cos (n—2)6+"C, cos (n—4)8 ]
+...

2"1 cos® §=cos nd+"C, cos (n—2)8+"C, cos (n—4)§+
Example 1. Expand cos® @ in a series of cosines of multiples

Sol. We have (2 cos 0)‘=(x +i)
=x’452+ 10x+——- + _x°_ + —=
( syp-L )+ 5(x3+ )+ lO(x +7lc )
=2[cos 59+5 cos 39+10 cos 6]
* cos® 8=+6- [cos 5845 cos 36+ 10 cos 9].
1'9. Expansion of sin” 0 in terms of sines of multiples of §
when 7 is a positive integer.

Let x=cos 8+ sin 0

-1-—-cos 6—isin 8

x

1 ..
x——=2i sin¥§

x

Now  (2isin 6)"= (x -—% ‘)

2" . i" sin” #=x"4"C, x"? .(" P
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\n-'.’ )
1
-y T eee ...

[ e 'C"r': ",Cn v}

Now x"+——- 2 cos nd, x"*+ \l——" cos (n—2)8, so on.

Case I. When n is even.

2. (1) . sin® a-( x"+-;1,-,; )—"c, (x

+ "Cg ( X"

. (=1)"* sin ™ 8=2 cos nﬂ—"Cl .2 cos (n—2).8
+"C..2cos (n—4)6—...
Dividing both sides by 2, we get
or 2"l (—=1)*% sin® 6=cos nd—"C, cos (n—2)6
+"C, cos (n—4)0—.......
Case II. When #n is odd.
(n—1) is an even integer

. l n
[ el Py —
(2 i sin 6) ( X )

. . 1 1
or 2" . i" . sin" §=x"—"C, x"! . -—x—+"C3 Xt gttt

. 1
_"Cn—’ X" . -.\_,|__1‘+"Cn-lx . —.;'"__T-F
So2%i L it | sin® 0——-( .\-"-—I,T)—"Cl ( X"— -%_)
X R\
n” n—4 1 :
+"C, ( R\ -—7_—,)*
n—1
or 2"i.(—1) 2 sin"8=2isinnd-"C,.2isin(n—2)86
+"C, . 2isin (n—$6 ...
Dividing both sides by 2i, we get
n—1
271 (=1) 2 sin" 8-=sin n6—"C, sin (n—2)8
+"C, sin (n—4)0— ..
Example 1. Show that
sin® 6 = 77-8 [cos 88 —8 cos 60+28 cos 46— 56 cos 26 + 35).

Sol. When n is even, we have

271 (—=D)"* .sin"@ cos nd—"C, cos (n—2) 8
+"C, cos (n—4)8—"C, cos (n— 619
+"C; cos (n—8)8 + ...

Puttme n=8, we get
(=D sm‘ 8=cos 80 —"C, cos 60 +°C, cos 46 — 8C, cos 2¥
+9C‘ COs ()0
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128 sin® 8=[cos 80—8 cos 66+28 cos 40 —56 cos 28+35]
sin® 0=l—21-8— [cos 88 —8 cos 68+28 cos 40

—56 cos 26+4-35]
f6 Example 2. Expand sin’ 8 cos* ¢ in series of sines of multiples
9

Sol. Let x=cos §+isin 8

x+ L=2 cos 6, x—-L=2i sin 8
x x
7 1 4
»~ (2isin 6)7 . (2 cos 0)‘=( x— ) ( x+ ;)

1
(= 2V (L) (= 1))

Now x"— —}E,,—--=2i sin n6

. —21§  sin? 6 cos*6=2i [sin 116 —3 sin 96—sin 74
—11 sin 50— 6 sin 30— 14 sin 6]

sin” @ cos' 6 =—% [sin 110 - 3 sin 96—sin 78
—-11 sin 50 —6 sin 36— 14 sin 6].

EXERCISE 1 (d)
Prove that

1. cos” 6= 5 [cos 7047 cos 56+21 cos 30435 cos 0]

2. sin® =‘--2!5—6- [sin 96—9 sin 70 +36 sin 50—84 sin 38
+126 sin 6]

3. sin' 0 cos® Oaé [cos 60 —2 cos 40—cos 2042]
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4. cos® 0 sin’ 0=—-—21—n— [sin 128 —2 sin 10 8—4 sin 86
410 sin 6645 sin 40 —20 sin 26].

1'10. Exponential Function of a Complex Variable

We know .
2

x x4 X
Cos x=1-—2—! +"Z—!'_“-6—!—+...,
3 7
sin x=x——3xi' +—§x—!——-;—!+....
Similarly we define an exponential function of a complex vari-
able z=(x+iy), as
et=1+z4 - z + +

o

2

or e"+‘”—l+(x+zy)+ (x+1}’)’+ (x+zy)’+ 27+
Putting x=0, we have
"=1+zy+ s (iy)? + (Iy)’+ - @)+
= 1= J_‘__ ) ; ( _-yl _y"__...)
(1 STy i 3717757
o e=cos y+isin y. (1)
Changing i to —i in (1), we get
e~*=cos y—i sin y. (2)
Adding (1) and (2), we get
§ e ¢
cos ya—e:;;—u . (3)
Substracting (2) from (1) we get
Iv_..e—“ . (4)

sin y= 2
The formulae (3) and (4) are known as Euler’s Formulae for
circular functions.
Circular functions of a complex variable
If z is a complex variable, then we define

sin z= fe®
2
5 —t8
e’ +e
and cos z=" ,

Evidently, cos z+i sin z=e**
The values of sin z and cos z in terms of exponential functions

are also called Euler’s Formulae.
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Example 1. Using Euler’s formulae, prove that
(i) cos? 04sin?0=], (ii) cos 26=2 cos*0—1

(iii) sin 26=2 sin 6 cos 9,
(iv) sin (8+9)=sin 0 cos ¢ £cos 8 sin .

