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Set Theory

Among many branches of mathematics, theory of sets, which was introduced by the German
mathematician Cantor occupies a unique place. It helps to reduce many mathematical concepts
to their logical foundations in an elegant and systematic manner. In this chapter we discuss the
basic features of set theory, permutation, combination, mathematical induction inclusion-ex-
clusion and probability theory, multisets.

1.1 SET NOTATION AND BASIC DEFINITIONS

A collection of well-defined objects is said to be a set. The objects in the collection are called
members or elements of the set, and they are said to belong to or contained in the set. The
set inturn is said to contain or composed of its elements.

Sets are usually denoted by capital letters A, B, C, ....... and elements by small letters a, b,

Let S be a set. We write x € S to mean “x is an element of S”, or “x belongs to S”. If x does
not belong to S, we write x ¢ S. We sometimes designate sets by displaying the elements in
braces ; for example {2, 4, 6, 8} is a set. However, when the elements of a set share a common
property called as the characteristic property, there is a compact notation called the set builder
notation to describe the set.

For a given set S, we constantly use
A={ae S:P)}
to read “A is the set of elements of S for which the property P holds™.
For e.g; the set of all numbers between 0 and 1 can be denoted by {x : 0 <x < 1}.

Note that the order in which the elements of a set are listed is not important. For instant,
the set {3, 4} is same as the set {4, 3}.

We introduce here several sets (and their notations) that will be used throughout this book.
N = Set of all natural numbers
=1{1,2,3....}
Z = Set of all integers
S -3,-2,-1,0,1,2,3......|
R = Set of real numbers
Q@ = Set of all rational numbers
=lalb : a,be R,b#0
C = Set of all complex numbers
=la+ib:a,beR,i=V-1}
Note : Think of real numbers as the set of points on a number line.

Definition 1.1.1. Let A and S be sets. A is said to be a subset of S if every element in A is
an element of S, that is ifa € A implies a € S. We write A C S.
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Examples
(@ IfA=11,2,83,4,5=10,1,2,3,4,5,6/,thenACS.
(b) NcZcRcC.

The statement A c B does not rule out the possibility that B c A.

Definition 1.1.2. Let A, B be two sets. Then A and B are said to be equal (notation A = B)
ifand onlyifA ¢ Band B C A, thatis, A and B have the same elements. IfA and B are not equal,
we write A # B. If A ¢ B, A # B, we say A is a proper subset of B.

Null Set and Universal Set.

The null set or empty set, ¢, is the set having no elements; it is a subset of every set.

Given any set A, both ¢, A, are subsets of A, which we call improper subsets of A.

If all sets under discussion are subsets of a given set U, then U is said to be a universal
set. Universal set is therefore a relative term.

A set consisting of a single element is called a singleton set.

Examples

(@ IfA=[1,2 3],B={x xisa positive integer and x* < 12}, then A = B.
@) If A={1,2,3,4,B=12,38,C={1,2,8,4,5, then BcABcC,AcC, but
AgB,CgB,CzA.

(c) Let A beasetandletB= {A, {AH Then since A and {A} are elements of B, we have
Ae B, {A} € B. It then follows that {A} CB, HAH C B. However, it is not true that
A cCB.

Definition 1.1.3. A set A is called finite if it has n distinct elements, where n € N. In this
case n is called the cardinality of A and is denoted by |A|. A set that is not finite is called
infinite. An empty set is said to have cardinality zero. Note that N, Z, R, @, C are examples of
infinite sets.

Consider the set of natural numbers N = {O, 1,2,.... } Although N is infinite, the elements
in N are enumerable or countable, that is the elements can be arranged sequentially. Such a
set is said to be countably infinite or denumerable.

Power set : For a set A, collection or family of all subsets of A is called the power set of A
and is denoted by P(A). If A has %k elements, then P(A) had 2" elements. The power set of the
null set ¢ has only the element ¢. That is, P (¢p) = ¢.

Example. Let A = {1, 2, 3}. Then P(A) consists of the sets ¢, {1}, {2}, {3}, (1, 2}, {1, 3}, {2, 3}
{1, 2, 3} = A.

Exercise 1.1.

1. Enumerate the elements in the following sets :
(a){xeR:x2—3x+2=O}
B ke C:x%+1=0|
2. Describe the following sets using set-builder notation
(@) 13,5,7,9,.ccee.... , 77,79}
(b) even integers
3. LetA=10,2,3,B=10,2|,C=1,5,9. Determine which of the following statements are true.

Give reasons.
(@)3ecA b 1[3le A
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(©38jcA @BCA
(e)AcCB HocC
@oeA (h) B A)CC.

4. Let U=x:0<x<9,xis an integer
A =lxe U:xisamultiple of 3|
B=keU:x*-5>0|

Determine
(@) AUB b)YANB
(c) B¢ (d) B¢ UA®

1.2 VENN DIAGRAMS AND SET OPERATIONS

Given two sets we can combine them to form new sets. There is nothing particular about
this number to be two. We can carry out the same procedure for any number of sets, finite or
infinite. Consider the following figure.

A B A_B

Fig. 1.1

The diagrams, as shown above, which are
used to show relationships between sets are
called Venn diagrams. In a Venn diagram the
universal set U is represented by the interior of
a rectangle and the sets by circle inside the rec-
tangle.

Definition 1.2.1. The intersection of the two
sets A and B written as A N B, is the set

{x:xeA and x € B}.
If B is any subset of A, then A N B = B. By Fig. 1.2

Venn diagram we illustrate the intersection of
two sets A and B by Fig. 1.2.

Here A is the circle on the left, B that on the right, while their intersection is the shaded
portion.

Examples

(i) LetA={1,3,8,B=18, 22,6, thenAnB=8.

(i) IfA=la,b,c,e,f,B=b,ef,r,s| C=la,t,u,v,FindAnB,AnC,BnC.
Here AnB=1b,e,f,ANnC=la,BNC=¢.
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Definition 1.2.2. The union of the two sets A

U
A B and B, written as A U B, is the set
) —— {x:xeA or xeB}

y4 VA \ \
£ — A when we say x is in A or x is in B we mean x is in
: — ] at least one of A or B, and may be in both. When-
- —F -7 ever B is a subset of A, AUB=A. By Venn
~——— diagram we illustrate the union of two sets A and

B by Fig. 1.3.

Fig. 1.3 Here A is the circle on the left, B that on the

right and A U B is the shaded part.

Examples
(i) A=la,b,c,e,f,B=|b,d,r,s|,then AUB=la,b,c,d,e,f,r,s]
(@i) AU =A, for any set A.

Definition 1.2.3. Two sets A and B are said
to be disjoint if AnB=¢. Fig. 1.4 gives
ANB=0.

Definition 1.2.4. Let A and B be sets. The
complement of A relative to B, denoted by B

A, is defined to be the set of elements that are inl
B and not in A. That is

B—A:{x:xe B and xeA}.
If U is the universal set, then the comple-

ment of A relative to U, denoted by A€ is defined to be the set of all elements in U which are
not in A. In symbol

Fig. 1.4

AC:{x:xe U and xeA}
Clearly A°=U-A.
Definition 1.2.5. The cartesian product of two sets A and B denoted by A X B is defined
to be the set of all ordered pairs (a, ), where a € A and b € B. That is

AxB=|@,b):ac Aandb e B|

The pairs (a1, b1), (a2, b2) are equal if and only if a1 = a2 and b1 = ba.

Examples

(@) IfA={1,2,3,B=11,2
AxB=|1,1),(1,2),(21),(2,2),3, 1) (3,2)]
BxA={1,1),(1,2),(1,3),21),(22), 3
AxB=#BXxA.

(ii) Cthesetof complex numbersisthe cartesian productR x R = {(x, y) :x,y€ R}, where
R is the set of real numbers.

We can define the cartesian product of three (or more) sets similarly. For, example
AxXBxC-= {(a, b,c):aeA,be B,ce C}, we denote A ><A:A2,A XA XA :A3, and for any
positive integer n, A" = (a1, az,......... ,an):ai€ A, i=1ton|.

Symmetic Difference : Symmetic Difference of any two sets A and B, denoted by A A B is
AAB=A-B)u B-A).
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Solved Problems
1. Let A, B, Cbe sets suchthat A UB=AuCand AnB=AnC,show that B=C.
Proof. Let x € B. Thenxe€ AuB.Since AUB=AuC,xe AuC.Thatisxe Aorx e C.

Suppose x € A. Since x€e Bjxe AnB. But AnB=AnC,xe AnC. So x€ A and x € C.
Therefore x € B implies x € C. Hence B ¢ C. Similarly we prove C ¢ B. Hence B=C.

2. Let A, B be sets. Then A—B=AnN BC.
Proof. Letxc A ~B®. Thenxc Aandxe B ©xc A and x¢ Beoxec A-B

Since x is an arbitrary element, A N B°=A-B.
3. Show that if A and B are two sets, then A - B, B- A, and A N B are pairwise disjoint.

Proof.Letxe A-B)n (B-A). Thenxe A-Bandxe B-A. Thatis, (x€ Aandx¢ B)
and (x € Band x ¢ A). Clearly there is no such element. Hence (A - B) n (B —A) = ¢. Since
A-B=AnB (A-B)nAnB) =AnBYnANB) =AnBNB%)=An¢=¢. Similarly
B-AnnAnNnB)=0¢.

4. ShowthatA-BuUC)=A-B)n(A-C)andA-BnC)=A-B)u@A-C).

Proof. Let xe A-(BuC(C). Then x€e A and x¢ BuC. That is x€ A and
(x¢ Bandx ¢ C). Therefore (x € A and x ¢ B) and (x€ A and x ¢ C). That isx€ A—-B and
xeA-C. Thatisxe A-B)n(A-C). Hence A-(Bu C)c (A-B)n (A - C). The other im-
plications can be proved by retracing the steps. Therefore A — (B U C)=(A - B) n (A - C). The
proof of A — (B n C) =(A - B) U (A — C) is left to the reader.

Note.
(i) x¢ AuBifandonlyifx¢ Aandx ¢ B
(@) xg AnBifandonlyifx ¢ Aorxe B
(tii) x¢ A—Bifand onlyifx ¢ A or x € B.
5. For any three sets A, B, C, (A U B) =B if and only if A C B.

Proof.Let AUB=B.Letx € A. Thenx € A U B =B. Hence A c B. Conversely, let A c B.
Let x€e AUB. Then x€ A or x € B. Since A CB,x € A implies x € B. So x € B. Therefore
A UBCcB.Always BCc AU B.Hence A UB=B.

6. For any three sets A, B, C,
i) A-B=A-(AnB)=(AUB)-B

@) A-B)-C=A-BulC)=A-0C)-(B-0)

@) A-B-C)=A-B)UANn 0O

) AnB-C)=AnNnB)-ANC).

Proof. () xe A-Boxe A and x¢ B
oxeAand x¢ AnB
oxeA-ANB).

Hence A-B=A- (AN B).

(i1) xe A-B)-Cox€e (A-B) and x¢ C
o @xeAandx¢ B)andx¢ C
oxeAand (xe Bandx ¢ C)
oxeAand(xg Bu()
oxeA-BUl).

Since x is arbitrary, A-B)-C=A-BuUC(C). Next we prove A-BuCl)
=A-C)-B-C). For, xe A-C)-B-C)sxe A-C)andx¢ (B-0C)
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o@xeA and x¢ C) and (x¢ Borxe C)
oxeA and (x¢ B and x¢ C)
oxeAand(x¢g Bu()
sxeA-Bul).

Hence

A-BulO)=A-C)-B-0).

(tit) Letx e A— (B - C). Then

x€A and x¢B-C ©(xeA and x¢ B) or (x€ A and x€ C)
sxeA-B or xeAnC
oxeA-B)u@An(C)

HenceA-(B-C)=A-B)uAn ().

(iv) xe AnB)-(AuC)
oxeAnB and x¢ANnC
S @xeA and xe B) and (xgAorxe C)
oxeAand (xe Bandx ¢ C)
<xeA and xe B-C
sxe AnB-0).
Hence, AnB)-AnC)=AnB-0).
7. Prove by Venn diagram
¢ A-C)uB-C)=(AUB)-C.
Fig. 1.5 Proof.
See Fig. 1.5
Region with vertical lines is (A — C) U (B - C).
See Fig. 1.6
Region with horizontal lines is (A U B) — C.
8. IfA, B, C are sets, then
ANnBul)=AnB)u@ANCO)
Proof.Letxe An(BuC(C). Thenxe A and xe BuC
oxeAand(xe B or xe ()
o xeAandxe B)yor(xe Aandx e C)
oxe AnB)uAn(O)
Hence AN BuC)=(AnB)u@An().
9. Let A, B, C be sets. Then
AXBnNC) =(AxB)n (AxC(C).
Proof.
x,y)eAxBnNnC)e=xe€A and ye BnC
©xeAand(ye Bandye C)
o xeAandye B)and (x€ Aandy e C)
< (x,y) € AxB and (x,y)e AxC
S (x,y)e AxB)n(AxC).
Hence Ax(BNC)=AxB)n A xC(C).

A

Fig. 1.6
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10. Let A and B be sets. A c B if and only if B¢ c A°.

Proof. Let A  B. To show B¢ c A°. Let x € B. Thenx ¢ B. Since ACB,x¢ A. Sox € A°.

Hence B° gAC. Conversely, let B¢ gAC. Letxe A. Thatisx & AC, since B¢ gAC, x & B Hence
x € B, and hence A C B.

Exercise 1.2.

1. Let U=kx:xeZ, 1<x<10
A =lx:xe Uandx is a prime number/
B=lx:xe Uandx is even|
C =lx:x € Uand x is a multiple of 3
Find
(@AUB G BuUC e©BnC
(dANC (e)Au B® » B¢t
@A U BNC) (WA-B ()B-A
HBUO)-A

2. Prove the following :
@OU =0ando°=U @Gi)AnA=¢pandAUAC=U
(i) ASHC = A (iv) IfA c B, then AxC cB xC
(v)A "B =¢if and only if A c B¢ (i) (A " B®) U (A® A B) = ¢ if and only if A =B.
3. IfA=11,2, 3}, and B =2, 3, 4 write down the following sets
@) {(x,y) ((x,y)€e AxB and x<y|
(ir) {(x,y) ((x,y)e AxB and x>y|
4. Showthat AxB=BxA ©A=¢0orB=¢0orA=B.
5. Prove:(i)AnB=Aifand only ifA C B.
@) AnNnB=¢ifand onlyifA-B=A
(iii) A c Bif and only if A — B = ¢
(iv)A=Bifand onlyA—-B=B-A=9¢.
6. Simplify (i) (A " B) U C)° ~ B)©
(i) (A UB) " A% L B N A)°.
7. IfA=la,b,B=1c, d,e and C =100, 01, 10, 11/
(@) List all the elements of A x (B x C)

(it) How many elements do A x (B X C)2 have.

1.3 LAWS OF SET THEORY

1. AuUB=BUA Commutative Laws
AnB=BnA

2. AuBulC)=AuB)uC
AnBnNnCO)=AnB)NC Associative Laws

3. AnBulO)=AnB)u@ANCO)
AuBnNnC)=AUBNAUC) Distributive Laws

4. Avudo=A=9pUA
AnU=A=UnA Identity Laws
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5. AuA“=U

AnAC= ) Complement Laws
6. AUA=A

ANnA=A Impotent Laws
7. AvoU=U

And=0 Null Laws
8. AUANB)=A

AnAuB)=A Absorption Laws
9. AuB)‘=4°~BC

An B)C =A®UB¢ De Morgans Laws

10. (AC)C =A Involution law

Theorem 1.3.1. Let A, B be sets. Then
(AnB)U@ANB%=A
Proof. AnB)UAn BC) =AnBuyU BC) by distributive law
=AnNnod by complement law
=A by identity law.
Theorem 1.3.2. Let A, B, C be sets. FACB, BN C=¢. ThenA n C = 0.

Proof. Let AcB, BNnC=0¢.Let AnC=#=¢. Suppose x€ AnC.Thenxe Aandx e C.
Since A C B, x € A implies x € B. Hence x € B n C, which is a contradiction to the given
hypothesis. Hence A n C = ¢.

1.4 PRINCIPLE OF INCLUSION AND EXCLUSION

Theorem 1.4.1. (Principle of inclusion and exclusion).

Let A1 and A3 be sets with cardinalities |A1| and |Az|, then

|A1 UAzl = |A1| + |A2| - |A1 ﬁAzl

Proof. The sets A; and A2 have some common elements. The number of common elements
betweenA; and Az is |A1 N Az|. Each of these elements are counted twicein |A1| + |A2| (Once
in |A:1| and oncein |Az|) although it should be counted as one element in |A; U Az |. Therefore,

the double count of these elements in |A1| + |Az| should be adjusted by the subtraction of the
term |A1 NAsg I . Hence |A1 UAzl = |A1| + |A2| — |A1 NAsg I .

Note. Extending the above result for three sets A1, Az, As, by using distributive law, we
obtain,

|A1 UAZ UA3| = |(A1 UAz)UAgl
= |A1 UAzl + |A3| - |(A1 UAz)ﬁAgl
= |A1]| + |A2| - |[A1nAz| + |A3] - |(A1 NA3) U (A2 N A3)|
= |A1| + |A2| + |A3| - |A1(\A2| - |A1(\A3|
- |A2 ﬁAgl + |A1 ﬁAz ﬁAgl
We extend this result to a collection of n sets, for any +ve integer n.

Theorem 1.4.2. Let A1, As, ..., An be a collection of n sets. Then
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JA1UAsU ... UAL| =3 |Ai| =2 |AinAj| +2 | AinA mAg | +...+(-1)" "
i=1

1<i<j<n 1<i<j<k<n
|[A1nA2n...NA,| ..(1.4.1)

Proof. We prove the theorem by induction on n. First we assume (A1 U A2 U ... UA,-1)and
A, as two sets. Then by Theorem 1.4.1, we have

|[A1UA20 ... UA,| = |[A1UVAsU ... UA 1| + |An] - |[Ann (A1 UA2 U ... UA, _1]
..(1.4.2)
Now
|[An N (A1 VAU ... UA, )| = |AnnADU AL NA)U...UANAL 1) |
According to the induction hypothesis, for n — 1 sets A, "A1, A, NAg, ...,ALNA,_1, We
have,

(A NAD) U (An NA2) U ... (An N An -1l
= IAn ﬁAll + IAnﬁAzl + ...+ |AnﬁAn_1|
- |[AnnA) N AN A | — |An N A1) N (Ar N As)|

+ D" AnnAD) N A NAg) ... AN A, )|
= IAnﬁAll + IAn ﬁAzI + ...+ |AnﬁAn_1|
- |AnnA1NAz| - |AnnA1NAs| — ...
+ |An ﬁAl ﬁAz ﬁA3| + ...
+ (-1 2 |AinA1NAsn ... NA, 1| ..(1.4.3)
Also, according to the induction hypothesis, for n — 1 sets, A1, Ag, ... A, -1, we have
|[A1 VA2 U ... UA, 1| = |A1] + |A2| +... + |An-1]
—|A1nAz| - |[A1NA3| — ...+ (-1 2 |A1nAsn...N A, 1] ..(1.4.4)
Substituting (1.4.3) and (1.4.4) in (1.4.2), we get (1.4.1).

