1 Force Systems

1.1 Definitions

Mechanics. It is the science which deals with the action of forces
on bodies.

Body. A body is a portion of matter occupying finite space. It is
thus limited in every direction.

Rigid Body. Arigid body is that which does not change its shape
or size when subjected to external forces.

Particle. It is a portion of matter which is indefinitely small in
size.

Mass. The mass of a body is the quantity of matter it contains.

Force. 1t is a pull or push, which acting on a body changes or
tends to change, the state of rest or of uniform motion of the body.

Force System. When a number of forces act on a body, they are
called a force system or a system of forces.

Plane. A plane is a surface such that if two points are taken on
the surface then the line joining these two points lies wholly in the
surface.

Coplanar Forces. When all the forces acting on a body lic in the
same plane, they are called coplanar forces.

Collinear Forces. When systems of coplanar forces have a com-
mon line of action, they are called coplanar forces.

Concurrent Forces. When system of forces intersect at a com-
mon point, then they are called concurrent forces.

Parallel Forces. When the lines of action of a system of forces
are parallel, they are called parallel forces.

Equilibrium. If a number of forces acting on a body keep it at
rest, the forces are said to be in equilibrium.

Statics. It is a science which deals with the action of forces on
bodies, the forces being so arranged that they are in equilibrium.

Scalar Quantity. A quantity which has magnitude but no
definite direction in space.

Vector Quantity. A quantity which has magnitude and a definite
direction in space.

Composition of Forces. The combination of several forces into a
single force, is called composition of forces.
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Resolution of forces. The process of splitting a force into two or
more components is called resolution of forces.

Resultant and Components. If two or more forces F|, F,, Fy,...
etc. act upon a rigid body and if a single force F can be found whose
effect upon the body is the same as that of all the forces F';, Fy, F,...,
then this force F'is called the resultant of the forces F';, F,, F,,... and
the forces F,, F,, F,..., are called the components of F.

Weight. The weight of a body is the force with which the earth
attracts the body towards its centre.

Unit of Force. In the MKS system, the unit of force is the weight
of one kilogram and is written as kgf. In the SI system of units, the
unit of force is Newton (N) (1 Newton = 0.102 kgf).

1.2 Representation of a Force
In order to completely specify a force, we require

(z) its magnitude,

(b) its point of application,

(¢) the line along which it acts, and

(d) the direction along the line of action.

Thus we can completely represent a force by a straight line
OA drawn through the point of application, O, along the line of
action of the force, the length of the line OA representing the
magnitude of the force to some arbitrarily chosen scale and the
order of the letters O, A specifying the direction of the force. It is a
customary and convenient practice to indicate the direction of the
force by putting an arrow on the line in the direction of the force.
For example, a force of 5 N acting at a point O towards right as

Point of application Direction
0%— 34
- SN “Magnitude

Fig. 1.1 Representation of a force.
shown in Fig. 1.1 can be represented by a straight line OA directed
from the point O towards the right to a conveniently chosen scale.
The line 6)4 represents a force of 5 N in magnitude, direction and
sense.

1.3 Force Systems

Force system. When a number of forces act on a body, they are
said to form a force system or system of forces.
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Classification of force systems. The force system may be
classified according to the line of action and the arrangement of
forces acting on a body, as explained below :

1. Coplanar Forces. When all the forces acting on a body lie in
the same plane, they are called coplanar forces (see Fig. 1.2 (a)).

2. Concurrent Forces. When the system of forces intersect at a
common point, they are called concurrent forces (see Fig. 1.2 (b)).

3. Non-concurrent Forces. When the system of forces do not
have a common point of application, they are called non-concurrent
forces. (see. Fig. 1.2 (¢)).

4. Collinear Forces. When all the forces of a force system are
acting along the same line, they are called collinear forces (see Fig.
1.2 (d)).

5. Non-coplanar concurrent forces. A system of forces which do
not lie in the same plane but have the same point of application are
called non-coplaner concurrent forces. For example, the tripod
stand for lifting a load shown in Fig. 1.2 (e) represents such a
system of forces.

6. Spatial forces. These forces lie in space, as the forces in a
three-dimensional truss.
Pl P2 P3

I R R A

A B
A 1k
R, R,

(a) Coplanar forces (b) Concurrent forces

F, 0, 0, F, 0, F, F, o,

@

(d) Collinear forces

B

C
(¢) Non-concurrent forces A

(e) Non-coplanar concurrent forces
Fig. 1.2 Various force systems

Two-Dimensional Force System. When a body is subjected
to a coplanar force system then the forces can be resolved along two



4 ENGINEERING MECHANICS

mutually perpendicular directions, say x-and y-axes. These two
forces are said to form a two-dimensional force system.

Three-Dimensional Force System. When a body is subjected to
a spatial force system then the forces can be resolved along three
mutually perpendicular directions, say x-, y- and z- axes. These three
forces are said to form a three dimensional force system.

1.4 Laws of Mechanics
There are six fundamental laws of mechanics as listed below :
1. Newton’s three laws of motion.
2. Newton’s law of gravitation.
3. Principle of transmissibility of force.
4. Parallelogram law of forces.
1. Newton’s three laws of motion.

(i) Newton’s first low. It states that everybody continues in
its state of rest or of uniform motion in a straight line
unless it is compelled to change that state by an external
force impressed on it. This law helps us to define a force
as the external ageney which changes or tends to change
the state of rest or of uniform linear motion of the body.
Inertia is the tendency of a body to continue in its state
of rest or of motion. Therefore, first law of motion may
be considered as the law of inertia.

(ii) Newton’s second law. It states tht the time rate of change
of momentum of a body is directly proportional to the
impressed force and takes place in the direction of the
straight line in which the force is acting on it. Thus
Force, F « Rate of change of momentum

Now momentum = mass X velocity = m X v

d
F dr (mv)

dv . .
< m —— if m is constant.

dt
o« mass X acceleration
< ma = kma

where & = constant of proportionality.
If F=1N,m=1kg. anda= 1m/s?, thenk=1
F=ma
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This law helps us to measure force quantitatively.

(iit) Newton’s third law. It states that to every action there
is an equal and opposite reaction. It means that the
forces of action and reaction between two bodies are
equal in magnitude and opposite in direction.

2. Newton’s law of gravitation

It states that the force of attraction between two bodies is
directly proportional to the product of m, m,
their masses and inversely proportional F F
to the square of the distance between 4——-@
them. Lfat m, and m, be? the masses of \ -
two bodies and r the distance between Fig. 1.3
thém, then as shown in Fig. 1.3.

. my X my mymy
Force of attraction, F' «< =G —
r r
where G = constant of preportionality and is called the universal
constant of gravitation.

Consider a body of mass m lying on the surface of the Earth of
mass M and radius R. Then

= weight of the body, W = mg
_GM
£- R

where g = acceleration due to gravity = 9.80665 m/s
3. Parallelogram law of forces

This law states that if two forces acting at a point are repre-
sented in magnitude and direction by the two adjacent sides of a
parallelogram then their resultant is represented in magnitude and
direction by the diagonal of the parallelogram. The diagonal passes
through the point of intersec- B C
tion of the two sides repre-
senting the forces. If P and @
are the two forces acting at a
point O and represented by the
sides OA and OB of a paral-
lelogram respectively, as shown
in Fig. 1.4, then their resultant
R is represented by the
diagonal OC.

(0] A
Fig. 1.4
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4. Principle of transmissibility of force
This principle states that the state of rest or of motion of a rigid
body remains unaltered if the point of application of the force acting
on the rigid body is transmitted to act at any other point along the

line of action of force.
Let F be the force acting on a rigid body acting along line «b at
point A, as shown in Fig. 1.5 (a). According to the principle of
b b

1
7

! F

(a) )
Fig. 1.5
transmissibility of force, the force F may be deemed to act at point
B on straight line ab, as shown in Fig. 1.5 (b). This will not change

the effect of force F' on the rigid body. Let us apply two equal and
opposite forces F; and F, such that F, = F, = F, at another point B

located on the body along the line of action of F. The forces F; and
F, will not disturb the equilibrium of the body being equal and
opposite, cancel each other. Now forces F' and F; being equal and
opposite cancel each other, leaving a force = F, = F' at the point B.
This proves the principle of transmissibility of a force.