(iii) sin20 = —

Sol. (i) We know cos 0=

th) cos 260=

JRUBIpRRT
2

sin 6= efh—ett
21

cos® 8 +sin? 8 =—‘11— (e"+e*")’+71lq (e*0—e*)?
=}[(e*+e*)— (e —e~¥)"] [ i*=—1]
=1 4¢" . o t0=1,

e!i.+e-2(.

S —

_ (et —2eir . o
2

= 4 cos® 6—2
2
‘li._e—‘.‘i.

2i

- ( elt—eh )( _c1+e_-'1)
2i y 2

=2 sin 8 cos 6.

=2 cos? —1.

(iv) PO =i | ki

=(cos 6+ sin )(cos ¢+i sin ¢)

cos (84¢) +i sin (6+¢)=(cos 6 cos $Fsin 6 sin ¢)

111,

+i (sin 6 cos ¢+tcos 6 sin ¢)

Equating imaginary parts on both sides, we get

sin (6+4) =sin 8 cos ¢-cos 8 sin ¢.
Period of e’, where z is a Complex Variable
Let z=x+1iy
e* =" =¢* (cos y+isin y) ...(

Also ¢ 2H2ami— gx 27 +y) — o2{cos (2nm+p)+i sin 2n=+ )]
=e%(cos y+i sin y) « ()
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From (1) and (2)
e*=¢
Thus 2=i is period of e*.
1'12. Hyperbolic Functions.

We know trigonometric functions like sin 8, cos @ etc. are
connected with a circle. Similarly, there are functions of e®, which
are connected with a hyperbola and these are known as Hyperbolic
Functions. These functions have a great similarity to trigonometric
functions and are defined as under.

z+2nmi

N __e'—e™® _ 1 2
(i) sinh x= 3 (v) sech X Coshx— et e ®
e*+e* 1 2

(ii) cosh x= (vi) cosech x=

2 sinh x_ e*—e-*
sinh x e*—e~*
cosh x~ e*te*
cosh x  e*+e®
sinh x ~ e*—e™*"
From (i) and (ii), we have
e*=cosh x+sinh x
and e ®=cosh x—sinh x

(iii) tanh x=

(iﬁ) coth x=

The following table gives names and nomenclature of these
hyperbolic functions.

Name Abbreviation Pronunciation
Hyperbolic sin of x sinh x shin x
Hyperbolic cos of x cosh x cosh x
Hyperbolic tan of x tanh x than x
Hyperbolic sec of x sech x shec x
Hyperbolic cosec of x  cosech x coshec x
Hyperbolic cot of x coth x coth x

1'13 Relation Between Hyperbolic and Circular Functions
oS ix=} (e442) 4 o-stim)
=% (e"®+e*)=14(e*+e®)=cosh x.
s cos ix=cosh x
Similarly, sin ix=1i sinh x,

and tan ix=i tanh x.
Also, cosh ix=4[e""+e*]=cos x
sinh ix=4[e**—e*?]=i sin x
. inh ix ]
tanh 1x=—s ol =j tan x and so on.

cosh ix
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1'14 Relations Between Hyperbolic Functions,
cosh® x—sinh? x=1
1—tanh? x=sech? x
coth? x—1=coshec? x
sinh (x2y)=sinh x cosh yZcosh x sinh y
cosh (x+y)=cosh x cosh y+sinh x sinh y
tanh (xy)= tanh x+tanh y
1+tanh x tanh y

cosh 2x=2 cosh? x—1=142 sinh? x
sinh 2x=2 sinh x cosh x

2 tanh x
1 +tanh? x

© N A AL

tanh 2x=

sinh x-+sinh y=2 sinh x;-y cosh x;y

[
e

1. sioh x-sinh y=2 cosh 22 sinh 232

12. cosh x t+cosh y=2 cosh x—;-Z- cosh _x_;_y_

13. cosh x—cosh y=2 sinh -J%Z sinh x-z-y

Proofs of some of the above results are given below.

(1) We know cosh x=_e’_-i_;e_";
and sinh x== '—2-e"
2 oo it e ec.l..e—. )l—( e-_e—a)t
cosh? x—sinh? x = ( ) ) s
=%}.4.¢%. e?=1
or cosh? x—sinh? x=1.