Example 1.4.3. In an advertising survey conducted on 200 people, it was found that 140
drink tea, 80 drink coffee, and 40 drink both. Find how many drink atleast one beverage and
how many drink neither ?

Solution. Let A denote the set of tea drinkers, and B the set of coffee drinkers. Then
|[AUB|=]A| + |B| - |AnB]| =140 + 80 — 40 = 180.
Hence 180 peoples drink atleast one beverage and 200 — 180 = 20 drink neither.

Note. We use [x] to denote the largest integer that is smaller than or equal to x. So the
number of multiples of x that do not exceed n is [n/x]. (See also problem 17 of page 296)

Example 1.4.4. Find how many integer between 1 and 567 are divisible by 3, but not by 5.
Solution. Integers between 1 and 567 divisible by 3 is [567} =189. Integers between 1 and

3
35275} = 37. Hence, the number of integers between 1 and 567

divisible by 3 but not by 5 is 189 — 37 = 152.

Example 1.4.5. How many integers are between 1 and 250 that are divisible by any of the
integers 2, 3, 5 and 7.

567 divisible by both 3 and 5 is [
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Solution. Let A1, Ag, A3, A4 denote the set of integers between 1 and 250 that are divisible
by 2, 3, 5 and 7, respectively.

|A1| =_&2O_:125 |A1 N Az| =_22>5<03_:41
|Az| ==%=:83 |A1 N A3| =_22>5<05_:25
|As| ==%=:50 |A1 N A4 =_22>5<07_:17
| Ag| ==&70=:35 |A2 N As| =_32>5<05_:16
|AzmA4|:_32>5<07}:11, |A30A4|:[525X07}:7

|A1 M A2 N Asg| :_%_=8

|A1 M A2 N Ay :_%_=5

|A1 M A3 N Ay :_%_=3

|A2 " A3z N Ay :_%_:2

|A1 MA2s NA3z N Ay :_2><325><O5><7}:1

By Theorem 1.4.2,
|A1UA2 UA3 UAL| =125+83+50+35-41-25-17-16-11-7+8+5+3+2-1=193

Example 1.4.6. How many words of length 7 can be formed from the letters {a, b, ¢, d, e} if
the first letter must be ‘a’ or the last letter be ‘b’.

Solution. There are 5° words that begins with a, there are 5° words that end with b, and
there are 5° words that both begin with ‘@’ and end with b’. By principle of inclusion and
exclusion, there are 5°+5°—5° = 28, 125 words that begin with a or end with b.

Applications of Inclusion Exclusion

We can solve many problems using principle of inclusion - exclusion. The famous hatcheck
problem can be solved using the principle of inclusion exclusion. This problem asks for the
probability that no person is given the correct hat back by a hatcheck person who gives the hats
back randomly.

There is an alternative form of the principle of inclusion-exclusion that is useful in counting
problems.

This form is used to solve problems that is asked to find the number of elements in a set
that have none of n properties P1, Ps, .... Pp.

Let A; be the subset containing the elements that have property P;. The number of elements
with all the properties P;, P, .... P;, are denoted by N (P;, P, .... P;). Note that

|Ai, NA;, N NA;, | =N (Pi, Pi, ... P;,). If the number of elements with none of the properties
Py, Po, ...... P, is denoted by N (P'1, P’z ..... P’,) and the number of elements in the set is N (say),
then
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NFP1PyPs ... P,)=N-XN@P)+2 N P/P)
1<i<n 1<i<j<n

- N@P;PiPp)+.... +(-1)"N@P1P; ... P,

1<i<j<k<n

Example 1.4.7. How many solution does x1 + x2 + x3 = 11 have, where x1, x2, X3 are non-nega-
tive integers with x1 <3, x0<4, x3<6?

Solution. Let P1:x1>3 ; P2:x2>4 ; P3:x3>6.The number of solutions satisfying the
inequalities x1 < 3,x2<4,x3<61is :

N (P'1P2P3)=N-N (P1) - N (P2) - N(P3) + N (P1P2)
+ N (P1P3) + N(P2P3) — N (P1P2P3)

Using the technique of Example 1.8.18, we have
N = total number of solutions =C (3+11-1,11)="78
N (P1) = (number of solutions withx1>4)=C3+7-1,7=C (9, 7) =36
N (P2) = (number of solutions withx2>5)=C (3+6-1,6)=C (8, 6) =28
N (Ps) = (number of solutions withx3>7)=C 3+4-1,4)=C (6,4)=15
N (P1 P2) = (number of solutions withx1>4,x>5)=C3+2-1,2)=C4,2)=6
N (P1 P3) = (number of solutions withx1 >4,x3>7)=C3+0-1,0)=1
N (P2 P3) = (number of solutions with x2>5,x3>7)=0
N (P1 P2 P3) = (number of solutions with x1 >4, x2>5,x3>7)=0
Hence N (P'1 P2 P'3)=78-36-28-15+6+1+0-0=6.

The sieve of Eratosthenes 1.4.8

The principle of inclusion and exclusion is used to find the number of primes not exceeding
a specified positive integer. To find the number of primes not exceeding 100, first note that
composite integers not exceeding 100 must have a prime factor not exceeding 10. Because the
only primes less than 10 are 2, 3, 5, 7, the primes not exceeding 100 are these four primes and
those positive integers greater than 1 and not exceeding 100 that are divisible by none of 2, 3,
5,17.

Let P; : An integer is divisible by 2
Ps : An integer is divisible by 3
Ps3 : An integer is divisible by 5
P4 : An integer is divisible by 7
Then by principle of inclusion-exclusion, the number of primes not exceeding 100 is
4 + N (P'1P9P’sP’s)
Since there are 99 positive integers greater than 1, not exceeding 100, we have
N (P'1P'2P'3P’'s) =99 — N (P1) — N (P2) — N(P3) — N(Py)
+N (P1 Pz) +N(P1 P3) +N (P1 P4) +N(P2 P3) +N (Pz P4) +N(P3 P4)
— N (P1 Py P3)— N (P1 P2 Py) — N (P1 Ps Py) — N (P2 P3 Py) + N (P1 P2 P3 Py).
We know the number of integers not exceeding 100 (greater than 1) that are divisible by the

primes in a subset of {2, 3, 5, 7} is [1](370} where N is the product of primes in this subset. Hence
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b o9 | 100]_[100]_[100] _
Ny g-sn-[ 0] [10]_f10]

100 N 100 N 100 N 100 4 100 N 100 N 100
7 2x3 2%x5 2x7 3x5 3x7 5x17

3 100 3 100 3 100 3 100 N 100
2x3x%x5H 2x3xT 2x5xT 3xb5x7 2x3x5x%x17
=99-50-33-20-14+16+10+7+6+4+2-3-2-1-0+0

=21
Hence, there are 4 + 21 = 26 primes not exceeding 100.

The principle of inclusion - exclusion is also used to find the number of onto functions from
a set with m elements to a set with n elements.

Example 1.4.9 How many onto functions are there from a set with six elements to a set with
three elements.

Solution. Let codomain have 3 elements say b1, b, bs. Let P1, P2, P3 be the properties that
b1, be, b3 are not in the range of the function. Note that a function is onto iff it has none of the
properties. P1, P2 or Ps. A function corresponds to a choice of one of the 3 elements in the
codomain for each of the 6 elements in the domain. Hence, by the product rule there 3.3.3.3.3.3

= 3% functions (by permutation technique). So N = 3% Note that N (P;) is the number of functions

that do not have b; in their range. Hence there are two choices for the value of the function at
element of the domain. Therefore N (P;) = 2%, Further there are C (3, 1) terms of this kind.
Similarly N (P;Pj) is the number of functions that do not have b; and b; in their range. So
N(P; P)) = 1° = 1. Further there are C (3, 2) terms of this kind. Note that N' (P1 P2 P3) =0, since
this term is the number of functions that have none of b1, b2, b3 in their range. Therefore, the
number of onto functions from a set with six elements to one with three elements is

35-C@3,1)2°+C 3,2 1°=729 - 192 + 3 = 540.

Note 1. Let m and n be positive integers with m > n. Then, there are

- Cm,)(-1)"+Cn,2) (-2 — .+ (-1)" ' C,n-1)1"=n!8S2(m, n)

onto functions from a set with m elements to a set with n elements. Here Ss (m, n) is a
stirling numaber of the second kind.

Note 2. Number of assignment of five different jobs to four different employees, if every
employee is assigned atleast one job is

4°-C4,1)3° + C 4, 2)2° - C (4, 3)1° = 1024 — 972 + 192 — 4 = 240 ways

Example 1.4.10. Hatcheck Problem

A new employee checks the hats of n people at a restaurant, forgetting to put claim check
number on the hats. When customers return for their hats, the checkers gives them back hats
chosen at random from the remaining hats. What is the probability that no one receives the correct
hat ¢

Let us identify the hats with the integers 1 to n. Each way of giving back the hats is a
permutation of [n]. For instance, the permutation 1, 2, 3 ... n represents the case that each person
gets back their own hat. Let ©t be a permutation of [n]. If for all i, we have n(i) # i, then nobody
gets their own hat back. We call such permutations derangements.

number of derangements of [n]
n!

Then the probability asked is
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Hence our goal is to compute the number of derangements of [n]; we denote the set of
derangements by D, and its cardinality by dn.

Let S, be the set of the n! permutations of n elements and for each i with 1 <i <n; let A; be
the subset of all permutations 1 such that n(Z) = i. We have
D,=ATNA5N...NA, =8, —(A1UA2 U ... UA,).
Hence, dn=nl-]|A1UVA20U ... UA,]|,
by the principle of inclusion exclusion,

n

dn=n!= Y |Ai|+ Y |AinAjl - Y JAiNANAR] +...+(-1)" |A1N ... N Ag].

1=1 1<i<j<n 1<i<j<k<n
The only thing left now is to count the sizes of the intersections.
* |Ai| =|[ne Sy |n(i)=i]| =(n - 1), since the element i is fixed and we can permute
the remaining n — 1 in any way. Note that this is independent of the element ;.
o |AinAj| = |ne Su|n@) =i, nG) =j|| =(n - 2) !, since two elements are fixed and the
remaining n — 2 can be permuted arbitrarily. Again, the result is the same for all pairs
i,J.
In general,
|Ai; N Ay ... nAj | =(n-k),for1<i1<iz<...<ip<n.
Therefore, dn=n!- Z (- 1)i (’Z) (n-1)!=n! Z %
i=1 1=0

(-1

7!

n
Hence, the probability asked is Z . Does this probability have a limit as n tends
i=0

i
to infinite? Recall the series expansion for the exponential function e* = Z >0 % ; this series
i !

converges for all real values of x. Hence, as n — oo, the probability that nobody gets their own
hats gets closer toe ™ . 0.37; actually, the rate of convergence is really fast, since the absolute
error is bounded by 1/(n + 1)!.

Example 1.4.11. Euler’s ¢ function. Given a positive integer n, ¢(n) is the number of
integers smaller than n that are relatively prime to n (including 1). For instance.

0@ =1{11=1, @=112/|=2 o@=1L3l=2 06)=1{1234]| =4

Note that if n is prime, then ¢(n) =n — 1, since all integers smaller than n are relatively
prime to n. Our goal is to find a formula for ¢(n) for any integer n. We assume that we have the
decomposition of n into prime factors.

where r is the number of distinct prime factors of n, the p; are the distinct prime factors, and
o; stands for their multiplicities.

The integers that are relatively prime with n are those that do not contain any of the p; as
a factor. This suggests to define B; = {m tm<n,p; |m}, that is, the set of integers smaller than
n that are divisible by p;.

Hence, o(n)=|BiNByN...NB,|.

By inclusion-exclusion,
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r
on)=n- X |Bi|+ £ |BinBj|- X |BinBinBi|+...+(-1) |Bin...NnB;|.
1=1 1<i<j<r 1<i<j<k<r

Again, the problem reduces to computing the intersections of B;’s. It is not difficult to show
that
_n_
Pi --- D,

Note that in this case the size of B;, n ... N B;, not only depends on % but also on the specific
sets we intersect. Putting this into the formula given by inclusion-exclusion, we have

|Bi,N...N B, | = |{m:m<n,pi1...pik|m}| =

(I)(n)zn—n( by 1]+n( by 1 ]+...+(—1)rn 1 ,

1<i<r Pi 1<i<j<r PPj pi...pr

which can be written more compactly as

w-(1-3 )22}

Example 1.4.12. Five gentlemen A, B, C, D, E attend a party, where before joining the party,
they leave their over coats in a clock room. After the party, the overcoats get mixed up and are
returned to the gentlemen in a random manner. Using principles of inclusion and exclusion, find
the probability that none receives his own coat.

Solution. The probability is Ds where

5!
1 1 1 1 1
D5 =5! [1—1!+2!—3!+4!—5!}=5! [0.3667]
Ds
So B 0.3667

Example 1.4.13. Find the number of r-digit quintary sequences (made up to digits 0, 1, 2,
3, 4) that contain at least a 0, al, and a2 by using principle of inclusion and exclusion.

Solution. Let N be the number of r-digit quintary sequences. Then N =4". Let P, P2, Ps
respectively denote the number of r-digit quintary sequences that contain no 0’s, 1’s and no 2’s.
Then the number of r-digits quintary sequences that contain atleast a0, al, and a2 is

N (P'1P'2P'3) =N-N (Pl) —N(Pz) -N (P3) +N(P1P2)
+N(P1 P3) +N(P2 P3) -N (P1 Pz P3)
=4 -3 -3-3+2"+2"+2"-1=4"-38.3)+32"-1
Example 1.4.14. A student wants to make up a schedule for a seven day period during which

she will study one subject each day. She is taking four subjects : Mathematics, Economics,
Physics, Chemistry. Find the number of schedules that devote atleast one day to each subject.

Solution. There are 4’ different schedules. Let Aj, Ag, A3, Ag denote the set of schedules in
which Mathematics, Economics, Physics, Chemistry respectively is not included. Then A; U
Az U Az U Ay is the set of schedules in which one or more subjects is not included. Now

|A1| = |A2| = |A3] = |A4| =387
|A1 ﬁAzl = |A1 ﬁA3| =...= |A3 ﬁA4| 227
|A1 NAs N Az| = [A1nAsnAg| = |[A1nA3NAy| = [AsnAsn Ay =17
|A1 "MAs NAsNAy| =0
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Hence,
|A1 UAs UA3 U A =437 -6 2") +4.
Hence schedules in which all subjects will be included = 4" - (4 (37)) - 6(27) +4)

Exercise 1.4

1. Out of a total of 130 students, 60 are wearing hats to class, 51 are wearing scarves and 30 are
wearing both hats and scarves. Out of 54 students who are wearing sweaters, 26 are wearing hats, 21 are
wearing scarves, and 12 are wearing both hats and scarves. Every one wearing neither a hat nor a scarf
is wearing gloves.

(a) How many students are wearing gloves ?
(b) How many students not wearing a sweater are wearing hats but not scarves ?
(c) How many students not wearing a sweater are wearing neither a hat nor a scarf.

2. Of a graduating class of 153 computer science branch students, 63 have taken English composition
(EC), 54 have taken Technical writing (TW),62 have taken Report writing (RW), 43 have taken EC and
TW, 46 have taken EC and RW, 45 have taken TW and RW and 37 have taken all the three courses. How
many of the students have not taken any one of these three courses ? Use a Venn diagram and obtain the
result.

3. Two programs are running simultaneously. First requires 1200 bytes of memory, second requires
900 bytes. If 200 bytes can be shared what is the total number of bytes that must be allowed to run both
the programs.

1.5 PARTITIONS

A partition or quotient set of a nonempty set A is a collection P of nonempty subsets
A, Ao, ..., of A such that

(1) A1UA2uU...=A @) AinAj=¢ fori=j

The sets in P are called the blocks or cells of the partition.

Example 1.5.1. Let A = {a, b, c}. Find all the partitions of A.

Solution . {{a, b}, {c}}, {{a}, {b}, {c}}, {{a}, {b, c}}, {{a, c}, {b}} are the possible partitions of A.

Example 1.5.2. Let Z = set of all integers, Z. = set of all even integers, Z_ = set of all odd

integers, then. {Z_, Z+} is a partition of Z.

Example 1.5.3. Let A ={a, b, ¢, d, e, f, g, h}. Consider the following subsets of A.
A1={a,b,c, d} A2={a, c,ef, g, h}
Az=la,c, e, g Ag=b,d|,A5=1f, h|.

Then [A;, A4f is not a partition, since A; N As#9¢.

{A1, As} is not a partition, since e ¢ A; and e ¢ As. The
collection P = {Ag, Ay, A5} is a partition of A.
Theorem 1.5.4. Let {Al, Ao, ..., An} be a partition of a

set A and B be any nonempty subset of A. Then
{Ai NB :AnNnB=# (])} is a partition of A N B.

Bl BZ

Ay

Proof : By definition of partition Fig. 1.7

AtVAsuU ... UA,=AandA;nAj=¢fori#j. Let B be
any subset of A. Since A, Ag, ... A, are subsets of A, A1 n B, Aan B,..., A, N B are subsets of
A N B. By applying distributive law repeatedly, we get
A1NnB)uA2nB)u... A, NnB)=A1 VAU ... UA) "nB=(AnB)and
A;NnB)NnANnB)y=AinBNnAinB=A;nA)NnB=0nB=¢,
since for i #j, Ai N Aj= ¢,
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Hence {Ai NB : A nNnB# (])} is a partition of A N B.

Exercise 1.5.
1. Find all the partitions of the set A = {0, 1, 2}.