1.5 S.l. System of Units

S.I. is the abbreviation for "The System International Units’,
also called the International System of Units. S.I. was formally
recognised by the Eleventh General conference of weights and
measures in 1960. This system is now being adopted throughout
the world. It consists of 7 base units, 2 supplementary units and a
number of derived units.

The base and supplementary units are given as follows in Table
1.1.
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Table 1.1 Base and supplementary units

Quantity Unit Name | S:1. Symbol ; Other permussible units
(a) | Base Units
1. | Length () metre m —
2. | Mass (m) kilogram kg —
3. | Time (t) second s —
4. | Temperature (T) Kelvin K °C (celsius)
5. | Electric current (I) Ampere A —
6. : Luminous intensity (Iv) | Candela cd —
7. | Amount of substance (n) | mole mol —
(b) | Supplementary units
1. | Plane angle (o, §, 6, ¢) Radian rad —
2. Solid angle (Q) Steradian or

below in Table 1.2.

The derived units used in Engineering Mechanics are given

Table 1.2 Derived units used in Engineering Mechanics

Physical Quantity Units Symbol
1. | Acceleration (a) metre/second? /s’
2. | Angular speed (w) radian/second? rad/s*
3. | Angular acceleration (c) radian/second? rad/s®
4. | Area (A) square metre m>
5. | Density (p) Kilogram/metre® kg/m®
6. | Energy (E) Joule J(N.m)
7. Force (F, P) Newton N
8. Length (L) metre m
9. | Moment of a force (M) newton-metre N.m
10. | Power (P) Watt W(d/s)
11. | Pressure (p) Pascal Pa(N/m?)
12. | Stress (o) newton/metre’ Pa(N/m?)
13. | Torque (T) netwon/metre N.m
14. | Velocity (v) metre/second m/s
15. | Volume (V) Cubic metre m3
16. | Work (W) Joule J(N.m)
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Prefixes used in S.I. units are given below in Table 1.3.
Table 1.3 Prefixes used in S.I. Units.

] 3 o - - - ) 5

IR IR IR A I A R A R

& ¥ | %] E|R| 2| S| ®| | BE|E| 2|~
Symbol T G| M k h | da | d c m u n p

?tandard 10'2| 10° | 10° | 103 | 10% | 10! {107 }|1072|107%|107%|107?|10" 2
orm

1.6 Parallelogram Law of Forces

This law states that if two forces acting at a point be repre-
sented in magnitude and direction by the adjacent sides of a paral-
lelogram, their resultant is represented in magnitude and direction
by the diagonal of the parallelogram passing through that point.

Suppose that two forces F; and F, (Fig. 1.6) acting at a point O
be represented in magnitude and direction by the sides OA and
OB respectively of a parallelogram, their resultant F, is then repre-
sented completely by the diagonal OC of the parallelogram OACB.

In the vector notation form the parallelogram law of forces can
be written as :

OA + OB=0C
or ﬁ]-{—?:ﬁ
or F,+F,=F

where — stands for the vectorial sum.

%
BRRREEESER o)

4
kS

Fig. 1.6 Parallelogram law of forces

Cor. 1: Let the diagonal AB meet the diagonal OC in D. Then D

is the middle point of OC. The resultant F is therefore represented
by 20D (Fig. 1.7).

Hence the resultant of two forces F,, F;, represented in
magnitude and direction by the sides OA and OB of a triangle OAB
is represented in magnitude and direction by 20D, where D is the
middle point of the side AB.
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Cor2:IfF, =F,, then OA = OB and OD becomes the bisector of
the angle AOB.

Hence the resultant of two equal forces bisects the angle
between them.

1.7 Resultant of Two Forces Acting at a Point

Let two forces F, and F, acting at an angle a at a point O of a

rigid body be represented in magnitude and direction by the two
sides OA and OB of the parallelogram OACB, then the resultant ¥
is represented by the diagonal OC.

To calculate the resultant F analytically, draw CD
perpendicular to OA produced as shown in Fig. 1.8.

0 F,A D
Fig. 1.8 Resultant of two forces.
Now OD=0OA+AD=0A+ACcosoa=F,+F,cosa
CD=ACsino =F, sin a
(OC)? = (OD)? + (DC)?
F* = (F, + F, cos a)? + (F, sin a)?
=F2+F,”+2F, F,cosa
or F=\F?*+F,”+2F, F, cos a .(1.1)

If 0 is the angle which the resultant F makes with F;, then we
have

CD__CD __ Fysina
tan 0= D =0A+AD " F,+F,cosa
_1[ Fosina
0 = tan ...(1.2)

Fi+Fycos a
Cor. 1 : If the forces F; and F, are perpendicular to each other,
iLe., a =90°, then

F.
F=\F2+F,” andtan 6 = FZ
1
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Cor. 2 : If the forces F'; and F, are equal, then
F=\F?+F®+2F cosa
=F,V2 (1 +cosa)
=F, W=2F1 cos o./2
Fsina
F,+F,cosa

tan 0 =

_2sina/2coso/2
2 cos® a./2

=tan o./2

(03
0="5

Hence the resultant of two equal forces acting at an angle
bisects the angle between the forces.

Cor. 3: If the two forces F'; and F, act in the same direction, i.e.,
o =0°, then
F=F,+F, and 6=0
Thus the resultant of two forces acting along the same direction

is equal to their sum and acts in the direction of the forces. This is
also the greatest value of the resultant of two forces.

Cor 4 : If the two forces F'; and F, act in opposite directions, i.e.,

o = 180°, then
F=F,-F,if F{>F,) or F,-F,(Gf(F,<Fy)

and 6=0.
Thus the resultant of two forces acting in the opposite directions
is equal to their difference and acts in the direction of the bigger
force. This is also the least value of the resultant of two forces.

Example 1.1 The greatest possible resultant of two forces F,
and Fy is m times the least. Show that the angle o between them
when their resultant is half their sum, is given by

m?+2

2m®-1)

Solution. The greatest possible resultant of F; and
Fy=F,+F,

The least possible resultant of F; and Fy = F'; = Fy (F; > F,)

cos A =
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Thus Fi+Fy=m (F,-F,)

m+1
or Fl:m—l

Fy

when the angle between F; and F, is o, the resultant is
;3 (Fy + Fy). Hence

(2 (F,+Fpl?=F,> + F)* + 2F, Fy cos
L(F?+Fy" +2F, Fy) - (F* + Fy)

cos o= oF. T,
_2F, Fy-3(F>+F,)
- 8F, F,
2
m+1l),2 (m+1 2 2
2(}n—1)F2 3(171—1) Fy" - 3F,
8 m+1 F,?
m-1
_2m’-1)-3(m+1°-3(m-1)>
8(n12—1)
—4m2—8_ m*+2

8(n12—1)-_2(n12—1)

Example 1.2 Two forces of 40 N and 50 N act at a point at an
angle of 60°. Determine their resultant in magnitude and direction.

Solution. Here F; =40 N, F, =50 N, o = 60°

Now F=\F?+F," +2FF, cos
=(40)? + (50)% + 2 x 40 x 50 x cos 60°
=1600 + 2500 + 2000
=v6100 = 78.10 N

0 - tan-] F, sin a
F,+F,cosa

.. -1 _50sin60° ) .
=tan [40 50 cos 60°J =tan " 0.66617

0=33.67°

Example 1.3 Two forces act along the sides OA and OB of a
triangle OAB, their magnitudes being proportional to cos o and cos
B. Prove that their resultant is proportional to sin y and its direction
divides the angle yinto two parts ; (y+ B — ), L (y + o~ B).
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Solution. Here F; =k cos o, F, = k cos 3, where k is a constant.
Let 6 be the angle which the resultant makes with OA. Then from
Fig. 1.9, we have

F*=F%+F,”+2F F,cosy
where y=ZAOB
F? = 12 (cos® o + cos® B + 2 cos o cos P cos ¥)

o F
Fig. 1.9

Now cos® o + cos® B + cos® y =1 - 2 cos o cos P cos y
F, =k% (1 - cos®y) = k% sin®y

Hence F ocsiny
Now tan 0 = k cos B siny
k cos o+ k cos P cos ¥
_ cos B siny
" cos o+ cos fB cos ¥
_ cos B siny
“cos [m— (B +7)] +cos Bcosy
_ cos f3 sin y
~cos (B+7y)+cosPcosy
3 cos f3 sin y

—cos B cos y + sin P sin y + cos § cos y

=cotB=tan(-g——B

_T_
=3 B
=2(+B+y-B
=1(@+Y-PB)
ZBOD =y-1(a+Y-p)
=2B+y-o

Example 1.4 A rigid body is subjected to two forces of 50 N and
40 N acting at 60°. Calculate their resultant in magnitude and

direction.
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Solution. Given P=50 N, @ =40 N, a. =60°

Resultant R=VP?+ @+ 2PQ cos o
=V50% + 40% + 2 x 50 x 40 x cos 60° =78.1 N
__@sino sina
tane—P+Qcosoc_ P
6 + cos o
sin60° _ 0.866 _ 0.866
50 T125+05 175 0.4987
— + cos 60°
40
0 =26.33°.