Aliter. cos? x+sin® x=1
Changing x to ix, we have
(cos ix)34(sin ix)*=1
or cosh? x+ (i sinh x)t=1
cosh? x—sinh? x=1.
(5) cosh (x+y)=34{e*+V 4 ¢-t2+0}
=i{e® . eV e . eV}
$l(cosh x+ sinh x)(cosh y+sinh y)
4+ (cosh x—sinh x)(cosh y—sinh y)]
={[2 cosh x cosh y+2 sinh x sinh y]
(On simplification)
= cosh x cosh y+sinh x sinh y
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@) cosh 2x=}(e?*+ e~2%)
=4[(e*+e7")?—2]
=4[4 cosh® x—2]
=2 cosh? x—1
=2(14sinh? x)—1
=142 sinh® x.
(10) sinh x+sinh y=—§- (sin ix+sin iy)
(.. ix+tiy ix—iy )
\2 sin 5 cos 3

=2ii sinh( xI'v )cosh (_x_-z-y_)

=L
=i

[* sin ix=i sinh x]
=2 sinh (>} ) (,x:_z) :
2 sinh ( 3 cosh )
Similarly we can prove other formulae.

1'15, Series Expansions of sinh x and cosh x
. __ -
We know sinh x=% 2e .

3 5
sinh x=x 4 %+—;‘—!~ +..

Now cosh x=}(e*+¢~*)

-l
2

=3[z (s R )]

cosh x=1 + —;’:!—+ 41"-4—

These expansions could easily be obtained by replacing x by
ix in expansion of sin x and cos x respectively.
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1'16. Periodicity of Hyperbolic Functions
Let n be an integer,

dami)  —
sinh (64 2nmi) =€ OTHTD —e —(O+2nmh)

2
o _ _—8
_ —e v _ .
— sinh 6
[ €M™ = cos 2nn+i sin 2nm=1

e~ = cos Inm—i sin 2nm=1

Thus period of sinh 6 is 2%/
Similarly it can be shown that period of cosh 6 is also 2=i.

Also sinh (8+mi)=2 ©+mi)_ ,—(8+mi)
2

= _(®—e"%)
2

[ e™ =cos n+i sin n=—
e

1

—™ =cos n—i sin T=—1

=—sinh §
0+=i —~ 04w/
0 _e—O
2
=) oshe
2
_ sinh (8+=i)
tanh (04-ni)= cosh (0+xi)
e —sinh 8
“cosh 0 =tanh 6
Similarly coth (8 +=i)=coth 8
Thus the period of tanh § and coth 8 is =i,
Example 1. Separate into real and imaginary parts.
(iv) sin (x+iy) (ii) tan (x+iy)  (iii) sec (x+iy)
(v) sinh (x+iy)  (v) et=w2
Sol. (i) sin (x+iy)=sin x cos iy+cos x sin iy
=sin x cosh y+i cos x sinh y

G)  tan (xebiy)=-SmEED)

Multiplying numerator and denominator on R.H.S.
2 cos (x—iy), we have

=—e

2 sin (x+iy) cos (x—iy)
2 cos (x+iy) cos (x—iy)

tan (x+iy)=

by
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sin 2x+sin 2iy
= "cos 2x+cos 2iy
sin 2x-i sinh 2y
cos 2x-+cosh 2y
_ sin 2x +i sinh 2y
" cos 2x+cosh 2y cos 2x+ cosh 2y
1
cos(x-’riy)
2 coslx—iy)
= 2 cos(x+ y)cos(x—iy)
[Multiplying N™ and D" by 2 cos (x—iy)]
2(cos x cosh y+i sin x sinh y)
cos 2x-+cosh 2y
_ _2cos xcosh y i 2 sin x sinh y
~ cos 2x+cosh 2y cos 2x+ cosh 2y

(iii) sec (x+iy)=

(iv) sinh(xiy)= —11— sin i (x+iy)
L. . . .
=Tsm(1x— = [sm ix cos y—cos ix sin y]

- —:-[z sinh x cos y—cosh x sin y]
=sinh x cos y+i cosh x sin y

]

—iy)t S\ 3 — -2
) e(x ly) =ex -y ZIxy_ex' y"e ixy

=¥ .(cos 2xy—i sin 2xy)
Example 3. Ifsin (x+if)=x+iy, prove that

) X3 » _
® cosh® B + sinh% B 1
. x3 oy _
() T ~os
Sol. Here sin(a+iB)=x+iy
or sin @ cosh B+icos « sinh B=x+iy

Equating real and imaginary parts, we have
x=sin « cosh B,

y=cos « sinh B8

or

=sin &
cosh B s

Y=
and Sinb B cos &



32 ENGINEERING MATHEMATICS

x! + yi =sin® a4 cos? «
cosh? B sinh? B
x? y
or cosh? B + sinh? B =1
x
Also sima —oosh B
-y
and cos sinh B
or x? __}’:_ =cosh® B—sinh? B
sinf«  cos®«a
) LA S
.o sin? « costa

Example 3. If x+iy=cosh (u+iv), then prove that

2 2
() —S—t 2 =1

cosh® u sinh® u
1 2
(i) X 7 =
cos® vy sint v

Sol. Here x+iy=cosh (u+iv)=cos (iu—v)
=cosh u cos v+i sinh u sin v
Equating real and imaginary parts, we have
x==cosh u cos v
and y=sinh u sin v