1.6 MINSETS
Let B;1 and Bz be subsets of a set A. Consider the Venn diagram (Fig. 1.7).
Let the sets A1, Aa, A3, A4 be described with B; and Bz as follows.
A1=BinBy  Ay=BinB;
c c c
A3=Bl ﬁBz A4=Bl ﬁBZ
Each of the A’; s is called a minset or minterm generated by B1 and Ba.
Note that for given two sets B; and Bz there are 2 minsets. If B1, By, B3 are three sets given,

there are 2° minsets. In general for subsets B, B, ... , B, of A, there are 2" minsets. Generally,
we define minset as :

Definition 1.6.1. Let A be a set. Let {Bl, By, ..., Bn} be set of subsets of A. A set of the form
D1 D2 ... Dy, where each D; may be either B; or BiC is called a minset or minterm generated
by B1, Ba, ..., Bn.
Example 1.6.2. Let A =(1, 2, 3,4, 5, 6, 7, 8, 9/. Find the minsets generated by
B1=15,6,7,B:=12,4,5,9,
B3=13,4,5,6,8 9|
Solution : Bf N B5 N B§ ={1,, Bin Bz "B3=5),
BinBSnBs=16, BfnB:nBs=4,9
BY nBY " Bs=3,8,B1n B nBS =11,
BfnBsnBS=[2, BinB:nBS = ¢
The above sets are the minsets generated by B1, Bz, B3

Example 1.6.3. Consider the following set
A= {1, 2,3,4,5, 6} with subsets By = {1, 3, 5}, By = {1, 2, 3}. Then find the minsets generated

by B1 and Bo,
Solution. Note that
BinB3=11,3
BY =12,4,6|,B5 = 4,5, 6|
BN BY = 5|
Bf nBy=12|
Bf nBf=4,6

ThenB1 N B2, B1 N Bg, BS A B, BS A BY are the minsets generated by B1 and Bs. Since the
minsets are mutually disjoint and their union is the given set A, the minsets forms a partition
of A.

Theorem 1.6.4. Let A be a set and let B, By, ...., B, be subsets of A. The set of nonempty
minsets generated by B, Bs,..., B, is a partition of A.

Proof follows by Theorem 1.5.4.
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Definition 1.6.5. A set is said to be minset normal (or canonical) form, when it is expressed
as the union of distinct nonempty minsets or it is empty.

1.7 DUALITY PRINCIPLE FOR SETS
Let S be any identity involving sets and operations - complement ‘C’, intersection M, and
union U. If 87 is obtained from S by making the substitution N for U, U for N, ¢ for U, U for ¢,
then the statement S is true, and is called the dual of the statement S.
Example. The dual of AU (BN A)=AisAn (B UA)=A.
The dual of minset is maxset which is defined as
Definition 1.7.1 Let {Bl, By, ..., Bn} be a set of subsets of a set A. A set of the form
DiuDz vy ... U D,, where each D; may be either B; or BiC is called a maxset generated by
B1, By, ..., B,.
Note that a set is said to be in max set normal form when it is expressed as the intersection
of distinct nonempty maxsets or it is empty.
Example 1.7.2. Let A = {1, 2, 3, 4, 5, 6,}. Let B1 =11, 3, 5|, Bz =1, 2, 3}. Find the max sets
generated by B; and Ba.
Solution. Note that Bg = {2, 4, 6}, Bg = {4, 5, 6}
BiUB5=11,3,4,5,6/,Bf UB2=11,2,3,4,6].
BiUB:=11,2,3,5, Bf UBS =(2,4,5, 6]
Hence B; U Bg, Bi U By, Bg U Bo, Bg U Bg are the maxsets generated by B; and Bs. Note
that the set of maxsets does not constitute a partition of A.
Exercise 1.7
1. State the dual of
(@ AuBNAC=A
® AuB®°AB=A°UB
2.LetA={1,2,3,..,9}andlet B1=5,6,7,B2=12,4,5,9,B3=13,4,5,6,8, 9.
() Find all max sets generated by B1, B2, B3.
(i1) Illustrate via a Venn diagram all minsets obtained in part A.
(iii) Express the following sets in maxset normal form B?, Bi1 U By, BS UBS.
(iv) Find the dual of (i), (i1) and (i7).
3. Is the dual of Theorem 1.5.4 true ? Why ?

1.8 PERMUTATION AND COMBINATION (Generalized)
Permutation : Let A be a set. A permutation of A is an ordering of the elements of A.

Example 1.8.1. Suppose there are r distinct colored balls together with n distinct numbered
boxes are given, where a box can hold only one ball. In how many distinct ways we place the r
balls in n distinct boxes.

Solution. The first ball can be placed in any one of the n boxes, the second ball can be placed
in any one of the remaining (n — 1) boxes, the third ball can be placed in any one of the remaining
(n — 2) boxes, ...... " ball can be placed in any one of the (n —r + 1) boxes. So the total number
of balls is given by rule of product asn (n — 1) (n — 2) ........ (n —r + 1). For ready reference we
give Rule of sum and Rule of product.

Rule of sum. If an event can occur in m ways and another event can occur in n ways there
are m + n ways in which exactly one event can occur.
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Rule of product. If there are m outcomes for event E; and n possible outcomes for event
E5, then there are mn outcomes for the composite event E; Es. If there are m; outcomes of an
event E;, i = 1 to k, then there are m1 X ma x ... X mg, outcomes for a designated order of £ events.

Remark 1.8.2. If A has n elements then the number of possible permutations of r elements
taken from A is

n!

(n—-nr)!

Example 1.8.3. Find the number of three letter words using the given six letters with out
repeating any letter in a given word.

Solution. The first letter can be chosen in six different ways and the second letter can be
chosen in five different ways, the last letter can be chosen in four different ways. So

P®6;3)=6.5.4=120
There are 120 three letter words possible for the given six letters.

Pn;rnn=ntn-1)n-2)...n-r+1)=

Example 1.8.4. In how many ways can 5 boys and 5 girls be seated around a table so that
no boys are adjacent.

Solution. We fix one seat for a boy, the remaining boys can sit in 4! ways on the alternate
seats. The girls can sit in 5! ways on 5 seats. Thus boys and girls can sit in 5! x 4! ways.

Permutation with repetition
Theorem 1.8.5. The number of permutations of n objects of which n; are alike, ns are
alike,.... n, are alike is
n!
ni! na! .... n;!
Note. The permutation of n things, with repetition, taken r at a time is n’.
Example 1.8.6. In how many ways we place r colored balls into n numbered boxes if a box
can hold any number.
Solution. P (n ;r)=n'.
Example 1.8.7. Find the number of permutations of the word ACCOUNTANT, and EN-
GINEERING.
Solution. The total number of letters in the word ACCOUNTANT is 10 of which 2 are A’s,
2 are C’s and 2 are T’s, and 2 are N’s and other two letters are different. Therefore number of
permutations is
10!
21 2! 21 2!
Since word ENGINEERING has 11 letters of which 3 are E’s, 3 are N’s, 2 are G’s and 2 are
I’s, the number of permutations are

11!
3! 312! 2!
Example 1.8.8. How many words can be formed from the letters of the word MONDAY if
(a) 4 letters are used at a time (b) All letters are used together

(c) All letters are used but first is vowel
Solution. There are six letters in MONDAY.

(@) Wehave to find the number of permutations of 6 letters taken 4 at a time. The required
resultis P (6;4)=6.5.4.3=360.

) P(6;6)=6.5.4.3.2.1=1720
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(¢) Since O and A are the vowels in the word MONDAY, and in its permutation’s first
place will be filled in only two ways and the rest five places may be filled by 5 ways.
Thus the total number of words = 2! P(5 ; 5) = 2! 5! = 240.

Example 1.8.9. In how many ways the letter of the word COMPUTING be arranged so that
the letters N and G are not together in any arrangements.

Solution. Denote the letters (V, G) by a single letter A. So we have A, C, O, M, P, U, T, I to
be arranged. Since the above letters can be arranged in 8! ways and in each one of these
arrangements the letters IV and G can be permuted in 2! ways. So by rule of product the number
of arrangement in which NV and G occur together is 8! x 2!. In the word ‘COMPUTING’ there are
9 letters, so 9! arrangements are possible. The required number of arrangements in which N
and G are not together is 9! — 8! x 2! =7 x 8!.

Example 1.8.10. How many odd number of 3 digits can be formed with the figures 1, 2, 3,
4,5¢
Solution. The 3 digit number to be odd depends on the last digit. So the last digit is either

1 or 3 or 5. The last digit can be chosen in 3 ways and the first and second digits can be chosen
in 5 ways each. Hence the number of 3 digit number which is odd is 5 x 5 x 3 = 75.

COMBINATION
A permutation of objects involves ordering, where as a combination does not take ordering
into account.

Definition 1.8.10. Let A be a set having n elements then the number of combinations of n
elements taken r at a time is given by

n n! ny. . . .
Cin;r)=nCr=|_|=775 , is the binomial coefficient.
r| (n-n'r r
Example 1.8.11. Find the number of strings of 0’s and 1’s having length n that contains
exactly r 1’s.
Solution. We choose the number of strings of length n having r 1’s in nC, ways.

Example 1.8.12. Out of 7 consonants and 4 vowels how many words can be made each
containing 3 consonants and 2 vowels.

Solution. The number of ways of choosing the three consonants is 7Cs and the number of
ways of choosing the 2 vowels is 4Co.

Since each of the first groups can be associated with each of the second, the combined groups
each containing 3 consonants and 2 vowels is 7Cs x 4C5. Further each of these groups contains
5 letters, which may be arranged among themselves in 5! ways. So the required number of words
is 703 X 4Cz x 5!,

Theorem 1.8. (Binomial Theorem).

Gy =2 (Z)yn" Ty
k=0 k

n

This follows from the indentity (1 +x)" =2 C(n, k) x*
k=0

Since (x +y)" =" (1 + (y/x))", the coefficient of x" (y/x)* in (x +y)" is C(n, k).
(ri+ra+...+r)!
rilra! ... !

Note. The quantity is called a multinomial coefficient and is denoted
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rir+ra+...+rpn
ri, r2, ...,rn
rit+ro+...+rp

Given a set with r1 + ro + ... + r, elements, the multinomial coefficient - . " |repre-
1,725 .3 T'n

sents the number of ways to choose r1 elements, then r2 of the remaining elements, and so forth.
Multinomial coefficients also arise in the Multinomial Theorem, a generalization of the
Binomial Theorem. The result is stated below, but not proved.

(Multinomial Theorem).

(X1 +X2+ ... +x,) = z r L A
ri+ro+...+trp=r TLT2 - T
Example 1.8.13. What is the coefficient of x*in the expansion of (1 +x + 2 x2)5.

Solution.

5‘ r S
a1 2x%)

2.5
(1+x+2x7) :Zr!

4 .
x occurs in 3 cases :

!
@) r=3,s=0,t=2, coefﬁcient:ﬁ:40
!
@) r=2,s=2,t=1, coefﬁcient:%:GO
. 5!x1
@) r=1,s=4,t=0, coeﬂ'101ent—4!><1!><0!_5

Hence the answer is 40 + 60 + 5 = 105.

Combinations with Repetition
Now we move from permutations with repetition to combinations with repetition. Let S be
the set {A, B, C}. This set has three 2-combinations. That is, there are three ways to choose two
distinct elements of S where order does not matter. The three 2-combinations of S are shown
below:
|A,B] A,C] B, (|
Suppose that we are not required to choose distinct elements of S, but rather can choose the
same element repeatedly. The resulting sets are called the r-combinations with repetition of the
set S. Listed below are the six 2-combinations with repetition of S.
|A,B} A,C] B,C} A4} B,B} [C,C|
Strictly speaking, these are multisets (bags), not sets, since an element may appear multiple
times.

Counting r-Combinations with Repetition

The following theorem gives a nice formula for the number of r-combinations with repetition
of an n-element set.
Theorem 1.8.13. The number of r-combinations with repetition of an n-element set is
n+r-1
r
in other words, the number of solutions to the equationai1 + a2+ ... +tap=r,a; >0, a; € N, is

=
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In the example above, we found six ways to choose two elements from the set S = {A, B, C}
with repetition allowed. Sure enough, the theorem says that the number of 2-combinations of a
3+2-1) 6

9 .

For comparison, recall that the number of ordinary r-combinations of an n-element set is

3-element set is

’Z . Every ordinary r-combination is also a valid r-combination with repetition. So, as one would

expect, the number of r-combinations with repetition is greater if r > 1.
The proof of this theorem uses an important trick called “stars and bars”.

Proof. Let S be a set with n elements that are ordered in some way. We will establish a
bijection between r-combinations with repetition of the set S and strings of stars and bars.
Let R be a particular r-combination with repetition of S. Write down n — 1 bars. These
n — 1 bars divide the line into n regions.
| | | |
\ \
n — 1 bars define n regions

Put one star in the i-th region for each time that the i-th element of S appears in R. This
procedure maps each r-combination with repetition to a string with r stars and n — 1 bars.

(For example, let S be the set {A, B,C,D, E}, with elements ordered alphabetically. Let R
be the 7-combination with repetition {A, B,B,B,D,E, E} The stars-and-bars string correspond-
ing to R is shown below.

A|B,B,B||D|E,E

The two bars with no stars between indicate that element C never appears in R.)

This mapping is a bijection because it has an inverse. That is, given any stars-and-bars
string, we can construct the corresponding r-combination with repetition. The number of stars
in the first region determines the number of times that the first element of S appears in the
r-combination, the stars in the second region determine the number of times that the second
element appears, etc.

Since, the mapping is a bijection, the number of r-combinations with repetition of an
n-element set is equal to the number of strings containing n — 1 bars and r stars. The number
of such strings is equal to the number of ways to choose r distinct positions for the stars in a
string of n + r — 1 stars and bars. This is the number of ordinary r-combinations of a set with
n +r - 1elements, which is[?**7 1|,

Example 1.8.14. Suppose that a sequence of n items has n; identical objects of type i, for i =
1, ..., t, then the number of orderings of S is

n!
ni! na! ... ng!

Proof.

There are C(n, n1) ways of choosing n1 positions for object 1.

With these chosen, there are C(n — n1, ng) ways for object 2 etc.

Hence, number of orderings is

Cn,n)Cn—-ni,ny)Cln—ni1—-ng,ng)...Cn—ni1—...—ng_1, ny)

n! (n —ni)! n!

“nil(n-n)!nal(n-n1-n2)! " nilng! ... ng
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Example 1.8.15. Consider 3 books, a computer science, a mathematics and an electronics
book. Suppose that the library has at least 6 copies of each. In how many ways can we select 6
books ?

We could have
CS M E
XXX | XX X
or we could have
CS M E
| XXXX | XX ete.

The ordering of 2|’s and 5 X’s make a selection
Total number of selections = C(8, 2) = C(8, 6) = 28.

1 r
Proof. Consider choosing a committee of size r and a leader, from n people. One way is to
first pick the leader and then his r — 1 subjects; this can be done in » Z:i
is to pick the r committee members first and then pick a leader from among them; this can be

EmmmblBJ&menz?:lzflr

ways. Another way

done in ’Z r ways. Thus,

n—1:n

n
r-—1 r

r.

Now an important theorem due to Pascal:
Theorem 1.8.17. (Pascal) Suppose 1 <r <n — 1. Then

-1 n-1
P 3)
Algebraic proof.
F—1+V—q: (n-1! ., (-1
r r=1] rin-1-r! " @E-Din-r)

(n-1)! N n-1)!  ®m-1)!  nal  (n
rn-r)! " ra-n " rm-r) rla-n |

=(n-r)

Combinatorial proof. We use case analysis (a tree diagram) and the sum rule. Let S ::
= {1, e n} Let A be the set of r-element subsets of S. Let B be the set of r-element subsets of S
that contain n. Let C be the set of r-element subsets of S that don’t contain .

Then A =B U C, and B and C are disjoint. So |A| = |B| + |C|, by the Sum Rule. But now
we can get expressions for |A |, |B| and | C| as numbers of combinations:

n
Al =[]
Course Notes 9 : Permutations and Combinations
n-1
1B = r—-17
This is because, in addition to n, another r — 1 elements must be chosen from {1, T 1}.
n-1
el ="t

This is because r elements must be chosen from {1, ..., n — 1}.
So (by the Sum Rule)



SET THEORY 23

n)_ _ _(n-1 n-1
ENVAES): Tl G P

Pascal’s theorem has a nice pictorial representation: The row represents n, starting with 0
in the top row. Successive elements in the row represent r, starting with 0 at the left.

1

o
N
NN NS

Figure 6: Pascal’s triangle.

(Note that it’s just the double-induction matrix “reshaped”.)

This triangle has lots of nice properties. Experiment with it. For example, what happens if
we add the coefficients in one row?

For the following two theorems we provide their combinatorial proofs, only. The correspond-
ing algebraic proofs are easy inductive arguments.

Theorem 1.8.18. Suppose n is any natural number. Then

> (”):2”.
r=0\"

Combinatorial proof. We use case analysis and the sum rule for disjoint unions. There

are 2" different subsets of a set of n elements. Decompose this collection based on the sizes of
the subsets. That is, let A, be the collection of subsets of size r. Then the set of all subsets is the

disjoint union U,A,. These are ’Z subsets of size r, for r = 0, 1, ..., n. Hence the theorem follows.

Theorem 1.8.19. (Vandermonde). Suppose 0 <r <m, n. Then

"

Combinatorial proof. We use case analysis with the sum and product rules. Suppose there

mn : ™| ways to choose r balls from the

are m red balls and n blue balls, all distinct. There are
two sets combined. That’s the LHS. Now decompose this collection of choices based on how many

of the chosen balls are blue. For any, 2, 0 <% <r, there are r'f ways to choose r — k& red balls,

k

m \(n
r—k|\k

balls such that % of them are blue. Adding up these numbers for all & gives the RHS.
Restricted Combination

() The number of combinations on n things taken r at a time in which p particular things
always occur is n — pC, —p

and (Z] ways to choose % blue balls. By the product rule, that makes ( ]ways to choose r
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(Zi) The number of combinations on n things taken r at a time in which p particular things
never occur is n — pCh.

Example 1.8.20. Find the value of r if 18C, = 18C; + 2.

Solution. Since nC,=nC,-,, 18C,=18C1s-,. Given 18C,=18C,+2. So 18C;.2=
18C1s-r. This implies r + 2 = 18 — r, which implies r = 8.

Example 1.8.21. In how many ways can 14 books from a set of 20 be arranged on 3 shelves,
if 6 books are to be placed on first shelf, 3 on the second, and 5 on the third.

Solution. On the first shelf, 6 books can be arranged in C (20 ; 6) ways. In the second shelf,
3 books can be arranged in C (14 ; 3) ways. On the third shelf 5 books can be arranged in C (11,
5) ways. Hence applying product rule there are C (20, 6) C (14, 3) C (11, 5) ways to arrange 14
books in the required manner.

Theorem 1.8.22. If X is a set containing ¢ elements the number of unordered, 2 element

selection from X, repetitions allowed is
Ck+t-1,t-1)=Ck+t-1,k).

Proof. Let X = {al, ag, ... at}. Consider the & +¢ — 1 slots. Here £ + ¢ — 1 symbols consisting
of £ x’s and (¢ — 1) ¥’s. Each placement of these symbols into the slot determine a selection. The
number 1 of x’s up to the first y’ represents the selection of 21 a1’s ; the number n2 of x’s between
the first and second y’s represents the selection of nsas’s so on. Since there are
C(k+t-1,t—1) ways to select the positions for the y’s there are also C(k+t—1,¢t-1)
selections. This is the same as the number C(k + ¢ — 1, k) of ways to select the positions for the
x’s ; hence there are C (k +¢—-1,t—1)=C (k +t — 1, k) unordered k-element selection from x,
repetitions allowed.