Example 1.5 The resultant of two forces P and @ is R. If one of
the forces is reversed in direction, then the resultant becomes S.
Prove that

R2+8%=2P?+ @
Solution. Let o = angle between the forces P and Q.

Then R =VP? + Q° + 2PQ cos o
Let @ be reversed in direction
Then S=VP"+ (- Q)° + 2P x (- Q) X cos «.

=VP* + @* - 2PQ cos o
R%+8%=(P%+ Q%+ 2PQ cos )
+(P?+Q%-2PQ cos 0) = 2 (P* + Q%
Hence Proved.

Example 1.6 The resultant of two forces 3P and 2P is R. If the
first force is doubled the resultant is also doubled. Calculate the
angle between the forces.

Solution. Let o = angle between the forces

R =73P)% + (2P)% + 2 x 3P x 2P x cos 0.
=V9P? + 4P% + 12P% cos o
=P~13+12cos a ..(1)
2R = V(6P)* + (2P)° + 2 x 6P x 2P x cos .

=V36P% + 4P? + 24P cos o
=P ~N40 + 24 cos oo = 2P V10 + 6 cos o
or R=P~N10 +6 cos a ...(2)

Comparing equation (1) and (2), we have
13 +12 cos o = 10 + 6 cos a
6cosa=-3
cosa=-0.5
a =120°
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Example 1.7 Two equal forces act a point. If the square of their
resultant is equal to three times of their product, then calculate the
angle between them.

Solution. Let each force = P and o the angle between them.

Resultant, R =\P?+ P?>+ 2P cos o = 2P cos [ a )

2
R?>=3xPxP
4P? cos? % = 3p?
cos ( % ] =0.75 = 0.866
a o
5 =30
o = 60°

Example 1.8 Two forces when acting at right angles produce
resultant of V10 N and when acting at 60° produce a resultant of
V13 N. Find the two froces.

Solution. Let the two forces be P and Q.

When a=90°, R=VP?+ Q2

10 =P+ @2 (1)
When a=60°,R*=P%+ Q2 + 2PQ cos 60°

13 = P2+ Q2 + 2PQ cos 60° (2)

Substituting equation (1) in (2), we have
13 =10+ 2PQ x 0.5
3=PQ
Let ®@=1N,thenP=3N
Example 1.9 Two forces equal to Pand 2P act on a rigid body.
When the first force is increased by 100 N and the second force is
doubled, the direction of the resultant remains unaltered. Determine
the value of force P.
Solution. Let o = angle between the forces
0 = angle between the resultant force and P
2Psina~ 2sina

tane:P+2Pcos0L"1+2cosa A1)
When P becomes (P + 100) N and 2P becomes 4P, then
4P
tan 0 = .(2)

(P + 100) + (4P cos o)
Comparing equation (1) and (2), we have

2sino 4P sin a
1+2coso (P + 100) + 4P cos o
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D ) S
1+2cosa (P +100) + 4P cos o
P + 100 + 4P cos ¢.= 2P + 4P cos o
P +100=2P
P=100N
Example 1.10 The resultunt of two forces, one of which is
double the other, is 300 N. If the direction of the lurger force is
reversed and the other remains unaltered, the resultant reduces to
150 N. Determine the magnitude of the forces und the ungle between
them.
Solution. Let the smaller force be cqual to P and the larger
force equal to 2P.

Also let o = angle between the forces. Then
Resultant force, R?>=P%+(2P)* + 2P + 2P cos
=P? + 4P + 4P cos a

300=PV5+4 cos u (1)
When the direction of larger force is reversed,

150 = VP° + (- 2P)2+ 2P x (- 2P) x cos o
=P5-4cosa ...(2)

Dividing equation (1) by (2), we have

“V5- 4 cos o

or 4(5-4cosu)=5+4cosa
20-16cos =5+ 4 cos

20 cos =15

cos 0.=0.75
o=41.4°
From equation (1), we have
300 = P\5+4%0.75 =8 P

300
P= 78 = 106.07 N

4

1.8 Components of a Force in Two given Directions

Let OC represent the force F in magnitude and direction
making an angle o with OX as shown in Fig. 1.10. Let OY be the
other direction making an angle 3 with OC. Draw CA and CB
parallel to OY and OX respectively to meet OX in A and OY in B.
Then OACB is a parallelogram and OA and OB are the required
components.
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Fig. 1.10 Components of a force.

In AOAC, #OCA =8
Hence ZOAC=7n- (o + )

Using the sine formula, we get

0A _ AC ___ OC
sinB~ sina  sin [n - (o + B)]
Hence 0A=-LSnB_ .A1.3)
sin (o + B)
F sin a
OB =AC = sin (@ + B) ..(1.4)

1.9 Resolved Part of a Force in a given Direction

The resolved part of a force in a given direction is the component
in that direction, which with a component in a direction
perpendicular to the given direction is equivalent to the given force.

Y
C
. .
Fi
6 E
(0] F X

Fig. 1.11 Resolved parts of a force.

Consider a force F represented in magnitude and direction by
OC making an angle 6 with OX as shown in Fig. 1.11. Then the
resolved part of the force F along OX is given by

F,=Fcos® ..(1.5),
The resolved part of F along OY which is perpendicular to OX is
F,=Fsin8 ..(1.6)

Hence the resolved part of a force in a given direction is obtained
by multiplying the given force by the cosine of the angle between
the line of action of the given force and the given direction.
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AC _F,
tan 0 = m = ‘F,l
and F-= \lif + Ff,

Similarly a force F acting on
an inclined plane can be resolved
into two rectangular com-
ponents, as shown in Fig. 1.12.

Example 1.11 A rigid body Fig. 1.12
is subjected to two forces as
shown in Fig. 1.13. Calculate their resultant and the angle made by
the resultant with the x-axis.

y

t

200 N

o)
Fig. 1.13

Solution. Resolving the forces along x and y-axes, we have
XF, =200 cos 30° + 240 cos 150°
=200 x 0.86€ + 240 x (- 0.866)
=-34.641 N.
XFy = 200 sin 30° + 240 sin 150°
=200x0.5+240x0.5=220 N
Resultant, R =V(ZF)"+ (EF))°

=V(-34.641)° + 220° = 227.71 N

IF, 220
tanO—XFA\.-m——G.35
0 =-81.05°

Angle made by resultant with x-axis = 180° - 81.05° = 98.95°
cew from x-axis.

1.10 Theorem of Resolved Parts

This theorem states that the algebraic sum of the resolved
parts of any two forces F; and F, in any direction is equal to the

resolved part of their resultant in that direction.
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Let F'; and F), be the two forces represented in magnitude and

direction by OA and OB, respectively. Let OX be the direction along
which the forces are to be resolved, as shown in Fig. 1.14
Cc

.
O D HG X

Fig. 1.14 Resolved parts of forces.

Complete the parallelogram OACB. The resultant of forces F,
and F, is OC = F. Draw BD, AH and CG perpendicular on OX. Also
draw AF perpendicular on CG.

Then OH, OD and OG are the resolved parts of F';, F, and F’
respectively. The two triangles OBD and AEC being congruent,

OD = AE = HG

Hence OH+OD=O0OH +HG=0G

1.10.1 Extension of the Theorem of Resolved Parts

The algebraic sum of the resolved parts of any number of on
current forces in any direction is equal to the resolved parts of their
resultant in that direction.

1.11 Resultant of Any Number of Forces
Let F,, F,, F, ... F, be the n-forces acting on a body at a point
O in directions a,, dy, 3, ..., &, with OX. Let F be their resultant

making an angle 6 with OX (Fig. 1.15). Resolving the forces
horizontally and vertically, we get

Fy=Fcos®=F,cosa;+Fycosay+..+F, cosa,
Fy=Fsin6=F,;sina, + Fysinay+ ... +F, sino,
Squaring and adding, we get
F= JFH + FV~

tan@=F,/Fy
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F, Y

Fig. 1.15 Resultant of many forces.