Eliminating v from (1) and (2), we have
2 2
=cos' v and —5— =sin? v

“cosh®u sinh?® u
. SRS s
. cosh®u T sinhtu O vFsin®y
x! 2 1
or Coshw Tsmhia  ©
Again eliminating « from (1) and (2), we have
2 2
x’ — —£—=cosh? u—sinh? u
cos? v sin? v
2 2
< > 0 - iy =1
. cos? v sin? v

o

v
\

Example 4. If tan (0+i ¢)=tan a+i sec , than show that|

za=nn+%+a

e't=tcot (2/2)

Sol. Here tan (8+i¢)=tan a+i sec
tan (6 —i¢)=tan a —j sec «

.
oo

1)
2)
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Now tan 20=tan [(6+i ¢)+(6—id)]
tan (6+i ¢)+tan (0—i ¢)
=1—tan (0+i ¢) tan (6—i ¢)
(tan «+i sec @)+ (tan «a—j sec %)
~ 1—(tan «+i sec «) (tan «—i sec «)
2tan a 2tan a
=T1—(tan® xtseca) ~ _ 2tan’«

= —cot a=tan [(mt+ -12‘—)+a :]

° 20 =nn+4 —;—+¢

tan 2i¢=tan [(6 +ig)— (0 —i¢)]
__tan (0+i #)—tan (6-i ¢)
1+tan (6+i @) tan (6—i ¢)
- (tan a+i sec a)—(tan a —i sec a)
14 (tan «+i sec «) (tan a—i sec &)
_ 2i sec & __2iseca
~ 14(tan® «+sec?a) 2 sect a
i tanh 2¢=1icos «
tanh 2¢=cos «
et—e?  cosa
or e
Applying componendo-dividendo, we have

=jcos

e* l+cosx  2cos?a/2 P
e l-cosa  2sina/2 2
or e't=cot? a/2
R e*f=+cot «/2.
Example 5. If tan (x+i y)=sin (u+iv ), then prove that
sin 2x tan u

sinh 2y — tanh v
Sol. Here tan (x+i y)=sin (u+iv)

sin 2x i sinh 2y

cos 2x+cosh 2y T cos dxFcosh 2y oM ¥ cosh v

-+i cos u sinh v
[see example | (ii)]

Equating real and imaginary parts on both sides, we have

sin 2x

cos 2x+ cosh 2y 2y=sm u cosh v (1)

sinh 2y

Cos 2xtcosh 2y  CoS ¥ sinh v (2)

and
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Dividing (1) by (2), we get
_sin 2x__ sin u cosh y
sinh 2y~ cos u sinh v
sin 2x_ _tanu
sinh 2y~ tanhv
Example 6. sin (0+id)=tan a+i sec «, show that
cos 20 cosh 2¢=3.
Sol. Here sin (6+ip)=tan a<+i sec «
S. sin 8 cosh ¢+i cos 8 sinh ¢=tan «+i sec «
Equating real and imaginary parts, we have
sin 8 cosh ¢=tan «
and cos 0 sinh ¢=sec «
Squaring and subtracting, we have
sin® @ cosh? ¢—cos? 8 sinh® ¢=tan® a —sec* a=—1

or

( 1—cos 28 )( 1+4cosh 2#) ( 1+4cos 26 )( cosh 2¢—1
or 2 -

2 2

2
Simplifying, we have
cos 20 cosh 2¢=3.
EXERCISE 1 (¢)
1. Using Euler’s formulae, prove that
(i) sin® z4cos® z=1
(ii) cos 2 z=cos? z—sin® z
(iii) sin 2 z=2 sin z cos z
2. Show that
(i) {sin (@+68)—e™ sin 8}*=sin"a. e "¢
(ii) {sin (a—0)+ei'a sin 8}"
=sin *~! a{sin (a—n 0)+e¢ Ysin n6}
3. Prove that (i) sinh 36=3 sinh 8+ 4 sinh3 9

(if) cosh (x+y)=cosh x cosh y+sinh x sinh y
(iii) tanh 39=_>1agh9+tanh’ 6

+

143 tanh?® 6
4. Separate into real and imaginary parts
(i) cos (x+iB) (i) cot («—iB)
(iii) cosec (ax+iB) (iv) cosh (a+iB)

(v) tanh (x+iB) (vi) eosh (x+1y)

(1)
. (2)

)=-1
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5. If tan (x+iP)=x+iy, prove that
x*+y'+2x cot 2a=1
and x4+ y¥—2y coth 28=—1.
6. If tan (0 +i é)=sin (x+iy), show that
coth y sinh 2¢=cot x sin 2.
7. If sin (84 i¢)=p(cos a+i sin «), prove that
p*=4(cosh 2¢ —cos 26)

and tan «=tanh ¢ cot 0.
8. If u=log tan (x/4+6/2), prove that
, u 1
(i) tanh > = tan > 0

i) Omei LAY
(if) 8=—ilog tan ( 7 +- )
9. If tan (8+i¢)=cos «+i sin «, prove that

nw T

b=7+7

=1 T
and —zlogtan(4+2)

10. If tan (x+iy)=0+i¢, prove that

. ,=_cqs}f_y—cos’ X
o'+¢ cosh? y—sin? x

11. If cos (#+id)=R (cos «+i sin a), prove that

¢_L lo sin (6—a)
=7 %8 §in (91
12. If logsin (8 +i$)=a+iB, prove that

(') 2 cos 20:()’f-*. e—?,__4cg'.
(ii) cos (6~B)=c** cos (6+B).