Example 1.8.23. Suppose that there are piles of red, blue, and green balls and that each pile
contains at least eight balls. In how many ways we can select eight balls.

Solution. The number of ways of selecting eight balls is

C8+3-1,3-1)=C (10, 2) = 45.

Example 1.8.24. How many solutions does the equation

x1+x2+x3=11

have, where x1, x2, x3 are non-negative integers ¢

Solution. To count the number of solutions, note that a solution corresponds to a way of
selecting 11 items from a set with three elements, so that x1 item of type 1, x2 item of type 2,
and x3 item of type 3 are chosen. Hence the number of solutions is equal to the number of
1l-combinations with repetition allowed from a set with three elements are

C@B+11-1,11)=C (13,11)=C (13,2) = 12 i ;2 = 78 Solutions.

Note. For the problem if the constraints x1 > 1, x2 > 2, x3 > 3 are included, then the solution
to the equation subject to these constraints corresponds to a selection of 11 items with x; items
of type one, x2 items of type 2, x3 items of type 3, in addition, there is atleast one item of type
one, two items of type 2, 3 items of type 3. So choose one item of type 1, two item of type 2, 3
item of type 3. Then select five items. Hence, this can be done in C(3+5-1,5)=C (7, 5)

7x6
:C(7,2):1><2

=21 ways. There are 21 solutions.

Example 1.8.25. How many ways are there to place ten indistinguishable balls into eight
distinguishable bins ?
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Solution. The number of ways to place ten indistinguishable balls into eight bins equals
the number of 10 combinations from a set with 8 elements when repetition is allowed. Hence

!
C(8+10-1,101)=C (17, 10) = 13'7'7‘ =19, 448

Example 1.8.26.

1. A college library has 40 text books on sociology and 50 text books dealing with
anthropology. By the rule of sum, a student at this college can select among 40 + 50 =
90 text books in order to learn more about one or the other of these two subjects.

2. The drama club of a college is holding tryout for a play. With six men and 7 women
auditioning for the leading male and female roles, by the rule of product the director
can cast his leading couple in 6 X 7 =42 ways.

3. In a set of 20 administrators 15 are graduates and the rest are not. In how many ways
a committee of 4 can be formed so that 3 are graduates and one is not a graduate.

Solution. There are 15 graduates and 5 non-graduates 3 graduates from 15 graduates can
be selected in 15 C3 ways and at the same time one non-graduate can be selected in 5C; ways.
Hence the required answer is 15 C3 x 5C1.

4. How many digits between 1000 and 1 0? contain exactly one 8 and one 9.

Solution. The maximum number of digits a number can contain is 4. Of the 4 positions, 8
and 9 can be placed in (4 x 3) ways. The remaining 2 positions can be placed by any of the
remaining 8 digits (0, 1, 2 ..... 7) in (8 x 8) ways. Hence the required number is 4 x 3 x 8 x 8.

5. How many 5 letter words can be formed when the first and last letters are
(a) Consonants, (b) Vowels and (c) Vowels and the middle letters being consonants

Solution. (a¢) The first and last letters, which must be consonants can be chosen in
(21 x 21)ways ; in the remaining 3 positions, any of the 26 letters can appear. Hence the required
number is (21 x 21) X (26 x 26 x 26)

(b) Ifthe first and last letters should be vowels, (5 x 5) X (26 x 26 x 26) arrangements are
possible.

(¢) Vowels can be chosen in the first and last positions in (5 x 5) ways and consonants for
the three middle positions in (21 x 21 x 21) ways. Hence the required number is
(5x5)x (21 x 21 x 21).

6. How many 5-letter words can be formed from the word WARIWASSU ?
Solution. We have 2 W’s, 2 A’s, 2 S’s, and the remaining letters appear once.
Case 1. Any two letters be same and the remaining 3 letters are different. It can be done in

3C1 x 5C3 ways. The number of permutations of each of these is Hence the required

5!
(5-3)1

answer in this case is 3C1 x 5C3 x %
Case 2. Two pairs of same letter and one letter is different. Out of 3 pairs we can choose 2
pairs in 3Cs ways and the one letter from the remaining can be done in 4C; ways and the number
of permutations of each of these is 2‘57‘2‘, thus giving 3C2 x 4C1 X 52‘
Case 3. All 5 letters are different. Hence the number of arranging a words in 6P5 ways.

The required number is

5! 5!
3CIX5C3X§!+3CZX401Xm+6P5
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Example 1.8.27. (Counting Poker Hands)

In the poker game five-card draw, each player is dealt a hand consisting of 5 cards from a
deck of 52 cards. Each card in the deck has a suit (clubs &, hearts v, diamonds ¢, or spades &)
and a value (A, 2, ... 10, J, Q, k).

The order in which cards are dealt does not matter. Two cards are a pair if they have the
same values.

(i) How many different hands are possible in 5-card draw.

(i) How many hands are there with four-of-a-kind? For example, 9 6,4 ¢,9 &,9 A, 90
has a four-of-a kind, because there are four 9’s.

(zit) How many 5 card hands consists of a pair and a triple (In poker, such a hand is called
a‘full house’) (e.g. : 78,70, J &, J &, JO)
(tv) How many 5 card hands consists of 2 pairs.
(v) How many 5-card hands consists of cards from a single suit?
Solution. (1) A hand is just a 5-card subset of the 52 card deck. The possible hands in 5-card

52!
AT 5= 2,596,960

draw are exactly the 5-combinations of a 52-element set. There are 52C5 =

possible hands.

(i) Choose one value to appear in all four suits from the set of 13 possible values. There are
13 choices of this value, and if we pick one we can’t have any others (that would require 8 cards).
So the choice of value gives 13 disjoint cases to count. Then we have to choose one more card
from the remaining set of 48. This can be done in 48C; = 48 ways. In total there are 13 x 48
= 624 hands with four-of-a kind.

(iii) We can choose the value that appears three times in 13 ways. Then we can pick any
three of the four cards in the deck with this value, and can be done in 4C3 = 4 ways. There are
then 12 remaining choices for the value that appears two times. We can pick any two of the four

cards with this value, and can be done in 4C2 = 6 ways. Hence the total number of full house is
13 x4 x 12 x 6 =3744.

(iv) Choose the values for the two pairs in 13C2 ways and choose the 2 suits for the pair with
the larger value in 4C5 ways. Then choose the suits for the pair with the smaller value in 4Cs
ways and choose the remaining cards from the 4 x 11 cards that have different values from the
pairs. The required number is 13C2 x 4C2 x 4C2 x 44 = 123,552,

(v) For each of the 4 suits there are 13C5 5-card hands. Hence there are a total of 4 x 13C5
such hands.
Generation of permutations and combinations.

Suppose we want to write down the n ! permutations of n distinct objects. For n = 3, there
are only six permutations. For n =4, there are 24 permutations, so there is no difficulty in
writing all the permutation. Now we give a procedure which generate all the permutations
exhaustively with no repetitions in some order called lexicographic order. Suppose {1, 2, 3,.....,

n} be the n objects to be permuted. For two permutations a; as ...... a, and by, by ..... b,, we say
aias ... an comes before b1 b2 .... b, in the lexicographic order if, for some 1 <m <n, a1 = b1,
az=ba, ...... , @m—1=bm -1, and an < by. For example, the permutation 124635 comes before the

permutation 125643, and the permutation 125463 comes after the permutation 125346.

Suppose we were given a permutation a; ag ..... an. According to lexicographic order we
compute the next permutation b1 dg ..... b, as follows.

1. a;=b; 1<i<m -1, and a;; < by, for the largest possible m.
2. bp is the smallest element among am + 1, am + 2, .... an that is larger than a;,.
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3. bm+1<bm+2< ..... <bn

For example, the permutation following 124653 in the lexicographic order is 125346. For a
given permutation a1 az ..... an we note that the largest possible m for which (1) is satisfied is
the largest possible m for which a,, is less than at least one of @, +1, Am+9, .... an. Also, it is
possible that a, <an+1. Therefore, if we examine the permutation ajas.... a, element by
element from right to left, the first time we observe a decrement, we know the value of m and
can determine b, b, + 1 .... by, according to (2) and (3). For example, suppose we were given the
permutation 124653. When we scan the permutation from right to left element by element,
according to (1), we determine that the next permutation is of the form 12 xxxx. In other words
the subscript m = 3. According to (2), we can further determine that the next permutation is of
the form 125 xxx. Finally, according to (3), we determine that the next permutation is 125346.
(Actually, we can make use of the fact that am +1>am+2> ...... > a, to carry out steps 2 and 3 in
a rather simple manner).

This observation leads immediately to a systematic procedure for generating the n !
permutations of n objects by starting with the permutations 1234.....n and stopping at the
permutation n......4321.

Suppose we want to generate all subsets of size & of the set {1, 2, 3,....., n}. Introduce a
lexicographic order of the subsets, let us agree first that each subset will be represented by a
sequence with the elements in the subset arranged in increasing order. We can then arrange
the sequences according to the lexicographic order. For example, the subsets of size 4 of {1, 2,
3, 4, 5, 6} are represented and ordered as

1234
1235
1236
1245
1246
1256
1345
1346
1356
1456
2345
2346
2356
2456
3456
Along exactly the same line as our procedure to generate permutations, let us observe how

we can design a procedure to generate all subsets of size & of the set {1, 2, ..... , n}. Let
aias .... ap be a subset with size k.

It can be shown that the next subset with size £ b1 b2 ...... by according to the lexicographic
order must be such that

1. a;=b; 1<i<m-1and a; < by for the largest possible m.
2. bm:am+1-
3. bj+1=bj+1form<j<k-1.
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In the sequenceai as ..... ar, we define the maximum possible value of a;to be n — & + j. Thus,
the maximum possible value of a; to be n — & + j. Thus, the maximum possible value of a;, is n,
the maximum possible value of az -1 is n — 1, the maximum possible value of ar-2is n -2, ....
and the maximum possible value of ¢; isn — k£ + 1. Sincein a1 a2 ..... ar, the largest m for which
am is not equal to its maximum possible value is the largest m that satisfies (1), we can determine
m by examining aj a2 .... ar from right to left, element by element. Once the value of m is
determined, we can determine b,, b, +1 .... b, according to (2) and (3).
Example 1.8.28. Generate the permutations of the four objects 1, 2, 3, 4.
Solution. 1234 — 1243 — 1324 — 1342 — 1423 — 1432 — 2134
— 2143 — 2314 — 2341 — 2413 — 2431 — 3124
— 3142 — 3214 — 3241 — 3412 — 3421 — 4123
— 4132 — 4213 — 4231 — 4312 — 4312 — 4321
Exercise 1.8
1. How many 6-digit phone numbers are there if the first digit cannot be 2 or 3 ?
2. How many three-letter words can be formed from the letters in the set |a, b, y z|.

3. Inhow many ways can be committee of three faculty members and two students can be selected
from seven faculty members and eight students ?

4. How many ways can you arrange the letters in the following words ?
(o) COMBINE (b) SUBSET
5. How many integers in {1, 2, .... 500} are divisible by 3 or 5 ?

1.9 MATHEMATICAL INDUCTION

Let P(n) be a proposition or statement involving a positive integer n. Then P(n) is true for
all positive values of n provided

@) PQ)is true (1.9.1)

(i1) If P(k)is true, then sois P (& + 1) (1.9.2)
Condition (1.9.1) is called the Basis step and (1.9.2) is called Inductive step.
Example 1.9.1. Using induction, show that

n!'>2 for n=1,2...
Solution. Let P (n) : n!>2" "' forn=1, 2,.....
Basis step : Forn =1,
Pl=1'=1>1=2""1

Inductive step. Let P (n) : n! > 2"~ ! be true.

n-1

Then

Ph+1l):(n+D!'=@n+1)n!
>m+1) 28! by assumption
>2.2" 1 sincen+1>2
="

Therefore P(n + 1) is true. Hence P(n) is true for all positive values of n.
Example 1.9.2. Using induction show that 5" — 1 is divisible by 4, forn =1, 2, .....
Solution. Let P(n) =5" — 1 be divisible by 4, forn =1, 2,....

Basis step. If n =1,5" - 1 =5 — 1 = 4, which is divisible by 4.
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Inductive step. Assume P(n) is true. We prove P(n + 1) is also true.
Pn+1):5"" ' -1=55"-1=(5"-1)+ 45"
By assumption 5" — 1 is divisible by 4, and since 4 x 5" is divisible by 4, the sum is divisible
by 4. So P (n + 1) is true. By induction P(n) is true for alln =1, 2,.....
Example 1.9.3. Using induction, show that
zzn(n+1)(2n+1)
6 .

12+2243%+ ... +n

zzn(n+1)(2n+1)

Solution. Let P(n) = 1°+2°+38%+ ... +n 6

Basis step: P (1) = 1% = 1'7?'3, which is true. Suppose P(n) is true. Then

Pn+1)=12+22+3%+ .. +n+(n+1)>°

n(+1)@n+1D)+6n+1)°

:n(n+1)6(2n+1) +(n+1)2— s
(m+D)2n°+Tn+6l (n+1) (n+2) (n+3)
N 6 N 6

P (n +1) is true. Hence the result is true for all n.

Example 1.9.4. Let A be a finite set with n elements. Then using mathematical induction
prove that cardinality of P(A) = 2".

Solution. Let P(n) be the statement that a set with n elements, has exactly 2" subsets. For
n =1, there are two distinct subsets ¢ and A. So P(1) is true. Assume that P(k) is true. Let
P(% + 1) be the statement that a set with 2 + 1 elements has exactly 28+ ! subsets. Let A be a set
with £ + 1 elements. Let B=A — {x} Then B has % elements. By induction B has 2" subsets of A.
To each subset S < B, we form a new set S U {x} Hence we obtain another 2° such subsets. Then
Ahas 2" + 2" = 28 %! subsets. Hence P(k + 1) is true and so P(n) is true for all n.

Example 1.9.5. Using mathematical induction prove n® - n is divisible by 3, n>0.

Solution. Let P(n) : n® - n is divisible by 3.

Basis step. Forn =1, 12 - 1 =0 is divisible by 3. Hence the basis step is true.

Inductive step. Assume the result for n = k. That is, assume k® — k is divisible by 3. For
n=k+1,

F+1)°—(k+1)=(F+1)[(k+1)°-1]
=(k+1) [F*+2k] =k*+ 3K+ 2k =(° k) + 3 (K> + k)

Since both the terms are divisible by 3, hence for n = £ + 1 the result in true. By induction
the result is true for all n.

Example 1.9.6. Using induction prove n < 2", n > 0.

Solution. Let P(n) : n <2", n>0
Basis step. For n =1, 1 < 2. Hence the basis step follows.
Inductive step. Assume the result for n = k.

Thatis, k< 2*. Now k+1<2F+1
<2+ 2% since2®>1, fork>0<2x2kF=2F+1
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Hence by induction the result is true for all n.
Example 1.9.7. Show that n? — 4n” is divisible by 3forallne N.
Solution. Let P(n) : n* — 4n? is divisible by 3.
Basis step. Forn =1, 1* - 4x 12 = - 3 is divisible by 3. Hence for n = 1, the result is true.
Inductive step. Assume for n = & the result is true. That is assume, k* — 4k? is divisible by
3. Now
E+D*-4Ek+1)2=k+12%[(k+1)2%-4]
(k2 +2k+1) k2 +2k -3 =k*+ 4 K3+ 2k% -4k -3

:(k4—4k2)+4k3+6k2—4k—3:(k4—4k2)+%k4—%k2+6k2—3

e St Lt a2 -3

P
:(k4—4k2)+%(k4—4k2)+3 #1282 - 1)

Since each term is divisible by 3, the result is true for n = £ + 1. Hence the result is true for
all n.

Example 1.9.8. Show by induction 2n < 3" for all n € N.

Solution. Basis step: Forn=1,2< 31, Hence the result is true for n = 1.

Inductive step. Assume the result is true for n = k. That is, assume 2k < 3*. Now for
n=k+1,

20k +1)=2k+2<3*+2<3%+3%+ 3% since3*>2k>2, forallke N.

Hence 2 (k+ 1) > 3.3% = 3% 1 So the result is true for all n € N.
Example 1.9.9. Suppose that am, » is defined recursively for (im,n) € N X N by ao,0= 0 and
a :{am_z,n+1 ifn=0and m >0
R am, n-1+n if n>0

Show that am, » = %M for all (m, n) € N x N.

Solution. We prove by generalized version of mathematical induction. This is valid when
(m, n) = (0, 0) we show, if the formula is true for all pairs smaller than (i, n) in the lexicographic
ordering of N X N, then it is true for (m, n).
Basic Step. Let (m, n)=(0,0). Then ao,0=0. Further when m =n =0, %(nm
~0+0x1

9 0

m+n (n+1)
2

recursion, ifn = 0,thenam, » = am-1,» + 1. Because (m — 1, n) is smaller than (m, n), by induction
hypothesis,

Inductive Step. Let (m/,n’) is less than (m, n) such that a,, » = . By

11 = (m-1) +2n (n+ 1).

(m-D+n@n+1 _m+n@®n+1)
= 9 +1—72 .

Hence ap, »
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Suppose n >0, S0 @m, n = Cm,n-1+ n. Since (m, n — 1) is smaller than (m, n), the induction
m+n-1n m+n-1n m+n@n+1)
— 5 Soamn=""5 ~ +n=—",—""2. Hence

hypothesis tells that am,n-1= 9 9 9

the inductive step.

Exercise 1.9

1. Prove by induction that foralln > 1, nd+2nisa multiple of 3.
2. Provethatifn>1,then1 (1) +2 2! +...... +nn)=mn+1)!-1.
3. Prove that every positive integer greater than or equal to 2 has a prime decomposition.

4. Using mathematical induction prove that 13123483+

5. Using mathematical induction prove the number 22" _ 1is divisible by 3, for any positive integer
n.

1.10 PROBABILITY THEORY

Experiment 1.10.1. An experiment is any well-defined process from which observations
(data) can be obtained.

Under certain conditions, when an experiment is conducted repeatedly, it doesn’t give
unique results but may result in any one of the several possible outcomes. The experiment is
known as trial and the outcomes are known as events or cases.

Example.
(1) Throwing a die is a trial and getting 1 or 2 or 3 or 4 or 5 or 6 is an event.
(i1) Tossing a fair coin is a trial and getting a head or tail is an event.
(tit) Drawing two cards from a pack of cards is a trial and getting a king and queen are
events.
Sample space 1.10.2. The set S of all possible outcomes in an experiment is called a sample
space. Each element of a sample space is called a sample point or sample.
Example 1.10.3. (i) In tossing a fair coin, there are two possible outcomes, namely head
(H) and tail (T). Thus, the sample space is {(H, T}.
(it) When two coins are tossed together, the sample space is {HH, HT, TH, TT).
Definition 1.10.4. A sample space is said to be discrete if it has finitely many or countably
infinite elements. If the elements of a sample space constitutes a continum, for e.g. all the points
on a line, the sample space is said to be continuous.