Thus, the resultant force can be determined in magnitude and
direction.
Now F? = (F| cos o, + Fy cos 0 + ... + F, cos a,)?
+(F, sin o) + Fy sir oy + ... + F, sin a,)?
=F,2cos® o, + Fy? cos® 0y + ... + 2F) F cos @) €OS Oy + ..
+F\%sin® o, + F,? sin® agt ...
+2F, Fysin o sin oy + ...
=F2+F+ .. +F2+2F F,cos (0 - )
+2F, F3cos {03 - 0y) + ...
n
2 <
= ) [F*+2F,F;cos (a; - a,)]
ij=1
n
2
F=1{Y [F?+2F, F; cos (o - o))
ij=1
Example 1.12 The forces acting at a point O are as shown in
Fig. 1.16. Determine their resultant in magnitude and direction.

60 N

40N )4

d 50 N
120 60°
30°

X

0

Fig. 1.16

Solution. («¢) Analytical Method—Resolving the forces horizon-
tally and vertically, we get
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F}; =50 cos 30° + 60 cos 60° + 40 cos 120°

1,3 1 1
=50 2+60x2—40x2

=43.30+30-20=53.3N
F,, =50 sin 30° + 60 sin 60° + 40 sin 120°

_ 1 3 1/2
—50x2+60x2+40x 9

=25+51.96+34.64 =111.60 N
F=\F,” + F,* =V(53.30)* + (111.60)°
=2840.89 + 12454.78 = V15295.67 = 123.67 N

0=6447°
(b) Graphical Method (Fig. 1.17)—Take a scale of 1 cm = 10 N. Draw
OA =5 cm making an angle of 30° with OX. At A draw AB =6 cm at 60°
with horizontal at A. At B draw BC =4 cm at 120° with horizontal at
B. Join OC. Then OC represents the resultant force in magnitude
and direction. On measurement, we get OC =12.4 cm. Hence
F =124 N. £ZXOC =6 =65°

Cc

/

(2]
(3]
o

Scalelcm =10 N
Fig. 1.17

Ow-----
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Example 1.13 Three forces acting at a point are parallel to the
sides of a triangle ABC, taken in order, und are proportional to the
consines of the opposite angles. Show that their resultant is propor-
tional to

(1 -8 cos A cos B cos C)I’/g
A

kcos C k cos B

B k cos A c
Fig. 1.18

Solution. The forces acting along the sides of the triangle are
shown in Fig. 1.18, where % is a constant. Resolving along and
perpendicular to BC, we get

Fy=kcosA-kcosB-cosC-kcosC-cosB
=k (cos A - 2 cos B cos C)
=k [cos A - {cos (C - B) + cos (C + B)}]
=k [2cos A - cos (C - B)] [ C+B=n-A]
Fy=kcosBsinC-kcosC-sinB
=k (cos B sin C - cos C sin B) =k sin (C - B)
F=\F,2+F}
=k [{2 cos A - cos (C - B))? + sin? (C - B)]'"?
=k ({4 cos® A + cos® (C - B) -4 cos A cos (C - B)}
+sin?(C - B)]"?
=k [1+4cos®A -4 cos A cos (C - B))?
=k [1+4cosA {cos A - cos (C - B)}]/?
=k [1+4cosA {-cos (c +B) - cos (C - B)})"?
=k [1-4cosA {2cos C cos B}]'"?
=k [1 -8 cos A cos B cos C]'/?
Hence F o< (1 -8 cos A cos B cos C)'2

Example 1.14 Calculate the resultant in magnitude and direc-
tion of the system of concurrent and coplanar forces shown in Fig.
1.19.
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5P

o 120°
210 op

330° (0] 15°

4P 3p

Fig. 1.19
Solution. Given: F; = 2P, F, = 5P, F3 = 4P, F = 3P
a; = 45°, oy = 120°, 03 = 210°, o = 330°

4
YF, =3 Fcosq

i=1
=P [2 cos 45° + 5 cos 120° + 4 cos 210° + 3 cos 330°]
=-1952P

4
i=1
=P [2 sin 45° + 5 sin 120° + 4 sin 210° + 3 sin 330°]
=224 P
Resultant force,

R= V(ZFX)Q + ().“.Fy)2
=P (- 1.952)% + (2.244)° =2.974 P

SF
0=tan‘1{z—FZ:l=tan“l[%%}ztan'l(— 1.1496)

X

= - 48.98° or 131.02° ccw from x-axis
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Example 1.15 Figure 1.20 200N 200 N
shows the forces acting on a block
resting on an inclined plane.
Determine the value of 0 for
which the resultant of the forces
is directed parallel to the inclined
plane.

Solution. As the resultant is
directed parallel to the x-axis, so Fig. 1.20
the resolved part of the forces
along y-axis is zero.

3
ZF).=EFl-sina,=0
i=1
200 s1in 0 + 200 sin 50° - 400 sin 30° =0
sin O + sin 50° - 2 sin 30° =
sin®=2x0.5-0.766 = 0.234
0=13.53°

Example 1.16 Five forces are acting on a regular hexagon at an
angular point as shown in Fig. 1.21. Calculate their resultant in
magnitude and direction.

y

C
D
40N
50 N
B
E% 60N 30 N
120°
60°
30° A
0 20 N

Fig. 1.21
Solution. Let OABCDE be the regular hexagon.
Given: F=20N,F,=30N,F;=40N,F,=50N, F, =60 N
o, =0° 0y =30° 03 = 60° o, = 90°, otz = 120°
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5
IF, =Y F;cos
i=1
= 20 cos 0° + 30 cos 30° + 40 cos 60° + 50 cos 90° + 60 cos 120°

=35.98 N
5

ZFy:EFi Sin OLi
i=1
= 20 sin 0° + 30 sin 30° + 40 sin 60° + 50 sin 90° + 60 sin 120°
=151.60 N

Resultant force,
R =V(ZF)* + (IF,)* =(35.98)" + (151.60)* = 155.8 N

_1| ZF _1| 151.60
— =7y | 1 . _ -1
0 =tan I: F, } tan [ 35.08 tan™ ~ 4.21345

6 =76.648°

1.12 Triangle Law of Forces

This law states that if three forces acting at a point be repre-
sented in magnitude and direction by the sides of a triangle taken
in order, they will be in equilibrium.

Let the forces F, F, and F acting at the point O be represented
in magnitude and direction by the sides AB, BC and CA respective-
ly of a triangle ABC. Complete the parallelogram ABCD (Fig. 1.22).
By the parallelogram law of forces, the resultant of AB and AD is
represented by AC.
F,

Fs (@) )

(a) ®)
Fig. 1.22 Triangle law of forces.

The resultant of AB, BC and CA

= the resultant of AB, AD and CA
= the resultant of AC and CA
= zero
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Hence the forces F,, Fy, F5 are in equilibrium.

Cor. 1 : The resultant of forces AB and BC
= the resultant of AB and AD = AC.

Hence, if two concurrent forces acting at a point be represented
in magnitude and direction by the sides of a triangle taken in the
same order, their resultant is represented by the third side of the
triangle in magnitude and direction taken in the opposite order, i.e.,

AB+BC=AC

1.12.1 Converse of the Triangle Law of Forces

If three concurrent forces acting at a point be in equilibrium,
they can be represented in magnitude and direction by the sides of
any triangle taken in order, which is drawn so as to have its sides
respectively parallel to the directions of the forces.

1.13 Lami’s Theorem

This theorem states that if three coplanar forces acting at a
point are in equilibrium, each is proportional to the sine of the
angle between the other two forces

Fy

F3 (a) (b)

Fig. 1.23 Lami’s theorem.

Let the forces F,, Fy F5 acting at a point O as shown in Fig. 1.23

be in equilibrium. Draw a A ABC whose sides AR, BC and CA are
respectively parallel to the forces F}, F, and F;. These sides repre-

sent the three forces in magnitude and direction.