13. Iftan (z4iR)=i, wherc« and 3 are real, prove that « is
indeterminate and 2 is infinite.

14. If sin (94 id)=¢'*, prove that
cos? 0=sinh? ¢=+sin x.

15. If x=2cos 8 cosh ¢, y=2sin 6 sin /h$, prove that

sec (8+id)+sec (0—ip)= ﬁ;
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1'17. Inverse Hyperbolic Functions

If sinh z=w, then z=sinh~! w is known as the inverse hyper-
bolic sin of w and pronounced as shin inverse w. Similarly other
inverse hyperbolic functions are cosh~! w, tanh™! w etc.

The inverse hyperbolic functions are many-valued functions
but we shall consider only their principal values.

We shall express inverse hyperbolic functions in the loga-
rithmic forms.

Let sinh ! w=z
B o p—8
than w=sinh z= £ 52’—
T |
or 2w=e*~— —
e
or et*—2we*—1=0

This equation is quadratic in e*:
o= 2014

2
As e* is always positive, we shall take positive sign only
et=wt4 it 1
or z=log (W+4/wi+1)
or sinh™ w=log W+ w*+1)

Similarly we can show,
cosh~! w=log (w4« w?—1)

Further, let tanh~! w=z
ef—e-*t
w=tanh z= e

w e-e*

1~ e+te”
Applying componendo-dividendo, we get
14w 2e* .

T—w =2 ¢
1+w
1—w
1 14w

or =7 log o,

or

2z=log

14w |

1
-1 —_—
or tanh™! w== 2 log 1
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1'18. General values of Inverse Hyperbolic Functions

The general values of sinh~'x, cosh™® x and tanh™! x are
denoted by Sinh™* x, Cosh~! x and Tanh™? x respectively.

These general values are
Sinh™! x=2nmi+(—1)" log {x+« ¥+1}

Cosh~? x=2nmi log {x+« x*—1}

1 1+x
-1 7 —_— — .
Tanh™! x=nwi+ > log (1 x)

Example 1. Separate sin~' (a+iB) into real and imaginary

parts.

Sol. Let sin™! (¢ +iB)=x+iy
< o4if=sin (x+iy)=sin x cosh y+i cos x sinh y
Equating real and imaginary parts, we get

a=sin x cosh y w(?)

B=cos x sinh y (1))
al ] . ’
R T x==cosh’ y—sinh® y=1

o® cos® x—B* sin® x=sin® x cos® x

«?(1—sin? x)—B? sin® x=sin? x (1—sin? x)
sin® x—(«?4-8?+1) sin®? x+«*=0

or

or
This equation is quadratic in sin? x,
o sin? x=} [(@+B4 1)+ 4 @B F1)—4a7]
x=sin [+ AT BF N4 (@ TP T —da7]

Similarly eliminating x from (i) and (ii), we have

o3 1
c‘&h—-*ﬁﬁz—y"‘
«? sinh? y+8? cosh? y=cosh?® y sinh® y
a® sinh? y 4B* (1+sinh® y)=(1+sinh? y) sinh® y
sinh* y—(a?<4B%~—1) sinh? y—B2=0
sinh? y={[(a*+B*—1) £ v/ (¥ +PF—1)+4B% |
y=sinh= [+ 4 H+BF—1}£d (@+p—1)*+4P° 1.
Example 2. Separate into real and imaginary parts
tan=! (cos 0 +i sin 6).

Sol. Let tan~!(cos 8+i sin 8)=A4iB
cos 9 +i sin #=tan (4+iB) (1)
cos 0—i sin 9=tan (4 —iB) V)

or

or

and



38 ENGINEERING MATHEMATICS

Now tan 24=tan {(4 +iB)+ (4—iB)}
__tan (A+iB)+tan (4—iB)
1—tan (4+iB) tan (4 —iB)
(cos 0+i sin §)+(cos 6 —i sin 6)
~ 1—(cos 0+i sin 8)(cos 8—i sin 6)
[from (1) and (2)]

_ 2 cos 0
~ 1—{(cos* 6+sin? §)

2cos b . T _
= 0 =00 [. tan 7-—001

tan 24=tan ( nr4 —;—)

nw ™
A=5+7
Now tan 2iB=tan {(4+iB)— (A - iB)}
__ _tan (A+iB)—tan (4—iB)
~ 1+tan (A+iB) tan (4—iB)

__ (cos 6+i sin 6) —(cos 8—i sin 6)
~ 14(cos 8+i sin 8)(cos §—i sin 6)

_ 2i sin 0
~ 14 (cos? 8+sin® @)
*, itanh 2B=i sin @
or tanh 2B=sin 6

=jsin 0

eB—e™?B  sin 6
-— =
e‘ZB +e—‘ B l

Applying componendo-dividendo,

Ze“’__ 14sin 0
2¢-*B~ ]1—sin 6

r_ (T _ 8
l+cos(2 0)-2cos(4—-—2)
k2 [}

4

l—cos(—;——ﬂ) 2 sin® ( —2)

0 e‘B.—.
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1 © 0
B—2 log cot (4 —-2—)

.~ tan™ (cos 0 +i sin 6)= 521+-;:—+2L log cot (.:’;__.%)

Example 3. If cos™* (u+iv) =a+iB, prove that cos* « and
cosh® B are the roots of the equation
x3—x(I+12+v*)+u'=0.