Exhaustive events. The total number of possible outcomes in any trial is known as
exhaustive events.
Example. (i) In tossing a coin there are two exhaustive events, namely head and tail.
(i) In throwing a die there are 6 exhaustive events, any one of the 6 faces 1, 2, .... 6 come
in upper most.

Favourable cases. The number of cases favourable to an event in a trial is the number of
outcomes which entail the happening of the event.

Example. In throwing of two dice, the number of cases favourable to get the sum 5 is (1, 4),
4, 1), (2, 3), (3, 2).

Mutually Exclusive events. Events are said to be mutually exclusive if happening of any

one of them precludes the happening of all others. In other words no two of the mutually
exclusive events can occur simultaneously.
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Example 1.10.5. If we toss a coin, the sample space is S = {H , T}. Let A = event of getting a
head and B = event of getting a tail. Then A N B = ¢. So A and B are mutually exclusive.

Equally Likely Events. The given events are said to be equally likely, if none of them is
expected to occur in preference of the other.

Example. If we roll an unbiased die, each outcome is equally likely to happen.

Complementary Event. Let S be a sample space and let A be an event. Then, clearly
A c S. Moreover A, the complement of A is also a subset of S. So A is called the complementary
event of A.

Independent Events. Events are said to be independent if the happening or not happening
of an event doesn’t depend on the occurrence of any number of the remaining events.

Example 1.10.6. In tossing an unbiased coin, the event of getting a head in the first toss is
independent of getting a head in the second, or third and subsequent throws.

Combination of events.

Since an event is a set, we can combine events through various set operations to form new
events. Thus

(i) A U B is the event that occurs only when A occurs or B occurs.
(ii) A N B is the event that occurs only when each one of A and B occurs.
(Zit) A is the event that occurs only when A does not occur.

1.10.7 Mathematical or Classical Probability
If a trial results in n exhaustive, mutually exclusive and equally likely cases of which m are
favourable to an event E, then the probability p of the happening of the event E is
Favourable number of cases m
Exhaustive number of cases  n

Remark. (i) Probability p of the happening of an event is known as the probability of success
and the probability of the non-happening of an event as the probability of failure.

(i1) Ifp(E)=1, E is called a certain event and if p (E) =0, E is called an impossible event.

1.10.8 Statistical or Empirical probability

If a trial is repeated a number of times under essentially homogeneous and identical
conditions then the limiting value of the ratio of the number of times the event happens to the
number of trials as the number of trials become indefinitely large, is called the probability of

happening of the event. That is p (E) =1t %

Example 1.10.9. A bag contains 3 red, 6 white, 7 blue balls. What is the probability that two
balls drawn are white and blue ?

Solution. Total number of balls =3 + 6 + 7 = 16. Out of 16 balls, 2 can be drawn in 16 Cs
ways. Out of 6 white balls, 1 ball can be drawn in 6C1 ways and out of 7 blue balls 1 ball can be
drawn in 7C1 ways. So total number of favourable case is 6C1 x 7C1 = 6 x 7 = 42. The Required
Probability = 42 =

V=120 7 20°

Example 1.10.10. One card is drawn at random from a well shuffled pack of 52 cards. Find

the probability that the drawn card is

(1) a king (it) a diamond (iit) a red card or a king.
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Solution. If S denotes the sample space, then number of exhaustive events is n = 52.
(i) If A is the event that the card drawn is a king, then the number of favourable cases

is 4. So p (a king) = g%

g = i, where B is the event that the card drawn is a diamond and

the number of favourable cases is 13.

(zit) Let C be the event that the card drawn is a red card or a king. We know that there
are 26 red cards which include 2 kings. There are 2 more kings. Therefore number of
favourable cases is 26 + 2 = 28. So p (red card or king) = % = T’73

Example 1.10.11. What is the probability that a leap year selected at random will contain

53 sundays.

(i) p (a diamond) =

Solution. A leap year contains 366 days i.e. 52 weeks and 2 days. Clearly there are 52
sundays in 52 weeks. For the remaining 2 days, we have the following combinations.

(i) Sunday and Monday (it) Monday and Tuesday
(Zit) Tuesday and Wednesday (iv) Wednesday and Thursday
(v) Thursday and Friday (vi) Friday and Saturday

(vii) Saturday and Sunday.

For having 53 sundays, one of the two overdays must be a sunday. Since out of the 7
possibilities 2 favour the event that one of the two days is a Sunday.

.". Required probability = %

Example 1.10.12. An integer is chosen at random from the first 100 natural numbers. What
is the probability that the chosen integer is divisible by 4 or 6 ?¢

Solution. The integers from 1 to 100 that are divisible by 4 are 4, 8, 12, ..... 100. These
numbers form an A.P. If this sequence contains n terms, then 100=4 + (n — 1) . 4 or n = 25.

Again, the numbers from 1 to 100 that are divisible by 6 are 6, 12, 18, .... 96. This is also in
A.P. Let it contain m terms. Then

9%6=6+(@m-16 or m=16.

But there are integers which are divisible by both 4 and 6. Each of such integers is divisible
by 12 (i.e. L.C.M of 4 and 6). These numbers are 12, 24,.....96. This are also in A.P. If this contains
k terms, then

96 =12 + (k — 1) 12 or £ = 8. Thus, if A denotes the events that the chosen integer is divisible

by 4 or 6, then the number of favourable cases is (25 + 16 — 8) = 33. So p (a number divisible by

33
40r6)= 100°

Example 1.10.13. If a pair of a balanced dice is thrown, what is the probability of
getting 7 ?

Solution. Let A be the event of getting 7 if a pair of dice is thrown.

Favourable cases 6
pA) = Exhaustive cases ~ 36 1/6

Note that the number of ways of getting 7is (1, 6), (6, 1), (2, 5), (5, 2), (3, 4), (4, 3) and number
of exhaustive event is 6> = 36.
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Various Results on Probability.

Theorem 1.10.14. If in an experiment the sample space is S, then () p (A) >0, for A  S.
That is, the probability of occurrence of an event is non-negative.
(ii) The probability of occurrence of an impossible event is 0 i.e. p (¢) = 0.
@) p(S)=1.
Proof. By the definition of probability we have
. Favourable cases .. 0
© pA)= Exhaustive cases =0 @ p@= Exhaustive cases _

i) p (S)= Favoura!t)le cases _n
Exhaustive cases n

Finite Probability Space and Probability Function. Let S = {Al, Ao, ... An} be a finite
sample space. If there is a function p : S — R where R is the set of all real numbers, which
associates to each element A; € S, a unique real number p (4;) satisfying (i) of Theorem 1.10.14
and Theorem 1.10.15, then p is known as a probability function on S and the set
{p A):A;e S} is known as a probability space.

Theorem 1.10.15. If A and B are mutually exclusive events, then

@OpAnB)=0 (@ p@AuUB)=pA)+pB)

Proof. Since A and B are mutually exclusive, A N B = ¢. Now (i) p (A N B) =p(¢) =0.

(i1) Since A N B = ¢, the number of favourable cases
n(AuB)=nA)+n(B). So
n(AuB) n)+nB) n) N n(B)
n (S) n (S) n(S) = n(S)
=pA) +pB).

Theorem 1.10.16. The probability of the complemen-
tary event A of A is p(A) =1 - p(A).

Solution. A and A are disjoint events such that
ANA=S.Thenp (AnA)=pA)+p) =1, since p(S) = 1.
Hence p(A) =1 -pA).

Fig. 1.8 Addition Theorem 1.10.17. If A and B are two events
and are not disjoint, then
p(AUB)=p)+pB)-pAnB).

Proof. AU B=AuU (AN B). Since A and A n B are disjoint,
p(A U B) =p(A) + p(A N B) by Theorem 1.10.15

=p(A)+[p (A " B)+p(A N B)| - p(A N B) since A " B and A N B are disjoint

=p@A) +p(B)-pA N B),

since A N B) U(AnB)=B.

Theorem 1.10.18. If B c A, then (i) p (A N B) = p(A) - p(B) (it) p(B) < p(A).

Proof. When B c A, B and A N B are mutually exclusive and their

PAUB)=

union is A.
pA) =p(B U (A NB)=p (B)+pAnB) A
= pANB)=pA)-p(B). .
We know that p (A n l_?) >0= p(A) - p(B)=0. Hence e
p (A)2pB).

__Example 1.10.19. pA1UA2)=2/3,p (A1nA)=1/6. Find
p (A1 U Ag) and p(A1 N Ao).
Fig. 1.9
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_Solution. We know that A; UAs =A; N Ag,
D (A1 UAz) =p (A1 ﬂAz) =1 —p(A1 ﬁAz) =1-1/6=5/6
pPA1NA)=p (A1 UA)=1-pA1UA)=1-2/3=1/3.

Example1.10.20.Ifp(A1) = é, P(A2) =3/, p(A1 N Ag) = 1/6, find the probabilities of A1 alone

and Az alone.
Solution. A; alone means A; N Az and A alone means A; N As. Now
A= (A1 ﬁAz) U (A1 ﬁAz). SOp (Al) =p (A1 M Az) +p(A1 ﬁAz) and p(A1 M Az) =

A 1
AL - p(A1 N Az) = £ - & = F and pA1 N A2) = p(Az) - p(Ar N Ag) = — F= T

3 6 4 6 12
Example 1.10.21. If A, B, C are independent events prove that (i) A and B L C, (ii) A and
B N C are independent.
Solution. pAN B UC)=p(AnB)u@AnC(C))
=pAnNB)+pAnC)-pAnBnNnC)
=pA)p B)+p @A) .p[C)-p@A).pB).p(C)
since A, B, C are mutually independent
=p@) [p(B) + p(C) - p(B) . p(C)]
=p@A) [p(B L C)]
Hence A and B U C are independent. Similarly p (A n (BN C)) =pA) . pB N C).
Example 1.10.22. If two events A and B are independent, show that A and B are also
independent.
Solution. Since A and B are independent, p (A N B) = p(A) . p(B). Now
p@AnB)=pAUB)=1-pA UB)
=1-(p A)+pB)-pA N B)=1- @A) +pB) -p@A) . pB)
=1-p(A) - pB) +p@A) . pB) = (1 - p(A) ~ p(4) (1 - p(B))
_ =(1-p@A)(1L-pB))
Therefore A and B are independent events.
Definition 1.10.23. Conditional Probability
The conditional probability of occurrence of B when the event A has already happened is
p(B/A) = % provided p (A) > 0. The conditional probability of happening of A when B
has already happened is
D(A/B) = % provided p(B) > 0.
Note:
(@) For p(B) >0, p(A/B) < p(A). (ii) For p(A) >0, p(B/A) <p(B)
(#ziz) The conditional probability p(A/B) is not defined if p(B) = 0.
(iv) p(B/B)=1.
Multiplication law of probability for Independent Events
If A and B are independent, then p(A/B) =p(A) and p(B/A)=p(B). Hence p(A N B)
=p@A).p®B).
Mutually Exclusive Events and Independent Events.

Let A and B be mutually exclusive events with positive probabilities (p(A) > 0, p(B) > 0).
That is, both A and B are possible events such that

ANnB=0=pAnB)=p()=0.
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...(1.10.1)
Further by compound probability theorem
pP(ANnB)=pA).pB/A)=pB).pA/B) ...(1.10.2)
Since p(A) # 0, p(B) # 0, from (1.10.1) (1.10.2), p(A/B) = 0 # p(A), p(B/A) = 0 # p(B).

Hence A and B are dependent events. Hence two possible mutually disjoint events are
always dependent.

If A and B are independent events, then p(A N B) = p(A) . p(B) # 0. Hence A and B cannot
be mutually exclusive. Hence two independent events with p(A) > 0, p(B) > 0 cannot be mutually
disjoint.

Example 1.10.24. For any three events A, B, C, p(A N E/C) +p (AN B/IC)=p A/C)

Solution. p(A N E/C) + p(A N B/C)

:p(AmBmC)+p(AmBmC):p(Am§m0)+p(AmBm0)

p(C) p(©) p(C)
P(ANnBNnCO)UANBNO)
- p (C) L
PANOUVANBNO)NnBUANBNO)
- p(©)

Using distribution law
D [ANBNC)Nn(BUA) N BUO)
- p(©)
Using Absorption law and distributive law.
_p((AmBmC)m(Eu(AmC))

using distributive law

p(©)
_P(ANBNCnB)U(ANBNC)NANC)
p(©)
_ % using absorption law = p (A/C).

Note. p (A2 UA3uU ... U An/A1) = p(A/Al) + p (As/A1) + ... + p (An/A1) provided Ag, As,
...... A, are pairwise disjoint sets.
Example 1.10.25. Prove p (A N B)<pA)<p (AU B)<p) +pB),
Solution. Since ANBCA,p(AnB)<pA). Also AcAUB,p(A)<p(AuUB) and
pAUB)=pA)+pB)-pA N B)implies p (A U B) < p(A) + p(B).
Example 1.10.26. A problem in statistics is given to three students A, B, C whose chance of

solving it are 1/2, 3/4, 1/4 respectively. What is the probability that the problem will be solved if
all of them try independently.

Solution. Let A, B, C denote the events that the problem is solved by the students A, B, C
respectively. Then p(A) = 1/2, p(B) = 3/4, p(C) = 1/4. The problem will be solved if atleast one of
them solves. Thus we have to calculate the probability of occurrence of atleast one of the three
events A, B, Cor p(A uB U C).

Now
PAUBUC)=pA)+pB)+pC)-pAnB)-pANnC)—pBNC)+pAnBnC().
=p@A) +p(B) +p(C) - p(A) . p(B) - p(A) . p(C) = p(B) . p(C) + p(A) . p(B) . p(C)
29
=35
Example 1.10.27. Let A and B be two events such that p(A) = 3/4, p(B) = 5/8, show that
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pPA U B)23/4and 3/8 <p(A N B)<5/8.

Solution. Since AcAUB,pA)<p(AuB) which implies 3/4<pAuB). Now
(A N B) c B implies p(A n B) < p(B) = 5/8. We know

pAUB)=p@A)+pB)-pAnB)<1

:%%— 1<p(A ~B)= 3/8<p(A ~ B) <5/8.

Baye’s Theorem 1.10.28.

Let S be a sample space. Let Ay, As, ..... Ap be disjoint subsets of S such that
Ai1UAz U ... VA, =S. Let Hbe an event in S. That is H ¢ S. Then

p (A/H) <2 (40P (EHIA)
E 1p(Ai) p(HIA:)
Proof. Since H C S, so we write
H=HnA)UEHNA) U ... U (H N Ap)
where (HNnAj)n(HnAj)=¢fori #j.
pPH)=pHNA)+pHNA)+ ..... +p(H N Ap)
k

=S p(H N Aj) ..(1.10.3)
i=1

we know p (HNA)=pH).pAi/H) and
pHNA)=pA).p HA)
Jrpy - P @A) . p (HIA)
Now p (A/H) = » (H)
Substituting (1.10.3) in (1.10.4) we get

A) . p (HIA;
p(AJH):,f’( ) . p (HIA)

2 1p(Ai) .p (H/A))

...(1.10.4)

13

The probabilities p(A1) p(A9) ....... Pp(Ar) are termed priori probabilities since they exist before
we gain any information from the experiment.

Example 1.10.29. Two urn contain 4 white and 6 black balls and 4 white and 8 black. One
urn is selected at random and a ball is taken out. It turns out to be white. Find the probability
that it is from the first urn.

Solution. Let A1 and A2 be events that the first and second urn respectively are selected.

Since the urn was selected at random, p (A1) = %, PA2) = %

Let W be the event that the ball taken out is white. Then
W=Ain W)U A2n W)
with (A1 N W) n (H2 n W) = ¢. Now
p(W)=pA1nW)+p A2 W)
=p(A1) . p (W/AL) +p (A2) . p (W/A2)
1 4 1 4 11

2710 27127 30"
By Baye’s theorem
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1 4
1.4
_p@A).pWA) 2710
p (AJYW) = » (W) =11 =6/11.
30

The probability that the ball is from the first urn is 6/11. Similarly p (Ay/W)=
1-6/11=5/11.
Example 1.10.30. The contents of urns I, I1, III are as follows.

1 white 2 black 3 red balls
2 white 1 black 1 red balls
4 white 5 black 3 red balls

One urn is chosen at random and two balls are drawn. They happen to be white and red.
What is the probability that they come from urns I, II or III.

Solution. Let A1, Az, As denote the events that the urn I, II, III is chosen respectively and
let H be the event that the two balls taken from the selected urn are white and red. Then

1
p (A1) =p(A2) = p(As) =3
1Cix3C1 1
6Cs 5
_ 2C1 x 1Cy 1
p(HAD ="y, =73

4C1x3Cy
12 Co

Now p (H/AY) =

p (H/A3) =

Hence p (Ag/H) = 3{7 (As) .p (H/A2)

1 1
ZpA).p HIA) gX5*

2

1 _ 30

Similarly  p (AyH) =
11

W ||

*1
l-ﬁ- xl+lx
5 373
55 30 33

Ly

3

1- 22 2 o2
118~ 118 ~ 118

p (AVH) =

Baye’s Theorem for Future Events.
The probability of materialization of another event C given p(C/A N Hy), p (C/A N Hy)...... is
Zp (H)p (A/H)) p (C/A N H,))
p (ClA) = "=1

Zp (H) p (AH)

Example 1.10.31. Three boxes of the same appearance have the following proportion of balls.
I 2 black 1 white
I 1 black 2 white
117 2 black 2 white
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One of the urn is selected and ball is drawn. It turns out to be white. What is the probability
of drawing white ball again, if the first one is not replaced.

Solution. Let A; denote the event of selection of i urn. Let E be the event of drawing white
ball. p(A1) =p (A2) = p(As) = 1/3. Now

pwmgzépwmgzw&pwmm=W4
Let C denote the future event of drawing other white ball from the urns.
p (CIA;"E)=0,p(C/[A2 "E) = 9
p (C/As " E)=1/3. Then
; p@A:) . p(E/Ai) p (C/Ai N E)

p(C/A)= '=—
S p (A).pEA)
i=1
11 9,12, 1,1 1.1
373 3°3°2°372°3_.
11,12 1.1 '
37373737372

Example 1.10.32. Let A and B be events with p(A) = 3P pB) = and PANB) == Fmd @)
p (A/B) (ii) p (B/A) (iii) p (B/A)

Solution.
1
: _PANnB)_5_4
w PAB=" B T175
4
. _pP@ANnB)_1/5_
(i7) p (B/IA) = » @A) —1/3—3/5
(i) (B/A) p(AmB) p(AuB) 1-pAuB)

p @) 1-pA) 1-p@A)

U=

"5 3

&

S

1
_1-p@A)+pB) -pAnB)_ "3
1-p@A) 1

|
[ RSN

Bernoulli’s Theorem. In a single trial of an experiment if the probability of occurrence of
an event be p, then the probability of occurrence of this event r times in n trials is nC, p" ¢" ',
whereg=1-p.