Now ZABC=m -y
/BCA=n-aqa
LCAB=n-03

Using the sine formula, we have
AB  BC CA

sin BCA ~ sin CAB ~ sin ABC
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Fy ___F, _ F5
sin(mn-o) sin(T-P) sin(n-7Y)
F F. F
L2 o3 (LT
sina sinf siny
Hence each force is proportional to the sine of the angle be-
tween the other two forces.

or

1.13.1 Converse of Lami’s Theorem

If three coplanar forces acting at a point are such that each is
proportional to the sine of the angle between the other two forces,
the forces are in equilibrium.

1.14 Polygon Law of Forces

This law states that if any number of forces acting at a point be
represented in magnitude and direction by the sides of a polygon
taken in crder, the forces shall be in equilibrium.

(a)
Fig. 1.24 Polygon law of forces.

Let the forces F, F, ..., F5 act at a point O as shown in Fig. 1.24
(a). Let the sides AB, BC, CD, DE and EA represent these forces in
magnitude and direction. Join AC and AD as shown in Fig. 1.24 (b).
Then AB+BC=AC
- AB+BC+CD=AC+CD=AD
AB+BC+CD+DE+EA=AD +DE+EA
=AE+EA=0
Hence, the forces are in equilibrium.
Cor. 1 : If any number of concurrent forces acting at a point be
represented in magnitude and direction by the sides of a polygon
taken in order, then the resultant is represented in magnitude and



FORCE SYSTEMS 27

direction by the closing side of the polygon taken in the reverse
order.

Example 1.17 A weight of 5 N hangs by u string from a fixed
point. The string is drawn out of the vertical by applying a force of
2.5 N to the weight. In what direction must this force be applied in
order that, in equilibrium, the
deflection of the string from the ver-
tical may have its greatest value.
What is the amount of the greatest
deflection ? Find also the tension in
the string.

Solution. Let the force of 2.5 N
be applied in a direction making an
angle o with the string. Let the
deflection of the string from the ver- 5N
tical be 6 and T be the tension in the Fig. 1.25
string as shown in Fig. 1.25

25N

n—(a—-0)

Using Lami’s theorem, we get

T 5 25
sin [t - (¢ -0)] ~ sino  sin (n - 0)
T 5 25

sin (@ -0) sino  sin®

. 1 .
Hence sin 0 = 5 sin o

0 will be maximum when o is maximum, which is so when
o =90°

Hence sin @ = %
or 6 =230°
Also T-= §-§—in—.@—_—92 =5 sin (90° - 0)
sin a
=5sin60°=5xi2~3~=4.33N

Example 1.18 A light rod BC of length ‘a’ is suspended from a
fixed point A by means of two light strings AB and AC of lengths c
and b respectively. If two weights each equal to W, are suspended at
B and C, show that in the position of equilibrium the tensions of the
strings are proportional to their lengths and that the thrust in the
rod is of magnitude

aW
Vob? + 267 — o°
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Solution. In the position of A
equilibrium, let the rod be in-
clined at an angle 6 to the verti-
cal, as shown in Fig. 1.26. Let i
b
T T,

the tensions in AC and AB be ¢

T, and T, respectively and let
T be the thrust in the rod BC. /

For the equilibrium of point

2

B, using Lami’s theorem, we get

B
T T, %— al2 —»;G<— al2 _‘.{\

sin (0 + a) sin0  sin o

Fig. 1.26
_Wsin(©+a) _sin(n-f) _ sin B
- sin a sin a sm o
BG
Hence T= WAG
Now BG = 5 «
and 2 (AG)? + 2 (BG)? = (AB)’ + (AC)?
AG=-2‘- 267+ 22 - a°
1
~a
Hence T= W 2 5 aW2 v
2b2+202—a2 V22 —a
Also  T,- —W—. in0
°  sina
SimilarlyT, = Wsin 0
siny

Ty sina b

T, siny c

Hence, the tensions in the strings are proportional to their
lengths.

Example 1.19 Two small smooth rings each of weight w are free
to slide along a fixed circular wire of radius ‘a’ in a vertical plane.
The rings are joined by a light inextensible string of length
2b (< 2a), on which slides a smooth ring of weight W. Prove that
when the system is in equilibrium, with the two rings on opposite
sides of the vertical diameter, the distance of the ring W from the
centre of the wire must be equal to

1/2
w (a —bz)
w+W
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Solution. The equilibrium
position of the system is shown in
Fig. 1.27. The weight W will be
vertically above the centre O and
A, B will be at equal heights.

Let the tension in the string
be T and the reaction of the wire
be R. Let the string be inclined
to the vertical at an angle 6 and
let ZCOB=¢, OC=y. Also
OA=0B=aand AC=BC=b.

a b y
In ABOC sin® sin¢ sin (8 - ¢)
For the equilibrium of point C, we have Fig. 1.27
W=2Tcos 6
For the equilibrium of ring B, we have by Lami’s theorem
w T
sin (6 - ¢) sin ¢
__wsin¢
" sin (0 - 9)
2w sin o cos 0 2wb
Hence = ein ©-0) = p s 0
_2wb| bE+y'-dt
Ty | 2y

YW =-w b2 +y?-d?
(w + W)y2=w(a2—b2)

1/2

_|wie®-0%

Y T wrw
Example 1.20 Three equal
strings of no sensible weight are T

knotted together to form anx? 135° 135°
equilateral triangle ABC and a T. T3/7/
weight W is suspended from A. If the
triangle and weight be supported
with BC horizontal, by means of two
strings at B and C, each at an angle
of 135° with BC, show that tension

inBCis{W (3~ V3).

Solution. Let the tensions in
the strings be as shown in Fig. 1.28
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For the equilibrium of point A, we have

n, w
sin 150° ~ sin 60°
_wsin150° W
=W sin 60° ~ V3
For the equilibrium of point B, we have
T, T,

sin 165°  sin 135°
V@3) -1
sin 165° W 2v2

Tz Tign135° = V3 1
V2
_W@E3)-1) WE-N@3)
T3 T 6

Example 1.21 ABCD is a string suspended from points A and
D and carries a weight of 5 N at B
and a weight of W N at C. The
inclination to the vertical of AB
und CD are 45° and 30° respective-
ly and angle ABC is 165°. Find W
and the tensions in the different
parts of the string.

Solution. Let T, Ty and T5 be

the tensions in the parts AB, BC
and CD respectively, as shown in

Fig. 1.29. For the cquilibrium of Fig. 1.29
point B, we have
Tl T2 5

sin 60°  sin 135°  sin 165°
_ 5 sin 60° _ 5x0.86602

155 Gn165° - 025882 1078 N
_sin 135° _5x0.70710 _
225 G 165° - o25s82 - 366N
For the equilibrium of point C, we have
T3 W
sin 150°  sin 120° ~ sin 90°
_p 8in 120" _ NB3) 2 _
1= Ty S zoe = 13.66 % Vg x T =23.66 N
T, sin 90°
_Ipsi _13.66x1:27‘32N

" sin150° T 05
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Example 1.22 Four smooii pegs A, 4 a B
B, C, D ure fixed in a vertical wall. ABCD a
is a square with two sides horizontal. An
endless string of length | (> 4a, where a is
the length of one side of the square) passes
over the pegs and a weight W is free to @
slide on the lowest part of the string. Show
that the tension in the string is

W1 -3a) pl al2 g
2% - 6al + 8a* 040

Solution. The weight W will be in T '0 T

equilibrium, as shown in Fig. 1.30

W

DO = % (I -3a) Fig. 1.30

EO =\(DO)* - (DE)” =1 (I - 3a)’ - 14
- % VIZ+ 842 - 6al

Let T be the tension in the string. For the equilibrium of point

1
1

O, we have
17 + 84% - 6al
_ _onEO _,m2
W—2Tc056—2TD0—2T %(l—3a)
T= W ({ - 3a)

2VI* - 6al + 8d”
Example 1.23 A fine string ABCDE whose extremity A is fixed
has weights W, and W, attached to it at B and C and passes over a
smooth pulley at D carrying a weight of 20 N at the free end E. If in
the position of equilibrium, BC is horizontal and AB, CD make
angles 60° and 30° respectively with the vertical, find
(a) tensions in the portions AB, BC, CD and DE
(b) the value of the
weights W, and
W,, and

(c) the pressure on A
the pulley axis.