Sol. Now cos™? (u +iv)=a+if
u+iv=cos (x+if)
=cos « cosh B—i sin « sinh B
u=cos « cosh B oe(i)
and y=—sin « sinh
Now u?+v2=cos® « cosh? B+sin® « sinh? B
= cos? « cosh? 8 +(1—cos? a)(cosh? B—1)
= cos® a+cosh? B—1
or 1+ut+v2=cos® a+cosh3 B
also u?=cos? « cosh? B. from (i)
The equation which has roots cos® « and cosh? B is,

x¥—(cos® a+cosh? B)x+cos? « cosh? 8=0
or 3= +u?+v)x+u*=0.

1'19. Logarithm of Complex Quantities
If z=x+iy and w=¢", then z is defined as log, w

Now ez+2n7‘i=el. e?lmi
=e*=y, [ e2'""'=1]
z+2nmi=log, w [By definition]

Thus we see that log, w is a multivalued function. Hence
logarithm of a complex quantity is a multivalued function.

The value of log, w corresponding to n=0, is called principal
value. The general value of log, w denoted by log, w, and
log. w =2nri+log. w, where log, w denotes the principal value,

Example 1. Separate log, (x+iy) into real and imaginary
parts and hence obtain the real and imaginary parts of log, (x +iy).

Sol. Let log. (x+iy)==x+ip

- x+ iy=e‘+" =ea.e49
or x+iy=e®. (cos B+i sin B)
Equating real and imaginary parts, we get
x=e*. cos B . (1)
and y=e®. sin B «(2)

Squaring and adding (1) and (2), we have
xl+ y2= e
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2z=1log, (x*+y*)

a=4% log, (x*+»*)
Also from (1) and (2), we have
-2
tan B .
or ﬁ-tan"{-c-
log, (x+iy)=*% log. (x*+y*)+i tan™* (y/x).

Now Log. (x+iy)=2n%i+log.(x+iy)
=} log, (x*+y*)+i (2nm+tan™? y/x).
Example 2. Find the principal values of
log (— 14-i)—log (—1—1).
Sol. Here log (—1+i)—log (—1—i)
Let —1=rcos 0 and 1=r sin 8

oo rm4/2, tan 6=—1 or 0=%'5

5 —1+i==r(cos 0+i sin §)=re'?
£l
=v2e 4
—1—i=r (cos 0—i sin §)=re~*
3
=4/2e 4
- log (—1+i)—log (=1—i)=log =LED)
(—1-9)
3nl
V2e 4
R
v2e *
1 _—s
=log —3;; =—loge 2

e 2

Zni——sgi

) =t
=—log(e =-—loge 2

i . .
=— TI’ is the principal value.

Example 3. Show that (i) Log i= ( 2n+ -%-) 1]
(ii) Log (—x)=(2n+1) =i+ log x.
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7l

Sol. (i) i=cos-§-+i sin-; me 2

T
R
2 T .
log i=log e =51
Now Log i=2n ﬂi+log i
=2n mit+ -

=(2n+ -;-')ﬂi.
G —x=2x(cos ®+i sin ®)=xe'™

log (—x)=log x+log e™
=log x+7i
Log (—x)=2nni+log (—x)
=2nwni+log x+7i

=(2n+1)wi+log x

—i 2ab
Example 4. Prove that tan (i log Z +:Z )= ;._? B

Sol. Let a=r cos 0, b==r sin 8

r=va*+b% tan 0=;b
o a+ib=r(cos 0+i sin 8)=re**

a—ib=r(cos 0—i sin §)=re™*®
: -

a_—._l_é'_—_i:- =e‘.¢"

a+ib re'*

a—ib = -2i0=—=—2;0
log g log e 2i
a-ib . ,
; =q(-— o =
ilog p i(—2i8)=20

=2 tan™ %—-

=tan~! —b—-iv-tan"1 L
a a

e ]

£+t
= tan| tan™ 1 Bt

al
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=tan [:tan"1 a,%fgg ]

. i1 a—ib|_ _2ab
.. tan [1 °2 LT¥ib pr
Example 5. If it o g +iB, prove that

tan TA__ B
an ——"4

ard A' 4 Br=¢""B
Sol. Here i’ '=A+iB
i4tB=4 4B
Takings logs on both sides, we have
(A+iB) log i=log (A+iB)

(4+iB) [—;— log 1+i tan? -(1)-]=log (4+iB)

[: log (4 +iB)=-;~ log (424 B?®+i tan™! —g]

(A+iB) (% i )= L log (41 +BY+i tan-t 2

A
Equating real and imaginary parts on both sides, we have
. —Br _ 1 24 B2
o 3 5 log (4*+B?
and 4 =tan! f—
A4 Bt=¢~ B
A B
and tan —2—' = ik
EXERCISE 1 (f)
1. Separate into real and imaginary parts.
(i) sin™! (cos @+i sin 6)
(ii) cos™ (cos 6+ sin 0)
(iii) tanh™ (x+iy).
2. Prove that tanh™ x=sinh™! ( wd )
Ji—x
3. Prove that coth™! 2 =sinh“(;).
x Ja—x
4. Show that sin™?! (ix)=2n%-i log [¥1T+x"+x] and hence
show that

sin~! (i)=2nm+i log (v/2+1).
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5. Prove that tan™ i ( X=a )=——i—log (i)
x+a 2 x /-

6. Show that sin~? (cosec 8)

=[20+(=1)") 5 +i(=1)" log cot%—.