Example 1.10.33. One biased coin is tossed twenty times and in each trial probability of
getting head is the same and is given by 1/3. Find the probability of occurrence of

(i) Getting exactly 18 heads
(it) Not more than 18 heads
(iit) Atleast 4 heads
Solution. Let A be the event that we get a head in a toss of a coin. Then p(A) = 1/3 (given).

p(A)=1-p(A)=2/3.
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(i) p (getting exactly 18 heads in 20 tosses)

18
2 1 1
=20 C1sp™® (1-p)% = 20 0° (3) (2/3)2

(it) p (getting not more than 18 heads)
=1 - p (getting either 18 or 19 or 20 heads)

=1 - p (getting 18 heads) — p (getting 19 heads)
- p (getting 20 heads)

19
=1-{740/3%° + 20 C19 (é) (2/3) + 20 Cao (1/3)*°) = 1 - (801/3%")

(iit) p (getting atleast 4 heads)
=1-p (getting 0 or 1 or 2 or 3 heads)
=1- {p (getting no head) + p (getting 1 head)
+ p (getting 2 head) + p (getting 3 head)}

3

Note. The probability of the number of success so obtained p (X =x)=nC;p*q" " is called the
Binomial probability distribution. Note that
¢ +neipg” "+ +nexp*qt T+ +p" =(q +p)* = 1. If n independent trials constitute one experi-
ment and the experiment is repeated N times, then x successes would be expected to occur is
N n Cx p* ¢" ™ *. This is called the expected frequency of x successes in N experiments.

Note. The mean and standard deviation of Binomial distribution is np and Vnpg respectively.

Example 1.10.34. Find the binomial distribution whose mean is 6 and standard deviation
is V2. Find the first two terms of the distribution.

Solution. Mean is np = 6, and standard deviation

=npq =Vnp(1 —p). Thatisnp(l -p)=2=6 (1 -p)=2=p =2/3. Son =9. Now

1

9-x
fx)=pX=x)=nC,p"q" " =9C, (2/3)" (3) x=0,1,2..09.

2 18 3
=1-(2/3)° + 20C; (1/3) (2/3)"° + 20 Cs (é) (2) +20Cs (é) @/3)""|

The first term =£(0) =9Cop° ¢° = ¢° = (1/3)°

21V 2
Second term =£(1)=9C1pq°=9 (3) (3) - Sigr

Example 1.10.35. A coin is tossed 400 times. Calculate the expected mean and standard
deviation.
Solution. Given n =400, p =1/2,q = 1/2. Mean =np =400/2=200. Standard Deviation

=\Nnpq = =10.

Example 1.10.36. If 20% of bolts produced by a machine are defective. Determine the
probability that out of 4 bolts choosen at random.

~8
S

(i) 1 will be defective (it) less than 2 will be defective
(it) atmost 2 will be defective.
Solution.

) p (X=1)=nCxp* ¢" ~*=4C1(0.2)! (0.8)> = 0.4096

(i1) PX<2)=pX=0+p X=1)
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=0.4096 + 4C) (0.2)° (0.8)* = 0.4096 + 0.4096 = 0.8192
(iii) PX<2=pX=0)+pX=1)+p (X=2)
=0.8192 + 4 C3 (0.2)* (0.8)” p= 0.8192 + 0.1536 = 0.9728

Example 1.10.37. Deal two packs of shuffled cards simultaneously. What is the probability
that no pair of identical cards will be exposed simultaneously?

Solution. Fix the first pack, and consider all possible rearrangements of the second pack.
For each i in the range 1 <i <52 let A; denote the set of all arrangements of the second pack
which happen to have the property that the card in position { matches the card in position i of
the first pack. Obviously |A;| = 51! for every i. Moreover, ifi #j, then |A; N Aj| = 50! and so on.
Let X =uj; A;, so the probability of at least one match is | X|/52!. We calculate this using the
inclusion-exclusion principle.

1X|/52! = (52!) ! ((512) 51! — (522) 50! + (532) 49— .. — (gg) 0!)

=1-1/21+1/3'— ... - 1/52! = 1| Z(-1)7!|=1-1le.
1=0
Thus the probability of no coincidences is (to an excellent approximation 1/e.
Here we have use the fact that

EF=1+x+x2+...= 2 /!
i=0
and putx=-1.
Exercise 1.10

1. Let A and B be events with p (A) =3/8, p(B)=5/8 and p (A U B)=3/4. Find () p(A/B) (ii)
p (B/A).

2. Two fair dice are thrown. If the two numbers appearing are different, find the probability that
the sum is 6.

3. An urn contains 3 red, 4 white and 5 black balls. Three balls are drawn at random. Find the
probability that (i) all are black, and (i) all are of different colours.

4. Let A and B be events with p (A) = g,p(B) = % and pA N B) = % Find

@) pAUB) (@) p (A) and p(B)
@@it) p (AN B) () p (AU B)
(WpAnB) (vi) p(BNA)

5. Suppose there are three boxes containing 2 white and 3 black balls ; 3 white and 2 black 4 white
and 1 black balls respectively. There is equal probability of each box being chosen. One ball is
drawn from a box at random. What ball is drawn from a box at random ? What is the probability
that a ball drawn is white ?

6. A box contains five balls. Two balls are drawn and found to be white. What is the probability
of all the balls being white ?

(Hint. Let B be the probability that two white balls are drawn, Aj, Az, A3, A4 be the probability that
the box contains 2, 3, 4, or 5 white balls. Then p (A1) = 1/4, p(A2) = 1/4, p(As)= 1/4,p (Ag)=1/4 p (B/A1)is

the probability that the box contains 2 white balls and both been drawn is é X % = ZLO
1.3 3 1 4 _ 1.5
p(B/A2)—4><5—20,p(B/Ag)—4><5—1/5,p(B/A4)—4><5—1/4.

7. A dieis thrown 5 times. What is the probability of getting exactly 3 sixes ?
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respectively. Find the

[ =

1
939

DO | =

8. The probability of solving a question given to three students are

probability that the question is solved.
9. Adieisrolled. If the outcome is an odd number, what is the probability that it is prime.
(Hint. S = {1, 3, 5. A be the event of getting a prime from S is {3, 5}. The required probability = 2/3.)

10. Two numbers are selected at random from the integers 1 to 9. If the sum is even, find the
probability that both numbers are odd.

Hint. The sum of two numbers is even if either both are even or both are odd. The given numbers contain
4 even numbers and 5 odd numbers. The number of ways to choose 2 even numbers out of 4is 4C2 = 6. The
number of ways to choose 2 odd numbers out of 5 = 5C2 = 10. Number of ways to choose 2 numbers whose

sumiseven = 16..". p=10/16 = 5/8.

1.11. MULTISETS
Multisets are sets where an element can occur as a member more than once. For example :
A=1,1,1,0,0;; B=la,a,a,b,c|
The multisets A and B can be written as
A=3.1,20/ and B={3.a,1.b,1.¢|
The multiplicity of an element in a multiset is defined to be the number of times the element
appears in the multiset. The multiplicities of the elements 1 and 0 in the multiset A are 3, 2 and
the multiplicities of the elements a, b, ¢ are 3, 1, 1 respectively.
The theory of multisets is more general than the theory of sets.
The cardinality of a multiset is defined to be the cardinality of the set corresponds to,
assuming that the elements in the multiset are all distinct.
Let A and B be multisets. The union of A and B denoted by A U B, is the multiset where the
multiplicity of an element is the maximum of its multiplicities in A and B.
The intersection of A and B, denoted by A N B is the multiset where the multiplicity of an
element is the minimum of its multiplicities in A and B.

The difference of A and B, denoted by A — B, is the multiset where the multiplicity of an
element is equal to the multiplicity of the element in A minus the multiplicity of the element in
B if the difference is positive, and is equal to zero if the difference is 0 or negative.

The sum of A and B, denoted by A + B, is the multiset where the multiplicity of an element
is the sum of multiplicities of the element in A and B.

Example. 1.11.1 Let P and @ be two multisets {3.a, 2.b, 1.c} and {4.a, 3.b, 2.d} respectively.
Find

@Pu@ ®PNQ ©P-Q dP+Q.
Solution. PUQ=4a,3b,1c,2d|

PnQ=1{3.a,2b

P-Q=|lc

P+Q=\7.a,5b,1c,2d|

1.12. Classified Solved Examples

Example 1.12.1 (a) Define Power set and give the powersets of the following :
@ la, [b] @) {1, 9, {ol}
(Visveswaraiah Tech. University, BE, March 2001)

Solution. If S is any set, then the set of all subsets of S is called the Power set of S. The
power set of S is denoted by p(S).
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() The power set of {a, {bH is
lal, la, 1}, ]}, 0|
(i) The power set of {1, ¢, {0/} is ({1, (0], {0]}, (0, (o]}, {1, (0]}, {1, o], ¢, {1, ¢, {o].
(b) Prove that “Null set is a subset of every set”.
(Visveswaraiah Tech. University, BE, March. 2001)

Solution. Let A, B be two sets. We say A is a subset of B if every element of A is also an
element of B. So the null set containing no element is contained in any set A.

(¢) LetAandBbesetssuchthatA B C B, BCA.Findthevenndiagram representation.
Solution. Fig. 1.10
(d) Prove that
(i) Symmetric difference is associative.
(@ii) A-B=A-(ANnB).
(Visveswaraiah. Tech. University, BE, March 2001)

Solution. Let A and B be two sets. The symmetric difference of A and B denoted by A A B
is

U U

Fig. 1.10
AAB=A-B)UB-A=AUB)-(ANB)
To prove (i). Now for any sets A, B, D,
AABAD)=AA (B uUD)-(BnD)
=AA@BuUD) NBAD )=AABuUD N B°UD%)
=[Au(@BuUD)nB°UDY) - [An (B uUD)nB°UD%)
=[(AUBUD)NAUB°UD% -[ANnBAD% U @ANDANBY)
=[(AuUBUD)NAUB°UD% NIANBAD%U@ANDUBY°
=AuBUD)NAUB°UDY A UB AD)~@A° LD UB)
(1)
If we interchange A and D in eq. (1), then we get A AB)AD=DAAAB)=D A (BAA).
(AABYAD=D UBUA)n D B UAY) A (D UB°UA)N D UBUA%
which is same as (1).
Hence AABAC)=AAB)AC.
To prove (ii) A-B=A-AnNB)
Let xeA-BoxeAandxe B

oxeAandx ¢ AN B, sincex ¢ Bimpliesx ¢ A N B.
sxeA-AnB.
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Hence, since x is arbitrary,
A-B=A-AnNB).
Example 1.12.2. (a) Find the number of permutations of letters in the words
(1) ACCOUNTANT (ii) ENGINEERING
(tit) BOOLEAN (iv) ASSASSINATIONS.
(Visveswaraiah Tech. University, BE, March 2001)
Solution.
(i) The letter A occur 2 times, hence there are 2 ! ways in which these A’s can be
rearranged among themselves. But then as this does not change the word as such. We
have to divide by 2! to count the word ACCOUNTANT once. Similarly C occurs 2 times,

N occur 2 times and T occur 2 times. Hence the number of ways ACCOUNTANT can
be arranged is

10!

21212121
3 11! T . 14!
@ 31312121 @ 5y @ 31519121

Example 1.12.3. How many different seven-person committees can be formed, each contain-
ing three female members from an available set of 20 females and four male members from an
available set of 30 males.

(Visveswaraiah Tech. University, BE, March 2001)

Solution. Three women’s can be selected in C (20, 3) ways. Four men’s can be selected in
C (30, 4) ways. Therefore by multiplicative permutation law, the number of committees having
7 members are C (20, 3) C (30, 4).

(a) State the pigeon hole principle and show that if any eight positive integers are chosen,
two of them will have the same remainder when divided by 7.

(Visveswaraiah Tech. University, BE, March 2001)

Solution. If n + 1 or more objects are placed in n boxes, then there is atleast one box
containing two or more of the objects.

According to pigeon hole principle, for any eight positive integers, there must be two integer
with same remainder, since we are dividing the integer by 7.
(b) Letn be an integer. If n’is odd, then n is odd. Suppose n is even, then n = 2 m, where

m=12, .... Now n? = (2 m)? = 4 m?, an even integer. Hence a contradiction. So n is
odd.

(¢) Provethatforalln>1,n!>2"" 1 using Mathematical Induction.
(Visveswaraiah. Tech. University, BE, March 2001)

Solution. Basisstep : 1!1=1>1= 2' !

Inductive Step : Assume n ! > 2"~ ! we prove
m+1)!122" Now(n+1)!=(n+1)(rH=2(n+1).2" '22.2" ' sincen+1>2
=9"
Example 1.12.4 Show that,
AXBnNC)=(AxB)nAx0C)
(Sri. Venkateswara Engg. College, Suryapet, A.P, B.Tech, March 2001)
Solution. Proved already.
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Example 1.12.5 With the usual notations prove that
@) AuBnNnC)=AUBNAUC)
(Visveswaraiah Tech. University, MCA, August 2001)
Solution.
xeAuBnC)oxeAorxe (BnO)
oxeAor(xe Bandxe C)
o@xeAorxe Byand (xe Aorx e C)
xeAuB)and xe Aul) oxe(AuB)Nn@AU0)
Since x is an arbitrary element,
AuBnNnC)=AUBNAUC)

Example 1.12.6. (i) Prove by mathematical induction that
_nn+1)(n+2)

1.2+23+34+.... 3

n c n
@] n A = U Af
i =

(Visveswaraiah Tech. University, M.C.A, August 2001)
Solution.
(i) Basisstep.n=1

19.1:2.38

3
Hence for n = 1, the result is true. Assume the result is true for n = 2. Now we show the

result holds forn =%k + 1. Let 1.2+ 2.3 + ..... +kk+1)= W

Now 1.2+ 2.3 +...... +kk+D+E+1)(k+2)

kRk+D(R+2)
= 3 +k+1)(k+2)

:(k+1)(k+2)[}§+1}

R+ DHER+2)R+3)
h 3

Hence the result is true for n = 2 + 1. By induction the result is true for all n.

(i) Letxe A1 NA2N ... Ap)°C
oSx¢g AinAan ... NAp)
oSxg Arorx g Asor ... x & An

(:)xeAforxeAgor ...... xeAS
c c c
oSxe ATUAZ UL U Ar)

Hence (A1 N Az A v A = AT UAS U ... UAD).

Example 1.12.7. Prove that | AxB | = |A| |B].
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Solution.Letm = |A| and n = |B|.Ifn = 0,then Band A x B are both empty and the result
holds trivially. Assume n >0 and let the distinct elements of B be b1, by, ..... b,. For each

1=1,2, ... n, let X; be the set A x {bi}. Then X; is a subset of A x B and A x B =uU X;. Also for
i=1

i#j,yi#y; and so A;NA;=¢. Further, for every i, the function f;: A - X; defined by
fi(@) =(a,b;) is clearly a bijection. So |X;|=]|A|=m for every i. Since
n
| UXi| =m+m+ ...+ m (n times) = mn.
i=1
In general for any finite sets A1, Ao, ...... , An,

|A1X A2 X ..... X Ap| = |A1] X |A2| X ... X |An].

Example 1.12.8. For any three sets A, B, C, prove that
AxBuUl)=(AxB)u@AxC(C)
(Andhra University, B.Tech. March 2001)
Solution.
(x,y)eAxBulC)exeAand(ye BuC()
oxeAand(ye Borye C)
o @xeAandye B)or (xe Aandye C)
e x,y)e AxB or(x,y)e AxC
S @,y)e AXB)UA X0
Hence the result follows.

Example 1.12.9. fAnB=AuCand AnB=AnNC,then B=C.

(Madras University, BE, April 1998)
Solution. (Solved already)

Example. 1.12.10. How many 4 digits number can be formed with the ten digits 0, 1, 2,.....,9

(i) Repetitions are allowed
(it) Repetitions are not allowed
(iit) The last digit must be zero and repetitions are allowed.
(Bellary Eng. College, U.T, University, Karnataka, B.E., August 2001)
Solution.

(ii) Since this is a problem of arranging 4 of the ten digits 0, 1, 2,...., 9, the answer is
P (10, 4) =5040. Among these 5040 numbers, 9 x 8 x 7= 504 of them have a leading
0. Consequently, 5040 — 504 = 4536 of them do not have a leading 0. The first digits
can be one of the nine digits 1, 2,....9, the second digits can be any of the nine remaining
digits and so on.

Example 1.12.11. (¢) Show that AU (B U C)° = (A UB% n (4 L C%

(b) Show by induction on n that a set with n elements has precisely 2" subsets.
(Bharathiar University, B.Sc. (C.T), October 2001)
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Solution.
(a) xeAuBuUC)Y©
oxeAorxe (BuC)C
oxeAor(xe BCmCC)
oxeAor(xe BCandxe CC)
S@xeAorxe BC) and (xe Aorxe CC)
o xe (AuBC) andxe Au C°
oxe (AuBC)m(AuCC)
Hence the result follows.
(b) Proved Already.
Example 1.12.12. (a) (i) Prove using venn diagram
AuB)°=A°~B°
(@) IfA, B, Cbesetsif AcB,BNC=¢,then AnC=¢.
(iii) Prove by induction 5 divides 8" — 3" for n > 1.
(Bharathiar University, M.Sc (SE), October 2001).
Solution. (Proved already)

Example 1.12.13. Find the intersection of the following sets {x xi-1= O} and
{x s+ 2+ 120}
Solution. {-1}
Example 1.12.14. Using Mathematical induction prove n < 2" (n > 1) (proved already).
Example 1.12.15. If S is any set and P(S) is its power set and A and B belong to P(S), prove
that BN (A - B) =¢.
Solution. SinceA—-B=ANB°, BN (A-B)=BNnAnBY=4An¢=0.
(Madras University, B.E., October 1995).
Example 1.12.16. List all the proper subsets of {1, 2, 3.
Solution. {1}, {2}, {3}, {1, 2}, {1, 3}, {2, 3}.
Example 1.12.17. State the duality principle in set theory.
Solution. (Explained in page 15).
(Madras University, BE April 1996).
Example 1.12.18. Show that for any two sets A and B, A - (A nB)=(A - B)
Solution. (Worked out on Page 5, Example b (7))
(Madras University, B.E., April 1996).

Example 1.12.19. Survey is taken on methods of computer travel. Each respondent is asked
to check bus, train or automobile, as a major method of travelling to work. More than one answer
is permitted. The results reported were as follows :

(7) 30 people checked bus
(i1) 35 people checked train
(it7) 100 people checked automobile
(iv) 15 people checked bus and train
(v) 15 people checked bus and automobiles



48 DISCRETE MATHEMATICS

(vi) 20 people checked train and automobile
(vii) 5 people checked all three methods.