Solution. Since the
string passes over a smooth
pulley at D, the tension in
CD portion of string is 20 N.
Let the tensions in AB and
BC be T, and T, respectively,
as shown in Fig. 1.31
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For the equilibrium of point B, we have
Tl T2 W

sin 90° ~ sin 120° ~ sin 150°

and for the equilibrium of point C,

T, 20 W
sin 150° ~ sin 90° ~ sin 120°
Hence W,=20xS0120° 54 N8/2 173N
sin 90° 2
sin 150° 1
Ty =20 x in 90° —2O><2—10N

sin 90°  10x 2 -
Thus T1~T2><Sin 190°- 3 =11.55N

B sin 150° _ 1.2 .
Wl_szsin 1200-10x2x\,3—5.771\

Pressure on the pulley

F =(20)% + (20)® + 2 x 20 x 20 x cos 30°

=20 \/2+2><\'3/2 =20V2+V3 =386 N

Example 1.24 A steel ball of weight 250 N rests upon a smooth
horizontal table. Two ropes AB and AC are attached to the centre of
the ball and pass over frictionless pulleys at B anc C and carry loads
of 150 N and 200 N as shown in Fig. 1.32. If the rope AB is
horizontal, find (a) the angle © that the rope AC makes with the

horizontal, and (b) the pressure between the ball and the table.

C
Rope ~
Ball
B A 0
7%7777 200 N
- Table 25‘0 N A
150 N 150 N 3
‘) (b) 250 N

Fig. 1.32

200 N
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Solution. (a) The forces acting on the ball are shown in Fig.
1.32 (b).
Resolving the forces horizontally, we have
200 cos 6 = 150
cos 0=0.75
0=414°
(b) Let R = pressure between the ball and table
Resolving the forces on ball vertically, we have
R =250 -200sin 41.4°=117.74 N

Example 1.25 A string of length 60 cm is tied to two supports
at the same level and 40 cm
apart. A smooth ring of weight f‘\ 40 cm “.'
400 N s tied to the string at 40 A e— D
cm from the left end and pulled
by a horizontul force P. Deter-
mine the magnitude of force P,
assuming that tensions in the
string on both sides of ring are
same.

Solution. The ring string
system is shown in Fig. 1.33.

AD’ = AC? - CD? 400 N
or CD?= AC? - AD? Fig. 1.33
and CD® = BC? - BD?

AC? - AD? = BC® - BD®
40° - AD* = 20 - (AB - AD)?
1600 - AD? = 400 - (40 ~ AD)?
=400 - 1600 - AD”> - 80 x AD
2800

AD = ‘%- =35 cm

CD =V40% - 352 = 19.365 cm
BD=40-35=5cm

tan o = CD = 19365~ 1.807
o = 61.04°
BD 5
tan B = =5 = 19,365 = 0-258
B = 14.48°

a+=61.04 + 1448 = 75.52°
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Resolving forces at C horizontally, we have
P + T cos (90° - B) = T cos (90° - o)
P + T cos 75.52° = T cos 28.96°

P =T (0.87496 - 0.25004) = 0.62492 T

Resolving forces vertically at C,

T (cos o + cos B) = 400
T (cos 61.04° + cos 14.48°) = 400
400
T 1.4524 275.4N
P=062492x275.4=172.1 N

Example 1.26 A
weight of 25 N is
suspended by two strings 5
m and 10 m long. The
other ends of the strings
are fastened to the ends of
a rod of 12 m length. The
rod is kept in such a posi-
tion that the weight hangs
tmmediately below the
middle point of the rod.
Determine the tensions in
the strings.

Solution. Given :

AB=12m
AD=DB=6m
AC=5m,BC=10m )
Fig. 1.34
Let

T, = tension in string BC
T, = tension in string AC
Draw the Fig. 1.34 as follows :

1. Draw a vertical line y-y.
2. Choose a point C on y-y.

3. Draw two arcs with radii 5 m and 10 m to a convenient

scale.

4. Draw a straight line AB by selecting a point A on 5 m arc
and point B on 10 m arc such that point D is on line y-y

and AD =DB =6 m.
5. Join A and C and B and C.
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6. Measure /ACD = =75° and /BCD =3 = 30°.
Then /{ACB = o +p = 105°
/ACE = 105°, / BCE = 150°
Applying Lami’s theorem, we have
25 T, T,

sin 105° ~ sin 105° ~ sin 105°
T,=25N
sin 150°
Tp=26x 52 =1294N
Example 1.27 A ladder of weight 200 N rests against a smooth

vertical wall at a height of 5 m above the ground. The foot of the
ladder is 2 m from the wall. Assuming the ground to be rough,
determine the pressure due to the wall and the ground.

Solution. The ladder system is shown in Fig. 1.35 (a).

R,
j / B _
2 D T
i L
H V
! ,
9.:" [ |/~ Wall
Va4 R,
Ladder H ;
! 4
L
G 9 5m N
L/
L
% 101.31°
L/
Y200N [ R D )168.69°
H L
i Ground ;J_ Ore
A E C
fe—2m—r 200 N

(a) )
Fig. 1.35

Length of ladder, AB = VAC? + BC?
=V22+ 5% =\29 =5.385 m

AE=EC=1m
AE _AE 1 _
tan 6=5x=35=% =02

6=11.31°
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Applying Lami’s theorem at point D (Fig. 1.35 b) we have

200 R, R
sin 101.31° ~ sin 90°  sin 168.69°
sin 90°
R, =200 x == 000 = 203.96 N
sin 168.69°
Ry =200x 5 Hor.31° - 40N

1.15 Applied and Non-applied Forces

The various forces which may act on a rigid body can be clas-
sified into two groups as given below :

1. Applied forces

2. Non-applied forces

1. Applied Forces. These are the forces applied externally to
a rigid body. They are also called external forces or action.
They arise due to the contact with the body. Depending upon
the type of contact with the body, the applied forces may be
classified as follows :

() Point forces (ii) Distributed forces.
(i) Point force. It is the force which has make point

(i)

contact with the body. Practically there is no force
which may have point contact with the body. How-
ever, when the contact area is so small as compared
to the dimensions of the body, it may be considered
as a point contact for solving the problem. Some
examples of point forces are :

(a) A sphere lying on a table.

(b) A man standing on a.ladder.

(¢) A fan hanging from the ceiling.

(d) A weight being lifted by a crane hook.

Distributed Forces. These forces are distributed over

a line, surface area or volume. Correspondingly they

are known as linear, surface and body forces.

(a) Linear Forces. A linear force acts along a line on
the body. It is usually represented with abscissa
representing the position on the body and or-
dinate representing the magnitude of the load.
It is generally said to be a uniformly distributed
load (udl). A common example of such a force is
a beam subjected to udl. The force on an elemen-
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tary length dl is dF = w.dl, where w = ud!l per
unit length.

(b) Surface Force. A force acting on the surface area
of a body is called a surface force. It arises due
to the contact between two bodies. The stress in
a body is the outcome of surface force. The sur-
face froce is defined as the force per unit area.
The weight of a block lying on a table is a surface
force. A man sitting on a chair gives rise to
surface force on the chair. The hydrostatic pres-
sure on a dam is the surface force.

Surface force, dF = 6 x dA where ¢ = stress.

(¢) Body Force. This force is defined either per unit
mass or per unit volume. Such a force acts on the
whole body. Some examples of body force are :
gravitational force, electrostatic force, magnetic
force, etc.

Body force, dF =y xdV
where y = force per unit volume.

2. Non-Applied Forces. There are two types of non-applied

forces :
(i) Self weight, and (it) Reactions
(i) Self Weight. The weight of a body is due to the

(i)

gravitational pull of the Earth. The self weight of a
body is given by :

W = mass of the body,

m x acceleration due to gravity, g

where g = 9.81 m/s? on the Earth’s surface.

The self weight of a body acts in a vertically
downward direction and is considered to act through
the centre of gravity of the body.

Reactions. These are self-adjusting forces developed
by the other bodies which come in contact with the
body under consideration. According to Newton’s
third law of motion, the action and reaction are
equal and opposite. Therefore, reactions are the con-
sequences or outcome of Newton’s third law of mo-
tion. The reactions are also called internal forces.

If the surface of contact is smooth, the direction of the reaction
is normal to the surface of contact. If the surface of contact is not
smooth, apart from the normal reaction, there will be frictional
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reaction also. Hence, the resultant reaction will not be normal to the

surface of contact.

The reactions may be either tensile or compressive in nature, as

shown in Fig. 1.36.