7. Prove that log sin (x+iy)

= —;—log (cgs£2y_2—cgig)+i tan~! (cot x tanh y).
8. Prove that log tan (l; +i2x— )=i tan~! (sinh x)
9. Prove that log (-—Z—j—:—g— )=2i tan™? ( % )

10. If cosh™® (x+iy)+cosh~! (x—iy)=cosh™! (a), show that
2(a—1x*+2(a+1)y*=a?—1.

11 Prove the log (i)=——-

12, Find the general value of (1 4itan «)~*
13. Find the real part of the principal value of (i)*0e(!+%

14. If log sin (84 i$)=a-+ip, prove that
2 cos 20 =t —e 2 —4e2*, (D.U. 1983)

1'20. Summation of Trigonometric Series (C+i S method)

This method is very useful in finding the sum of a series
(finite or infinite) containing sines or cosines of multiple angles.
The method consists in selecting another series, called the auxiliary
series. The auxiliary series when combined with the given series,
yields a new series which can be summed up easily. For example
to find the sum of the series

S=a, sin &+a, sin (2 +B)+a, sin (x+2B)+ (i)
We select another series

C==a, cos a+a, cos (a+B)+a, cos (x+28)+...... ¥
Then

C+iS=a, (cos a+i sin @) +a,[cos(z+p)+i sin (x+B)]
+ay[cos(a42B)+i sin (+2B)]+...
or C+i S=ase™ +a,e'®+B) g e +tW 4 ou(id)

The series on R.H.S. of (ii) can be summed up easily by using
the following standard series.

Geometric Series

a+ar+ar’+...+ar"*1=i(ll—_-_;:—')—

*If the sum of the sine series is required, we choose auxiliary seriesas a
corresponding cosine series and vice-versa. The sine series is denoted by § and
the cosine series by C.
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or a+tar+art+...0 =l—f_r- swhere | r ] < |

(b) Binomial Series

14nx+ n(n;}) x*+ n(n—lg(:l—-Z) x*

+Ooow=(l +x;"

(c) Sine and Cosine Series

7

2 4
and I—Ex!—+:—!—% +...00=cos x

(d) Sinh or Cosh Series
3 5 7
x+_3£r+ 3"T+—;‘-!-+...oo=sinh x

x Xt Xt
1+—2—!+ 4—!+ 6_!— +...OO-=COSh X

(¢) Exponential Series
TR SR
¥ty t-®=e
(f) Logarithmic Series

4
x_’z‘_’+_’;i - "—+...co=log (1+x)

o

or =22 X omlog (1—%)

The following examples illustrate the method.
Example 1. Find the sum of the series

Sin a+ '_1? sin 3a+—13—,— sin 5a+...0
Sol. Let S=sin d+—;— sin 3o+ 51;- sin 5¢-4-...00
and C=cos a4 é— cos 3¢+—3—12- cos 5a+-...00

C+i S= (cos i sin a)+~;~ (cos 3a+i sin 3%)

+ %T (cos 5x+i sin 5a)+...00
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=t :1,,_ eai-+.§r et .. .00 ()]

The series on R.H.S. of (i) is a geometric series, with common
.1
ratio T etin

C+i § et* et (l—% ems )
i S=

_1 2£=( 1 )( _ 1
=3 et (1—jet® 1 3e‘“‘)

(conjugate of 1—} €™ is 1 — } ¢-2i%)
em_* e-i.

- _l_ 25 ~2im __1__
1=7(@*+e)+ 3

__ (cos a+i sin a)—3 (cos «—i sin )

2‘ | 1
( o eaic +e-2‘°‘ =2 cos 2“)

% cos ¢+—l—4- sin «

= 3 _6cosati.12sina
1"'-2 cos 2 a+-1- 10—6 cos 2«
37T 09
s e 3cos¢+i_6_.s‘i}li_
* Cris= 5—3 cos 2a
Equating imaginary parts on both sides, we get
s_, 6 Si-n o

=573 cos 2o’ e required sum.
Example 2. Sum the series

x cos 0—-—’% cos 28 + —’;—a— cos 30—...

2
Sol. Let C=x cos 0-——’-%— cos 20 +§ cos36—...0
] 3
and S=x sin o-—-’;— sin 20+ -’g— sin 3 —...c0

2
C+i S=x(cos 8 +i sin 0)——"2— (cos 20+ i sin 2 6)

+—’-c31 (cos 30+i sin 30)+...
xee:u x!eSiO
3
(The series on R.H.S. is a logarithmic series)
=log (1+xe'*)==log [1+ x (cos 0+isin #)]

=xg‘. —
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=log [(1+xcos §)+i . x sin 6]
=% log [(1+x cos 6)*+ x? sin2 6]
x sin 0 )

: -1 -
+i tan ( 14+x cos
fa— 9\ 4 :gan-1 (_XxsSin6 )
or C+iS=1%log (142x cos 84x*) +i tan (H_————x cos
Equating real parts on both sides, we get
C=%log (14+2x cos 0 +x?)