How many respondents completed their surveys ?

Solution. Let A, B, C be the persons who checked bus, train and automobiles respectively.
Then by principle of inclusion and exclusion we have

|[AUBUC|=|A|+|B|+|C|-|AnB|-|AnC|-|BnC]|

+|AnBnC|

=30+35+100-15-15-20+5

=120
The number of respondents who have completed their survey is 120.
Example 1.12.20. I[fA U B=A u C, must B = C ? Explain.
Solution. B need not be equal to C. Only when A N B =A N C, the result is true.

(Madras University, BE, April 1997)

Example 1.12.21. How many proper non empty subsets are there for {1, 2, 3, 4/.

Solution. There are 2% — 1 proper non empty subsets for {1, 2, 3, 4}.

Example 1.12.22. If survey of 500 television watchers produced the following information.
285 watch football games ; 195 watch hockey games ; 115 watch basket ball games ; 50 watch
hockey and basket ball games ; 50 do not watch any of the three games. 45 watch football and
basket ball games ; 70 watch foot ball and hockey games.

(1) How many people in the survey watch all three games ?
(it) How many people watch exactly one of the three games ?
(Madras University, BE, April 1997, October 1998)
Solution. Let A, B, C be the persons watching football, hockey, basketball games respec-
tively.
Given: [AUB U C)|“=50.S0 |AUB uUC| =500 - 50 = 450. By principle of inclusion and
exclusion, |AUBUC| = |A| + |B|+|C|-|AnB|-|AnC|-|BnC| +|AuBuUC(C|
=450=285+195+115-70-45-50 +x
=x=|AnBNC| =20 M C
i.e. Number of peoples watching all the three games is 20 and
number of peoples watching exactly one is 325.

Example 1.12.23. If the cardinality of a set A is K, what is the w
cardinality of its power set P(A). &h

Solution. Cardinality of the power set = 2k,
(Madras University, BE, October 1996)
Example 1.12.24. If the cardinality of the power set P(A) is B
256, what is the cardinality of the set A ?

Solution. Cardinality of the power set P(4) = 256 = 2%. Then

cardinality of the set A = 8.

Example 1.12.25. Prove using mathematical induction

_n@Bn+1)
B 2
(Madras University, BE, October 1997)

Fig. 1.11

24+5+8+..... +@3n-1)

Fig. 1.12
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Example 1.12.26. (@) fAUB=AuCand AnB=AnC, prove B=_C.

(b) Among 50 students in a class, 26 passed in first semester and 21 passed in second
semester examination. If 17 did not pass in either semester, how many passed in both
semesters.

(Madras University, BE, April 1998)

Solution. () 8 persons passed in both semester, since |(A U B)‘| =17 implies
|AUB| =33 and hence |[AUB| =20+ 21 - |[AnB| implies |[AnB| =8.
Example 1.12.27. Let A = |+, | and B =00, 01, 10, 11|. List the elements of A x B.
Solution. A x B = {( +, 00), (+, 01), (+, 10), (+, 11), (-, 00), (-, 01), (-, 10), (-, 11)}
(Madras University, BE, October 1998)
Example 1.12.28. Enumerate the elements in the following sets :
@ lxeR:x*-3x+2=0| ®) xeR:x*+1=0]
Solution. (o) x=1,2 b)) x=1
Example 1.12.29. For any two sets A and B prove that
A-(AnB)=A-B
Solution. (Proved in page 5)
(Madras University, BE, April 2000)
Example 1.12.30. (@) IfA=lx :x’ ~1=0, B=|x:2° ~3x +2=0|. Find A~ Band A - B.
A={1,-1,B=1,2,AnB=[1,A-B={-1|
(b) Prove by mathematical induction

(Madras University, BE, April 2001)
1x2

Solution. LHS : P(1) =1, RHS:PQ1)= 9 = 1

Hence it is true for n = 1.

Let it be true for some integer k.

Therefore P(k)=1+2+3+....+k= @
NowP(k+1)=1+2+3+..... +k+(k+1):@+(k+l)

kRk+D)+2(*R+1) (R+1)[k+2]
- 2 a 2
Hence it is true for 2 + 1.

_nn+1)
="
Example 1.12.31. Prove by using counting argument that

NEEANNEE
o B {20

By induction, 1+ 2+ ... +n

~

(B.Tech, U.P. Technical Univ., Lucknow, 2002-2003)
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Solution. (i) (k)”(k - 1)*(13 —2): Ho-0 T2 Gh-1 -kt )

n!
T k-2 -k +2)
_ n! 2n!
Thh-DE-2 R k- k-D-k) (n-k+1)

n!
T ki (n-k+ D) (k) (k-2)

~ n! 1 2 . 1
Tk-2'(n-k) (k-1 k-1 (n-k+1) (n-k+2)(n-k+1)

_ n! n’+3n+2
T Rk-2!n-R) | Ek-1)(n-k+1)(n-k+2)
nl(n+1)(n+2) . (n+2)

TR-Dm-RE-DEkn-k+)(n-k+2) E(n+2-k)
_(n+2)
Tk

Example 1.12.32. In a meeting of 50 scientists and poets, 35 are scientists, 30 have short
hair and 25 are scientists with short hair. How many long-haired poets are there ?

(BE (CSE), Rajiv Gandhi Univ., Bhopal, 2001-2002)

Solution. Let A be the set of scientists and B be the set of poets. Given |A| + |B| =50 and
|A| =35,s0 | B| =50 — 35=15. Number of peoples having short hair is 30, so number of peoples
with long hair is 50 — 30 = 20. Given 25 are scientists with short hair. So number of scientists
with long hair =35 — 25 = 10. Hence number of poets with long hair = 20 — 10 = 10.

Example 1.12.33. Among 100 students, 32 study mathematics, 20 study physics, 45 study
chemistry, 15 study mathematics and chemistry, 7 study mathematics and physics, 10 study
physis and chemistry, 30 do not study any of the three subjects. Find the number of students
studying exactly one of the three subjects.

(BE (CSE), Rajiv Gandhi. Univ., Bhopal, May-June 2002)

A A, Solution. Let A1 be the set of students studying Mathe-
matics, Ag be the set of students studying Physics, A3 be the set
of students studying Chemistry. Then, given
|A1| = 32, |A2| = 20, |A3| = 45, |A1 ﬁA3| = 15, |A1 ﬁAzl = 7,

ﬁh |A2 A As| = 10 and (A1 UA2 U As)| = 30. So |A1UAs U As |

=100 - | (A1 UA2UA3)°| =100-30=70. Now |A1UA2U
A3| = |A1| + |A2| + |A3| - |A1(\A2| - |A1(\A3| - |Azﬁ
A3| + |A1 NAs ﬁAgl

A =70=32+20+45-7-15-10 + |A; N Ay N Ag|
oI = |A1nA2sNA3| =70-65=5

So number of students who have taken mathematics only
is 32-(10+5+2)=15. Number of students who have taken physics only is
20-(5+5+2)=8. Number of students who have taken chemistry only is
45 - (10+5+5)=25. So the number of students studying exactly one subject is
15 + 8 + 25 =48.
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Example 1.12.34. How many solutions are there for the equation xi +x2 + x3 +x4=207?
(@) If all x; must be non-negative integers.
(@1) If all x;i must be non-negative integers and x4 is atmost 10.
(B. Tech., U.P. Technical University, Lucknow, 2002-2003)

Solution. (i) We know the number of unordered samples of size & can be formed from a set
of n elements, if repetition is allowed is "1 "'é‘(n *R=1) _(n+k—1)Ch. That is, the
number of distinct solutions to the equation x1 + x2 + ...... + x» = k equals the number of unor-
dered samples of size k (repetition allowed) from the n-element set {xl, x2, .... xn} is
(n+k-1)Cr. Hence the number of solution for the equation x;+x2+x3 + x4=20 is
(4 + 20 - 1)Cg0 = 23Cqo.

(1) Let x1 +x2+x3 =10 and x4 is atmost 10 making x; + x2 + x3 + x4 = 20. The number of
distinct solutions to the equation x1 + x2 + x3 = 10 is (3 + 10 — 1)C19 = 12C19 = 66. So the number
of solutions for the equation x1 + x2 + x3 + x4 = 20 such that all x; must be non-negative integers
and x4 is atmost 10 is 23 C2o — 66.

Example 1.12.35. Determine the minimum number of elements that one needs to take from
the set A = {1, 2,3, ... 8} to be sure that two of the numbers add up to 9.

Solution. We have four pigeon holes here namely {1, 8}, {2, 7}, {3, 6}, {4, 5}. One can observe
from here that any choice of five elements of A will generate that two of the numbers add upto
9. So 5 elements are needed to take from the set A.

Example 1.12.36. One hundred students were asked whether they had taken courses in any
of the three areas namely Information Technology (IT), Bio-Technology (BT) and Management
(M). The result are as follows :

45 had taken IT, 38 had taken BT, 21 had taken management ; 18 had taken I.T and BT ; 9
had taken I.T and M ; 4 had taken BT and M and 23 had taken no courses in any of the three
areas. Construct the venn diagram for the above data.

(Bharathiar Univ., M.Sc (SE), April 2002)

Solution. Out 100, 23 had taken no courses in any of the three
areas. Let A, B, C be the set of all students who have taken IT, BT
and M respectively. Then |[AUBUC| =23 and hence
|JAUBUC| =100-23="77. Given |A|=45;|B|=38;|C| =
21; |AnB| =18;|BnC| =4; |AnC|=9; [AnBnC|=x
(say). Then, we know

[AUBUC|=|A|+|B|+|C|-|AnB|-|BnC|

-|AnC|+|[AnBnC|
=77=45+38+21-18-9-4+«x

=>T77=T7T3+x

=x=4.

Fig. 1.14. The venn diagram representation is Fig. 1.14

Example 1.12.37. A computer company must hire 25 programmers
(a) to handle systems programming jobs and 40 programmers for applications program-
ming. Of these hired, ten will be expected to perform jobs of both types. How many
programmers must be hired ?
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(b) Show that the relation defined in Nx N by (a,b)R (c,d) iff a +d =b + ¢ is an equi-
valence relation.

(c) Let L denotes the relation “less than or equal to” and D denotes the relation ‘divides’.
Both L and D are defined on the set {1, 2,3, 6}. Write L and D and find L A D. What is
the properties of L and D ? Give graphs of L and D.
(d) Using mathematical induction, prove 2+ 22+ 2% + ... +2"=2"*1_2
(Bharathiar University, B.E. (CSE), April 2003)
Solution.

(@) Let S be set of systems programmers, then |S| =25. Let A be set of applications
programmers, then |A| = 40. Given |A N S| = 0. The number of programmers to be
hired is S U A and

|ISUA| =|S|+|A]| - |SnB|=25+40-10=50
(b) For (a,b)e NxN, (a,b)R (a,b) as a +b=b+a is true. Hence R is reflexive. Let
@,b)R(c,d)=>a+d=b+c=c+b=d+a=(c,d)R (a,b). Hence R is symmetric.
Let (@,b)R (c,d), (c,d)R (e,/)=a+d=b+c andc+f=d +e. Now
a+d+c+f=b+c+d+e=a+f=b+e
= (a, b) R (e, /). Hence R is transitive. That is, R is an equivalence relation.
() X=1,2,3,6
L= {(1, 1), (2, 2), (3, 3), (6, 6), (1, 2), 1, 3), (1, 6), (2, 3), (2, 6), (3, 6)}
D= {(1, 1), (2, 2), (3, 3), (6, 6), (2, 6), (3, 6), (1, 6)}
LAD= {(1, 1), (2, 2), (3, 3), (6, 6), (2, 6), (3, 6), (1, 6)}
=D
L is reflexive, non-symmetric, transitive, antisymmetric. D is reflexive, non-symmetric, transi-
tive, antisymmetric.

et 9
O OO IO

Graph of L
(d) Let p(n)=2+22+23+ . 42"=2""1_2
p(=2=2"""-2
Hence P (1) is true. Assume for n = k. That is P (k) is true. Consider
Ph+1)=2+2%+. .. +2F 4281 =g+l g oktl
_g9 oktl_o _ogkt2_g
Hence P **V s true which implies P (n) is true for any n € N.

Example 1.12.38. (a) Among 50 students in a class, 26 passed in first semester and 21
passed in second semester examination. If 17 did not pass in either semester, how many passed
in both semesters.
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(b) Show that a" — b" is divisible by (a — b) for all n € N.
(Bharathiar Univ., M.Sc. (SE), April 2003)
Solution.
(a) Let A be the set of students passed in first semester. Then |A| = 26. Let B be the set

of students passed in second semester. Then |B| =21, | (A U B)°| = 17 which implies
| AUB| =50-17=33.

Now |JAUB| =|A| + |B| - |AnB|
= 33=26+21- |ANB|
= |ANB| =26+21-33=14.

(b) We prove the result by mathematical induction. For n =1, a — b is divisible by a — b.
Hence the basis step. Let P (k) : a* — b" is divisible by a — b.
Now a*t1-bF*1=d® a-bF . b =d* . a-b" . b+bFa-bFa =a(ak—bk)+bk (@ -b)
Since o - b" is divisible by a-b, and (a-b) is divisible by (a -b), the sum
a (@ - b") + b* (@ - b) is divisible by @ — b. Hence a* * ' — b* * ! is divisible by a — b. By induction,
a" - b" is divisible by (a - b).
Example 1.12.39. Let S (n) be the statement. For n € Z* ) gli = (n+(21/2))2 Show that the

truth of S (k) implies the truth of S (k + 1) forany k € Z'. Is S (n) true for all n € Z". Justify your
answer.
(Anna University, ME (CSE), April 2003)

Solution. Assume S (&) is true. That is

% 2
ETET.))
i=1 2
k+1 2
Now Si=1424 . tk+(k+1) :%Hkn)
i=1
LR 2)42(k+1) K13k 94  (R+(32) (k+1)+(1/2)°
B 2 B 2 B 2 B 2

Hence S (& + 1) is true. It is not true for all ne Z'. For example, for n =1, L.H.S.
=S(1)=1and RH.S. =
n+a2” 9 9

2 T4x2° 8 Hence L.H.S. # RH.S.
A B

Example 1.12.40. (a) Given U= {1, 2,3,4,5,6,7,8, 9},
A= {1, 2,4,6, 8}, B= {2, 4,5, 9} and C = {x 1 X IS a positive integer
such that x* < 16}.
Compute (i)A U B (it) B® C.
(b) Prove that the set of all real numbers in [0, 1] is
uncountable.
(¢c) If fa and fB are characteristic functions of the sets A
and B, prove that fa ~B = fa f5. C
Fig. 1.16.
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(d) In a survey of 260 college students, the following data were obtained :
64 had taken mathematics course
94 had taken computer science course
58 had taken business course
24 had taken mathematics and business courses
26 had taken mathematics and computer science courses
22 had taken computer science and business courses
14 had taken all the three courses
Find the number of students who have taken
() none of the courses and (i7) only the computer science courses
(VT'U Karnataka, BE (CSE/IT), Feb. 2003)

Solution. (a) U={1,23,....,9
A=11,2,4,6,8
B=(2,4,5,9
C=11,2,3,4
() AUB=13,1

(ii) B @ C is the set of elements that belong to B or C but not to both B and C. Hence
Ba®C=B-C)u(C-B)
= {x : x belongs to exactly one of B and C} = {1, 3,5, 9}.
(b) To show that the set of real numbers in [0, 1] is uncountable set.
If possible, let the set of real numbers in [0, 1] is countable. Then all the real number in
0 <x < 1can belisted in some order, say, x1, x2, ...... Let the decimal representation of these real
numbers be
x1=0.a110a120a13 ..... x2=0.a21a22a23 .....

where each aij is one of the number of set {0, 1, 2, 3,4, 5, 6, 7, 8, 9}. Let C be a new real number
such that C=0.b1b2b3 ....., where b1 =1ifa;;=9 and b1=9-a;;ifa;; =0,1,2,3,4,5,6,7, 8
for all i. For those numbers which can be expressed in two different expansions e.g.,

% =0.5000000 = 0.4999999 we choose the expansion which ends with nines. Clearly, the number

0.b6102..... is a real number between 0 and 1 that does not have trailing 0’s. Then the real
number C is not equal to any of x1, x2, .... since it differs from the first in the first digit, the
second number in the second digit, the i"* number in the i* digit, and so on. Since there is a
real number C between 0 and 1 that is not in the list which contradicts the assumption that this
set is countably infinite. Hence the set of real numbers between 0 and 1 is uncountable.

) fanB(x)=1if xe AnB

For x€ Aand x € B,
fax)=1 and fB (x)=1, therefore fa (x)fB(x)=1
Thus fanB (x) =fa () fB (x).

d |[AuBUC|=|A|+|B|+|C|-|AnB|-|BnC|-|AnC| +|AnBnNC|
=64+94+58-24-26-22+14 =158
Students who had taken none of the courses is 260 — 158 = 102.
Students who had taken computer science only is 60.



SET THEORY 55

3 n2(n + 1 )2
="
(b) Find the number of ways in which a committee of 6 people can be selected from a
group of 10 people if one of them is to be designed as the chair person of the
committee.

Example 1.12.41 (a) Prove by induction P+2%+. . +n

(VTU, Karnataka, BE, Feb. 2003)
Solution. (a) Basis stepn = 1.

2 2
LHS=1%=1 RHS-= % =1, Hence for n = 1, the result is true.
Induction step. Assume
13+23+ + 3:n2(n+1)2
..... 1
3, o3 3 3_n®(n+1)7° 3
Now 1° +2° + ..... +n°+@n+1) :f+(n+1)
2+ 1)?+40+1)? @+ 1) P +4(n+ 1)
B 4 B 4
m+1)?2 i +4n+4) m+1) P +2)°
h 4 h 4

Hence the result is true for all n.

(b) The number of ways in which a committee of 6 people can be selected from a group of
10 people is 10Cg. Out of the grouping, one person can be selected as a chain person
of the committee. That can be done in 6C; ways. Hence the required number of ways
is (10Cs) (6C1) ways.

Example 1.12.42. If there are 14 boys and 12 girls in a class, find the number of ways of
selecting one student as class representative.

Solution. Using sum rule, there are 14 + 12 = 26 ways of selecting one student.

Example 1.12.43. Three persons enter into a car, where there are 5 seats. In how many ways
can they take up their seats.

Solution. The first person has a choice of 5 seats and can sit in any one of the 5 seats. The
second person has a choice of 4 seats and so on. Hence, the required number of ways in which
all the three persons can take the seat is 5 x 4 x 3 = 60.

Example 1.12.44. Show that in any set of eleven integers, there are two whose difference is
divisible by 10.

Solution. Let A be the given set of eleven integers, say (pigeons), B is the set {0, 1, 2, .... 9}
of pigeon holes, the possible right hand digits. By pigeonhole principle, two of integers have
same right hand digit, thus their difference is divisible by 10.