Nature of force

Applied Forces (External)

Reactive forces (Internal)

Tensile,

Fa—"t-

___________ REUPNR B )

. . F ——1t
Compressive,

___________________ fe—F

F F
I DRI e
F F
e e —

Fig. 1.36 Representation of external and internal forces.

1.16 Free Body Diagrams

Free Body Diagram. In order to solve a problem, it is essential
to isolate the body under consideration from the other bodies in
contact and draw all the external (or applied) and internal (or
reactive and self weight) forcez acting on the body. Such a diagram
of the body in which the body under consideration is freed from all
the contact surfuces and all the forces acting on it (both applied and
non-applied) are drawn, is called a free body diagram. In such a
diagram, all the supports like walls, floors, hinges, etc. are removed
and replaced by the reactions which these supports exert on the
body. The free body diagrams for some of the cases are shown in the

Table 1.4

Table 1.4 Free-body diagrams for some cases.

Physical system

Free body diagram

1. | Ball lying on a plane surface

R

L



FORCE SYSTEMS

39

Physical system

Free body diagram

Ladder resting against a
smooth wall and rough floor

" E

Ball tied by a string resting
against a smooth wall

T
/ —E
YW
Block resting on an inclined R
smooth plane and pulled by z

a force up the plane
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Physical system

Free body diagram

Rod hinged against a wall
and pulled by a rope

c
v B
AA40 w

Two spheres resting in a
hollow cylinder

o2

Ié

B
Sphere resting in a V-groove

Es’g‘

Cylinder resting against an
obstacle P

AR R AR AR RY N
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Example 1.28 ABC is a uniform rod of weight W. It is supported
with its end A against a smooth vertical wall AD by means of a string
BD, DC being horizontal and BD inclined to the wall at an angle of
30°. Find the tension in the string and
the reaction of the wall. Also prove that D\ ~=="="""""="""" c
AB=1AC.

Solution. Let the reaction of the {30° r ¢
smooth wall at A be R and
perpendicular to the wall. Let the line .

of action of the weight W of the rod B AN
acting at the midpoint of AC meet the NE >R
line of action of R at E. The three forces 4 Yw
R, T and W must meet at E (Fig. 1.37). Fig. 1.37
Using Lami’s theorem, we get
T R W
sin 90° ~ sin 150° ~ sin 120°
sin 90° 2W
T=W Gn120° =\
R=W. sin 150° W

sin 120° V3
The triangles ABD and EBG are similar. Hence

BG GE _1
AB AD 2
G 1
Adding 1 to both sides, we get 1 + AB - 1+ )
AB+BG 3
AB 2
AG _3
AB 2
2AG =3AB or AC=3AB
AB = IAC

Example 1.29 A uniform bar AB of weight W and length [ is
hinged at its upper end A and «a \
horizontal force is applied to the 4
end B so that the bar is in
equilibrium with B at « distance d
from the vertical through A. Show
that the reaction at the llinge s

/2
2 2
W(zu - 3d* ]

Fig. 1.38

_d2
Solution. Let the force F at B
and weight W meet at O, then the
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reaction at A must pass through O. Let R make an angle 6 with the
vertical (Fig. 1.38)

Now AB=1l, BC=d
. AC=V?-d°
Also CO=0B as AG=GB
2

04 =VAC + (OC) =\[I2 - d* + % = V4P =3

Resolving the forces vertically, we get
Rcos6=W
w
~cos®

Now cos 0 = AC = ’—\i—_—fl_r)i‘f_ . R= 1 w —‘1£~—_id—-—

AO S V4" - 3d 2 I& - d”

Example 1.30 Two smooth spheres of weights W, and W, rest
upon two smooth inclined planes and against each other. If o, 3 be
the inclinations of the planes
of the horizontal and 0 that of
the line joining the centres of
the spheres, prove that

W, cos B~ W, cot a
W,+ W,

Solution. Let the spheres
touch the planes AB and AC
at G and H respectively, as
shown in Fig. 1.39. Let P be
the pressure between the
spheres at the point of contact
O and R, and R, the normal
reactions at G and H
respectively. Then for the
sphere of weight W,

P W,
sin o sin (90° + & — 0)
and for the sphere of weight W,,
P W,
sin B sin (90° + 0 + B)
W, sin a W, sin 8
cos (o ——65 ~ cos 6+ PB)
W, sin a (cos 6  — sin 8 sin f3)
= W, sin f} (cos a cos 6 + sin o sin 0)

tun 0 =

Hence
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cos 8 (W, sin o cos B - W, sin f3 cos «)
=sin 6 (W, sin B sin a + W, sin a sin f3)
_ W, sin a cos B - W, sin f cos a
~ W, sin a sin B+ W, sin B sin «
W, +W,

Example 1.31 A smooth circular cylinder of radius 2 m is lying
in a triangular groove, one side of
which makes an angle of 10° and
the other an angle of 30° with the
horizontal, as shown in Fig. 1.40.
Find the reactions at the surfuace
of contact if there is no friction
and the weight of the cylinder is
50 N.

Solution. Let R, and R, be
the reactions of the 10° and 30°
planes respectively.

tan

Using Lami’s theorem, we get

14 _ R, _ R, o
sin 40° sin 150° sin 170°
_ w Sin 150° _ 05 _,- ,
R, =W 407 'WX0.64279 0.77S W
=0.778 x 150 = 116.6 N
_wsin170° = 0.17365 _ °
Ry,=W Sind0° - 150 x 064278 - 40.52 N

Example 1.32 Two smooth aplzeres of weight W and radius r
each are in equilibrium in a
horizontal channel of width (b (< 4r)
and vertical sides, as shown in Fig.
1.41. Find the three reactions from R B
the sides of the channel which are all 2=

NN \Y\m

smooth. Also find the force exerted by Po P |~
each sphere on the other. Calculate C A R,

these values if r = 25 cm, b = 90 cm Z » w
and W= 100 N. w ‘

N

Solution. Let er R2 and R:} be ///////7/////////////////////// /

the reactions at C, E and D <—r——}<— b-2r —»fer—
respectively. Also let P be the force
exerted by one sphere on the other at | b

the point of contact U. Then Fig. 1.41

Y
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b-2r
cos 0 = o
The forces acting at the point A are (R; - W), R, and P. Using

Lami’s theorem, we get

R3"W— Rl _ P
sin®  sin (90°-0) sin 90°
R,- W

s Ri=(R3-W)cot 6

" sin0
The forces acting at the point B are W, R, and P. Again using
Lami’s theorem

R, P W
sin (90° - 6) ~ sin 90° ~ sin 6
w
RZ—WcotG,P—SinO

Forr=25cmandb =90 cm
90 -2x25 40

cos 6 = Tox95 50" 0.8
6 =36.87°
5 =100 cot 36.87° = 133.33 N
100
P = Sin36.87° 166.66 N

R;=Psin 6+ W = 166.66 sin 36.87° + 100 = 200 N
R, =(200 - 100) cot 36.87° = 133.33 N.

Example 1.33 A uniform beam of length 2a rests in equilibrium
against a smooth vertical wall and over a peg, at « distance b from
the wall. If 0 be the inclination of the beam to the vertical, show that
sinsin®0=b/a.

Solution. AB = 2a is the beam and P is the peg. AD is the wall.
R and S are the reactions at the wall and peg respectively (Fig.
1.42). PE=b. AG=GB=a. R, S and
W must meet at the same point O,
being in equilibrium.
4BAD = ZAGO = ZAPO =6.

In AAPE, sin6 = PE/AP=b/AP ..(1)
In AAPO, sin 0 = AP/OA .(2)
In AAGO, sin 8 = 0OA/AG =0A/a ..(3)

Multiplying (1), (2) and (3), we get

sin®0=b/a

Hence proved.
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Example 1.34 ABCD is a square whose side is 2 units. Forces
P Q, R, S act along the sides AB, BC, CD, DA taken in order and
forces \2p,2q act along AC and BD respectively. Show that if
p-q=R-Pandp+q=S -Q, the forces are equivalent to a couple
of momentP+Q@ +R +S.