Example 3. Find the sum of the series
2
sin a+x sin (‘a+p)+—;‘—, sin (24 28)+...©

2
Sol. Let S=sin a+x sin («+B)+ -—;——'— sin (+2B)+...c0

and Ce=cos 2+x cos (a+8)+ _2x_2'_ cos (x+28)+...20
C+iS=(cos a+=i sin &)+ x{cos(x+B)+i sin (x+ B)]
+-7 [cos («+28)+i sin (2-+28)]++.0

2
. x .
_..eia +xe1-(u+ﬂl+ __2__'_ et(0+2a)+ [e'e)

gec.[ 1+Xei3+_;;'_e‘?.ia+."w‘]

(The series on R.H.S. is an exponential series)
=e' . (e%'?)
=gin [ew(cu B+i sin B)].

= ® 03 Bei(g+o sin B)

or C+iS=e® ©* B [cos (a+x sin B)+i sin (x+x sin B)]
Equating imaginary parts on both sides, we get
S =e® ¢ B sin («+x sin B)
Example 4. Sum to n terms the series
1+x cos 0+ x* cos 26+ x3 cos 30+... (x<1I).
Sol. Let C=1+x cos 8+x* cos 26+x3 cos 30+...
+x"1cos (n—1) 0 (x<1)
and S=xsin § +x? sin 26+ x* sin 30+ ...
+x™1sin (n—1) 6.
o C+iS=1+x (cos 8+i sin 6)+x* (cos 26+i sin 26)
+x2® (cos 30+ sin 360)+...+x" [cos (n—1) 8
+isin (n--1) 6]
=1+xe'0+x* e’ 04 xS0 4...... +x eI
(The series is a G.P.)
_1—xmem®  (1—x"e™?) (1—xe~*?)
T 1=xe"® T (1— xe*®) (1—xe %)
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1—- xe"’ -— xneni.+ xu+1e( (n-1) @
1—x (e +e™*)+x*

1—x (cos 8—i sin 6)—x" (cos nd-+i sin né)
- +x™*! [cos (n—1) 8+i sin (n—1) 8]

1—2x cos 0+ x2

1—x cos 8—x" cos n6+x™* cos (n—1) 0
1—2x cos g+ x2

or C+iS=

+i. X sin d—x" sin nf+x"*! sin (n—1) ¢
’ 1—2x cos 0+ x2 '
Equating real parts on both sides, we get
Cc= 1—x cos §—x* cos né+x"*! cos (n—1) &
o 1—2x cos 6+ x* ’

the required sum.
Example 5. Sum the series

sin a+% sin 3a+ ——— sin Sa4...0

Sol. Let S=sin a+1%sin 3a+-;-:%— sin 5a+...00

and C=cos a+1% cos 32+ cos Sa4-...00

2 4
C+iS=(cos a+i sin «)43} (cos 3z+i sin 3a)

+—;% (cos 52+i sin Sa)+...00

=et* 4} e“°'+ e5(u+

=et® [l‘l"‘} eh‘a+ ﬁ e“a+ . ]
(The series with in brackets is a Binomial series)
=ei* (1 _eziu)-l 12
=(cos «+i sin «) (1—cos 2a—i sin 2a)-1/2
=(cos a+i sina). (2 sin? «—2i sin & cos «)-1/2
=(2 sin %)7Y/2 (cos a+i sin @) .

(sin «—i cos «)~112

=(2 sin @)~1/% | (cos a-+i sin a) . [cos (%-—or)

Y -1/2
—i sin (—2——0: )]
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or
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=(2 sin @)~'/2 . (cos «+i sin @) . [cos (7{ - )

2
+i sm )]

(By Demoivre’s theore
iS=(2 sin a)-1/2 | A
C+iS=(2 sin @) .| cos (4 + 3 )

in (343)]

(Amplitudes are added on multiplication.)

Equating imaginary parts on both sides, we get

S=(2 sin @) . sin (—"-:—+-;‘)
EXERCISE 1 (g)

Sum the fOIIOWing series.

1.

2.
3.

v

10.

sin a4 5 sin 2a4+ —5 sin 3x4...00

14x cos y+x- cos 2y+...co
cos « sin a-+cos? « sin 2a+cos® « sin 3x+...00
[Hint. C=cos « cos a+ cos? « cos 2a+cos® « cos 3z2+...]

cos a+x cos (a+B)+ cos (x42B)+...00

0
sin 6— —im—zi.*. sn‘.?: ? -

8 5
¢ sin a4 —3— sin 3o =5 sin Sa+4...00

cos &— ; cos a4 —5- cos Sa—...

14+"C,; cos a+"C, cos 2a+"Cy cos 3x+...00
x sin 8—x? sin 204 x® sin 36—...to n terms

1+n sin 0+ (n 1) sin 260

+'1ﬂ-71)'(—"-—2)— sin 30+...+sin né.