Example 1.12.45. What is coefficient of x3y2z2 inx+y+ 2)9 ?
Solution. This is same as how many ways one can choose x from three brackets, y from two
bracket, z from 2 brackets in the expansion

X+y+2)(x+y+2) ... (x +y +2) (9 times)
. . 9 \ 9
This can be done in (3 9 2) = 310191 = 15120 ways.
Example 1.12.46. Find the coefficient of
@) x%in 1+ O+l ....)3 Gi) xZin (x3 +at+a®+ ....)3
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Solution.

(1) We know

A+ +60+ .2 =10-)" =a-x")"P=2Cc@B+r-1,r) "

Since we have to find the coefficients of x1°, 57 = 10 = r = 2. The required coefficient is
c(3+2-1,2)=C(4,2)=6.

(ir) (x3 +ateal+ ....)3 =29 M+x+a?+..03 =4 [(1A-x)" 13
= 1-2)"? =2"2CB+r-1,rx =2C@B+r-1,rx""

The coefficient of x> have r+9=12=r= 3, hence the required coefficient is
C3+3-1,3)=10.

Example 1.12.47.

1. How many even numbers. of three digits can be obtained using 1, 2, 3, 4, 5 and 6, no digit
being used more than once in each number?

Solution. The unit place can be filled up by 2 or 4 or 6. This can be done in 3 ways. After
filling up the unit place, we will have remaining 5 numbers. The 10" place can be filled by any
of the 5 numbers. This can be done in 5 ways. So 100™ place can be filled by any one of four
numbers. Hence required number = 3 x 5 x 4 = 60.

2. How many numbers of 6 digits which are divisible by 5 can be formed using the figures 3,
4,5,6,7,8.

Solution. The unit place can be filled by only one way(s). The other 5 blank spaces can be
filled up in 5p5 = 120 ways. Total number = 5P5 x 1 = 120.

3. How many numbers between 5000 & 7000 can be formed by using the figures 1, 2, 3, 4, 5,
6, 7 and 8 if each figure is not used more than once in a number.

Solution. To find out numbers between 5000 & 7000, we have.

Place | 1000t* | 100t | 10th Unit
Ways 2 7 6 5

The required answer is 2 X 7 x 6 x 5 = 14 x 30 = 420 ways.

4. A cricket club consists of 15 members of whom 7 are bowlers. In how many ways can a
team of 11 chosen so as to include atleast 5 bowlers.

Bowlers Non Bowlers Total
(7 (8 (15)
5 6 11
6 5 11
7 4 11

Required number of ways = 7C5 x 8Cs + 7C¢s X 8C5 + 7C7 x 8C4 = 1050
5. In how many ways can 3 persons be selected out of 15 persons so as to include always one
particular person.

Solution. First select the particular person. Then out of 14 persons, select 2 and include
the particular person in all the sections required number of ways = 14Cs.

6. Determine the number of positive integers n, 1 <n < 2000 that are not divisible by 2, 3 or
5 but are divisible by 7.

Solution. Let A denote the set of integers in 1 <n <2000 that are divisible by 2
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B Il 3
C Il 5
D Il 7

To find n (A " B N C) N D)
n(AnBnC)nD)=n((AUBUC)N D)
=nD)-n(AuvBuC)nD)
=nD)-n(AnD)u BnD)u ((CnD))
=nD)-mAnD)y+nBnNnD)+n(CnD)
-nAnBNnD)-nAnCnD)-
nBNCnNnD)y+nAnBnCn D)
=285-(142+95+57-47-28-5+9)="176.

7. A computer is used for 99 hours over a period of 12 days, an integral number of hours each
day. Show that on some pair of 2 consecutive days, the computer was used for atleast 17 hours.

Solution. Among 12 days there are 6 pairs of days (pigeon holes) .. n=6, k1=17
= k=16.

Hence among &, + 1= 97 hours.

8. The members of a class of 27 pupils each go swimming on some of the days from Monday
to Friday in a certain week. If each people goes atleast twice, show that there must be two pupils
who go swimming on exactly the same days.

Solution.
Members = pigeons
Days = pigeon holes
n=>5
ka=2=k=1
Among %, + 1 = 6 members who go swimming in exactly the same days (by generalized pigeon

hole principle) .. Among 27 pupils definetely there must be two pupils who go on swimming in
the same day.

9. How many four digit numbers begin with 4 or a 5.

Solution. Numbers begin with 4 can be done in 1x 10 x 10 x 10 = 1000 ways. Similarly
numbers begin with 5 can be done in 1000 ways. By the addition principle, there are 1000 +
1000 = 2000 total possible outcomes.

10. A jeweller designing a pin has decided to use five stones chosen from diamonds, rubies
and emeralds. In how many ways can the stones be selected?

Solution. We want the number of combinations of five objects out of 3 objects with
repetitions allowed.

The pin might consists of one diamond, three rubies, one emerald, for instance, or five
diamonds. We can represent these possibilities by representing the stones chosen by five
asterisks and placing markers between the asterisks to represent the distribution among the
three types of gem. For example we represent the choice of one diamond, three rubies, one
emerald by

and the choice of five diamonds, no rubies, no emerald by

The number of ways to choose five items out of seven is 7C5s ways.
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11. Find the number of distinguishable permutations of the letters in the word ANNAMALAI
Among these permutations, in how many permutations the two N’s appear next to each other.
!

Solution. Number of distinguishable permutations = % Considering two N’s as a single

!

letter, the required permutations is %

12. The total number of bookings in 31 days in a month in a railway reservation counter is

7613. Show that on any one of these 31 days, there are atleast 246 bookings. Find also the

minimum total number of bookings in 31 days to guarantee atleast 246 bookings on any one of
these 31 days.

Solution. If the maximum number of bookings for each day is 245, then maximum number
of bookings for 31 days =245 x 31 = 7595, where it is given as 7613. Hence there will be atleast
246 bookings on any of 31 days.

Minimum total number of bookings to satisfy the given condition is 7595 + 1 = 7596.

13. How many 6-letter words not necessarily meaningful can be formed from the letters of
CARACAS.

Solution. Total number of letters = 7, 2C’s, 3 A’s, 1 R’s and 1S. For 6 letter words, we have
four options “1C, 3A, 1R, 15”7, “2C, 2A, 1R, 1S”, “2C, 3A, O R, 1S”, “2C, 3A, 1R, OS”.

6! 6! 6! 6!
1131101 T ararar Targrorat T 2raritol

14. Find the total number of three digit even integers that can be formed from the digits 1,

2,3,4, 5,6, 7if no digit is repeated in any of these integers.

Total number = =420

Solution. The last digit can be filled up by 2, 4, or 6. Hence the required number of even
integers =6 x 5 x 3 =90.

15. A die is thrown twice. What is the probability of getting the sum 9, given that the number
turned in one of the dice is 62

Solution.
S ={(1, 6), (2, 6), (3, 6), (4, 6), (5, 6), (6, 1), (6, 2), (6, 3), (6, 4), (6, 5), (6, 6)}
n(s) =11
E=((3,6),6,3)
n(E) =2.

Hence probability = %

16. A coin is tossed two times. If you get atleast one head, you win Rs. 100, otherwise you lose
Rs. 200. What is your expectation?

Solution. p (atleast one head) =

p (no head) =

LNV

Expectation = % (100) + i (—200) = 25.

17. A problem in discrete structure is given independently to 4 students A, B, C, D whose
chances of solving it are 0.3, 0.5, 0.7 and 0.9 respectively. What is the probability that the problem
is solved atleast by one of them? Also find the probability that the problem is solved by atmost
one of them.
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Solution. P (at least one to solve)

=1 - P (no body solves) =1 — (0.7)(0.5)(0.3)(0.1) = 0.9895.

P (at most one to solve) = P (no body solves) + P (only one to solve)
=(0.7) (0.5) (0.3) (0.1) + (0.3) (0.5) (0.3) (0.1) + (0.7) (0.5) (0.3) (0.1) + (0.7) (0.5) (0.7) (0.1)
+(0.7) (0.5) (0.3) (0.9) = 0.1445

18. In a cell phone manufacturing company 50%, 30%, 20% of the phones are produced in
the units A, B and C respectively. It is estimated that 90%, 80%, and 70% of the phones produced
in units A, B and C respectively are accepted after inspection. A cell phone produced in this
company is drawn at random and found to be in acceptable condition. Using Bayes theorem find
the probability that the cell phone drawn was produced in unit C.

Solution.

P(acceptable | ¢ P(C)
[P(acceptable | 4) P(A) +
P(acceptable | ) P(B) +
P(acceptable | c) P(C)]
_ (0.7(0.2) 14
= 0.9)0.5) + (0.8)(0.3) + (0.7(0.2) ~ 83 ~ >-1687-

P (C I acceptable) =

1.13. Classified Unsolved Problems.

1.

2.

Consider the subsets A=1{1,7, 8, B=1,6,9, 10}, C =11, 9, 10}, where U=11,2, 3, .... 10}. List
the non-empty minsets generated by A, B, C. Do they form a partition of U.
(Madras University, BE, October 2000)
(a) Define Union of sets, disjoint sets. Let A and B be two arbitrary sets. Show that
P(AnNB)=PA)+ PB).
(b) Let A, B, C be subsets of universal set U. Given that ANB=AnCandA "nB=AnC.Isit
necessary that B=C ?
(i) LetA=1,8,5,B=1,2,3,C=12,3,4. Find Ax (B " C).
(BE, Maharashtra).
(i1) Using Venn diagram, verify
AnBul)=AnB)UANO
(it7) State the principle of mathematical induction.
(iv) Using mathematical induction prove that n ! > 2" forn > 4
[Bharathiar University, M.Sc (S.E) April 2002]
(7) Of the 32 people who save paper or bottles (both) for recycling, 30 save paper and 14 save
bottles. Find the number of people who save only paper.
(i1) A debating team consists of r boys and s girls. Find the number n of ways they can sit in a
row if () the boys and girls are each to sit together, (i) just the girls are to sit together.
(Anna University, MCA, Dec. 2001)
The members of a class of 27 pupils each go swimming on some of the days from Monday to
Friday in a certain week. If each pupil goes atleast twice, show that there must be two pupils

who go swimming on exactly the same days. (Anna Univ., MCA, Dec. 2001)
n
Prove by induction = i (i — 1) =§ (n?-1) (Anna Univ., MCA, Dec. 2001)
i=1

Using Mathematical induction show that

n 2 2 n
s P @ { s t} (Anna Univ.,, ME (CSE), Dec. 2001)
t=1 t=1
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8. Let A, B, C be subsets of the universal set U.
(1) Given that ANB=ANC and A "B =A°NC, is it necessary that B=C ? Justify your
answer.
(i1) Define infinite sets and countability. What is the cardinality of the following sets
@) Z=...-4,-3,-2,-1,0,1,2,./
(it) N x N, N is the set of natural numbers.
9. (@)LetU=la,b,c,d,e,f,8 hl, A=la,c,f,g,B=la,e|,C=b, hl. Compute

(i) AUB (@) AnB
i) B® B @) U
@ BuC (vi) A-B.

(b) Let A, B, C be finite sets. Show that
@ |AuUB|=|A|+|B|-|ANnB|
@ |[AuBUC|=|A|+|B|+|C|-|AnB|-|BnC|-|CnA|+|AnBnNC|.
(c) Using characteristic functions show that
ANnBul)=AnB)UANO).
(V.T.U. Karnataka, BE (CSE), July/Aug. 2002)
10. Prove by mathematical induction that
n(@n+1)@2n-1)
3
(VTU, Karnataka, BE (CSE), July/August 2002)
11. () How many bit strings of length 10 begin and end with a 1 ?

12432452+ ... +(2n—1)2

(i7) Using mathematical induction, prove that 2" < n! for every positive integer n with n > 4.

(i1)) A committee of £ people is to be chosen from a set of 7 women and 4 men. How many ways
are there to form the committee if

1. the committee has 5 people, 3 women and 2 men
2. the committee can be any positive size but must have equal numbers of women and men
3. the committee has 4 people and atleast two are men

4. the committee has 4 people, two of each sex and Mr. and Mrs. Singh cannot be on the
committee. (Anna Univ., MCA, Nov./Dec. 2002)

(Hint: () 1x2x2x2x2x2x2x2x2x1=28
(it) Proved already
@@ir) 1.7C3x4Cq9 2.7C1x4C1+ 7C2x4C9+ 7C3 x4C3+ TC4 x 4C4
3. 4C2xT7C9+4C1xT7C3+4Cy, x 7C4 4.4 C9x5Co

12. (a) Using induction principle prove that 4n < (n2 —7) for all n > 6.
(Hint : Assume n2-7>4n,n26, then (n+12-T=m% -T)+2n+1>4n+ 2n+1
> 4n + 4, since n > 6. Hence the result is true for n + 1 and hence the result is true for all

n.)

(b) State the principle of Inclusion and Exclusion. Determine the number of positive integers n,
where 1 <n <100 and n is not divisible by 2, 3 or 5.

(Hint : Find number of integers that are divisible by 2, 3 or 5. Then 100 — that number, gives

the required result).

(c) Determine the number of positive integers n, 1 < n < 2000 that are not divisible by 2, 3, or 5

but are divisible by 7. (Anna Univ., ME, Dec. 2002)
13. Prove the following by mathematical induction
1 1 1 1 n

@ st s sxT T T @D @ntl) 2+l
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(b) Explain the pigeon hole principle with the help of suitable example.
(B.E, IV Sem IT, Rajiv Gandhi, Tech. Univ., Bhopal, June 2002)
14. If A and B are two non-empty sets then prove that
@G)B-A=BnA
@) BAA=B-A)U@A-B)
(M.C.A., I Sem., Rajiv Gandhi Tech. Univ. Dec. 2002)
15. (i) State the principle of inclusion and exclusion.
(it) What do you understand by multisets ?
(B.E (III Sem. CSE), Rajiv. Gandhi. Tech. Univ., 2001-2002)
16. Show that

by induction (BE (CSE), Rajiv. Gandhi. Tech. Univ., 2001-2002)

17. Assume A, B, C are arbitrary sets. You don’t have to prove (i) anything or provide counter
examples but only state if the following statements are true or false.

@ la, 9] € la, la, o]
(ii)) fAe Band BC C,thenAe C
(@ii) IfAe Band Bc C,thenAcC
(iv) fAcBandBe C,thenAe C
(v) fAcBandBe C,thenAcC
(vi) Prove the following or provide a counter example
AUBcCcAnNnB=A=B.
(vii) Fibonacci numbers Fy, are defined by
Fo=0,F1=1,F,=F,,_1+F, 2 for all n > 2. Let the sequence of numbers G, be defined by
G1=1,G2=3,Gp,=Gn-1+Gp-2+1 for all n > 3. Prove, using induction, that G, = 2F, — 1 for all
n>1.
(viii) Use Induction to show that

2+4+6+..... +2n=n+n.

(ix) For all integers, n > 2, prove that

nili(i+1):(n(n—1)(n+l))
i=1 3
(x) Inateachingroom there are 20 seats, which are formed by 5 rows, each 4 tables wide. A certain
class using that room has 9 students.
In how many ways can these 9 students be seated in that teaching room ?
(B.Tech, Vsem. U.P. Technical. Univ., Lucknow, 2002-2003)
18. Show that
n-2 nn+1)
2
(BE (CSE), Rajiv Gandhi, Univ., May-June 2002)

19. (a) Provethat2" <n!foralln>4andn e Z*.
() How many positive integers < 100 are relatively prime to 100 ?
(Anna Univ., M.E., April 2003)

20. State the principle of inclusion and Exclusion. Determine the number of positive integers n,
1 <n <2000 that are not divisible by 2, 3 or 5 but are divisible by 7.

(Anna Univ, M.E., April 2003)

12222482224+ (-1)" 1a?=(-1 by mathematical induction.

21. IfP=la,c,e|, @ ={100, 101, 102}, R = [m, c, e, 101}, compute
(@uUP-PNnR)xR
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where U,
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—, N, X are set-theoretic binary operations. (IGNOU, MCA II yr, June 2003)

22.(a) Suppose that a department contains 10 men and 15 women. How many ways are there to form

®)

(c)

()]

(e)

23.

24.

a committee with 6 members if it must have more women than men.

A computer is used for 99 hours over a period of 12 days, an integral number of hours each day.

Show that on some pair of 2 consecutive days, the computer was used for atleast 17 hours.

Using mathematical induction prove that

2 n(n+1)@n+1)
- 6

A total of 1232 students have taken a course in Spanish, 879 have taken a course in French,

114 have taken a course in Russian. Further, 103 have taken courses in both Spanish and

French, 23 have taken courses in both Spanish and Russian. 14 have taken courses both French

and Russian. If 2092 students have taken atleast one of Spanish, French, Russian, how many

students have taken a course in all three languages.

12422+ ... +n , where n is a +ve integer.

How many ways are there to form a three letter sequence using the lettersa, b, ¢, d, e, f
(i) with repetition of letters allowed ?

(ir) without repetition and containing the lettere ?
(Anna Univ., MCA, April/ May 2003)

Define multinomial theorem.
The multinomial theorem states that for all real numbers ay, ag, ...... ,ar, n € N, we have
n
(@1+ag+...+ar)" = > at' aB? ... ak*
nitng+...tnp=n ni...ng
n n! . . . .
Here =——————, is called the multinomial coefficient
ning...nk| nina ... ng

Given real numbers a1,a2,...ar, (@1+a2+...+ap)"=(@1+a2+ ... +ar) (@1+a2+ ...

+ag)...(a1+ a2 + ... ar). After performing this product but before collecting like terms, a typical

term in this product has the from af' a3? .... a%*. The coefficient of a’1* a3? .... a}* after collecting

like terms is equal to a1, n2 factors equal to a2, so on, as we multiply the n copies of

(a1 +ag + .... ar). This is precisely the multinomial coefficient .
ning..ng

Show that if any 11 numbers are chosen from the set {1, 2, ......... , 20}, then one of them will be

a multiple of another.

Hint: Create 10 or fewer pigeon holes in a such a way that each number chosen can be assigned

to only one pigeonhole and when x and y are assigned to the same pigeonhole, either x/y ory/x.

There are 8 prime numbers between 1 and 20 but knowing that x and y are multiples of the

same prime will not guarantee that either x/y or y/x.

We try again. There are 10 odd numbers between 1 and 20. Every positive integer n = ok m,

where m is odd, 2 > 0. If 11 numbers are chosen from {1, 2, ...., 20}, then two of them must have

the same odd part, follows by pigeonhole principle.

Let n1 and ng be chosen numbers with same odd part m. That is, n1 = 2k m ; ng= 2%2 m for
same k1, kg with k1 > ko. If k1 > ko, then n1 is a multiple of ng ; Otherwise ng is a multiple of
ni.