Solution. Let O be the centre of the square. Distance of O from
each side is one unit. Sum of the resolved

parts of the forces along AB (Fig. 1.43) is D R ¢
=P - R +Y2p cos 45° - V2q cos 45°
=P-R+p-gq (1)
Similarly, along AD S ¢
=Q - S +V2p cos 45° + V2¢ cos 45° V2p \2q 1 Q
=@-S+p+gq ..(2)
If the system reduces to a couple, 45° 45°
then (1) and (2) must vanish separately. h T) B
p-q=R-P .
p+q=S-Q Fig. 1.43

Moment of the couple = Algebraic sum of the moments of the
forces about any point in their plane, say, point O.

=P*1+@Q=*1+R=*1+S=*1
=P+Q+R+S
Example 1.35 Two weights P and  are suspended from a fixed
point O by strings OA, OB and are kept apart by a light rod AB. If
G is the point on the rod vertically below O, determine the thrust in
the rod AB.
Solution.
Let T, = tension in OA
T, = tension in OB
T = thrust in the rod AB
Applying Lami’s theorem at A (IFig. 1.44), we have
rn p T
sin® sina sin (o +0)
r-Esin(@+6)

sin 0.
Similarly at B,
T, o T
sin® sinB sin (180° -0+ f)
Q sin (6 - B)

sin
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Fig. 1.44 Fig. 1.45

Example 1.36 Prove that if three forces acting upon a rigid
body are represented in magnitude, direction and line of action by
the sides of a triangle taken in order, they are equivalent to a couple
whose moment is represented by twice the area of the triangle.

Solution. Let ABC be the triangle and P, @, R the forces acting
along the sides BC, CA and AB respectively (Fig. 1.45). Draw DBF
parallel to AC. Introduce two equal and opposite forces each equal
to @ at B. The forces P, @, R acting at B along BC, BD and AB
respectively are in equilibrium. We are thus left with a force @
along CA and an equal and opposite force @ along BF. These two
forces form a couple of moment @g, where q is the length of the
perpendicular BE on AC from B. Also Qq =CA. BE =2 area of
triangle ABC.

Example 1.37 A small ring is free to slide on a smooth circular
wire of radius r, fixed to a vertical plane. It is attached by a string of
length 1 (LN2a) to a point of the wire at
the same height as the centre. If W be the
weight of the ring, show that the tension
of the string is

o @C-DOW

r(4r - B2

Solution. Since ! ZV2 a, therefore,
the ring is at rest at B, which is higher

than the lower point of the wire (Fig.
1.46).

Let R be the reaction of the wire and Fig. 1.46
T the tension in the string. ZAOB = 2q,
AB=[l,0OB=r.

(AB)? = (OA)? + (OB)? -2 -0OA - OB - cos 2a
P=r?+r*-2r%cos 2a
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2r® - |2
cos 20 = ——
2r
Now AAOB=ZOBA=1&%fgg=9W—a

Z0OBA =90° - 2«
/ABC = ZOBA - ZOBC
=90°-a-(90° - 2a) =
Applying Lami’s theorem at B, we have
T _ W
sin (90° - 200) ~ sin (90° - o)
T W
cos 20 cos

cos 2a 2r? — [ 1
w2l

CoSs O 2 cos a
Now cos 2a = 2cos® o — 1

\/1 + cos 20 \[1 +(2r% - 12)/2r2
cosa=N"—7p = 3

2r

2r - |2 2r )

T=W . =5
sz(Mr—FJ
T-= w (2r2 - 12[ A

r\4r? - 2

Example 1.38 ABC is a triangle
and D, E, F are the middle points of

the sides. Forces represented by AD,
2BE and } CF act on a particle at the

point where AD and BE meet. Show
that the resultant is represented in
magnitude and direction by } AC

and that its line of action divides BC
intheratio2: 1. B

Solution. Let AD, BE and CF b H
meet at G, the centroid of AABC.
Then (Fig. 1.47).

AD+§BE+%CF=AD+BG+GF

=AD + BF=AD + DE =AE
=14C

Q

Fig. 1.47
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Draw. GH parallel to AC, then GH is the line of action of the
resultant. In triangle BCE

Hence H divides BC in the ratioof 2 : 1.

Example 1.39 A light rod AB = 50 cm is hung from a peg O by
two light strings OA and OB which are 40 cm and 30 cm long
respectively. A weight W, is fixed to the rod at A and a weight W, at

B. If in the position of equilibrium, the angle between the rod and the
vertical is 9, show that

12 (WI - W2)
6W,-9W,
Solution. Let T, and T, be the tensions in the strings OA and

OB respectively and R the thrust in the rod AB (Fig. 1.48). Applying
Lami’s theorem at A, we have

tun 6 =

Fig. 1.48
R _ W, .
sin (180° -0 + o)  sin o
_Wysin(0-o)
- sin «
o W, sin (0 + 3)
Similarly, at B, R=—"+——-+—
sin B
W;sin(®-a) W,sin (6 +f)
Hence - = -
sin o sin
. 3 4 . 4 3
Now sin a = 5,cosa—5,smﬁ— 5,cosB- 5

g W, [sin 6 cos o ~ cos 6 sin ¢] =—§ W, [sin 0 cos P - cos 0 sin B]
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5 5 42| 5 es0
%W, [4sin9—3c056]=iW2 [3 sin 6 - 4 cos 6]

16W,sin 6 - 12 W, cos 6 = 9W, sin 6 - 12W, cos 6
(16 W, - 9W,) sin 6 = (12 W, + 12W,) cos 6
12 (W, + Wy)
T6W,-9W,

Example 1.40 A weight W is hung from a weightless ring which
can slip over a smooth circular wire fixed in a vertical plane. The
ring is also tied tv a string which
passing as a chord of the fixed peg at
the top of the circle, sustains a given
weight P. If 6 be the angle that the
radius to the ring makes with the
vertical, in the position of rest, then
show thaut

sin (8/2)=1.(P/W)

Solution. Let A be the position of
the ring and B that of the peg (Fig.
1.49). Fig. 1.49

ZCAB = ZCBA =90° - 6/2 = ZBAD
Since the peg is smooth, therefore, tension in the string AB is
P. For the equilibrium of A, we have
P W
sin®  sin (90° -6/2)
Pcos (0/2)=Wsin0
=2 Wsin (8/2) - cos (6/2)
sin (0/2) = ; P/W.

Example 1.41 Two forces P, @
and their resultant R act at a point
A. If their directions meet «
transversal at L, M, N respectively,
prove that P/AL + @/AM = R/AN.

Solution. The forces P,  and
R are represented by the sides
AB, AD and AC respectively of the p
parallelogram ABCD. Draw BE
and DF parallel to LMN, then (Fig. .
1.50). Fig. 1.50

3 .
= sin8-4
gwl[ésille-écose:lzs >

tan 6 =
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AB _AE
AL ~ AN
AD _AF
AM ~ AN
AB AD _AE AF
AL AM AN AN
_(AE+AF) (AE+EC . _
=N T AN [.© AF=EC]
_4ac
T AN
P . Q_R
AL AM AN

Example 1.42 The resultant of two forces P and Q is at right

angles to P. The resultant of P and Q' acting at the.same angle is at
right angles to @'. Prove that P is the geometric mean between @ and

or

1.5

Solution.
Let 0 = angle between P and @
o = angle between P and R

tan a = _(@sin®)

(P + Q cos 0) .
For o=90° P+Qcos0=0 (1)
Similarly, @ + Pcos 6 =0 ..(2)
Hence P> - QQ’' =0
P’=Q@

Hence P is the geometric mean between @ and @".

Example 1.43 A uniform wheel of 0.5 m diameter and weighing
kN rests against a rectangular block 0.2 m high lying on «

horizontal plane, as shown in Fig. 1.51 (a). It is to be pulled over this

P
V774 10.2 m V2202 m

Fig. 1.51

D R, P
I'
1/ A
B
®)
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block by a horizontal force P applied to the end of a string wound
round the circumference of the wheel. Find the force P when the
wheel is just about to roll over the block.

Solution.

Let W = weight of wheel

R, = reaction on the wheel at A

The three forces P, W and R, are in equilibrium. Since
P and W meet at D, therefore R, must pass through D [Fig. 1.51
(b)]. Using Lami’s theorem, we have

P 3 w
sin (180° - 0)  sin (90° + )
P W
sin®  cos 0

P=Wtan®6
AE
tanO—DE

AE = VAC? - CE? =V(0.25) - (0.25 - 0.2)°
=v0.0625 — 0.0025 = 0.06 = 0.245 m
DE=DC+CE=0.25+0.05=0.3m
0.245
tan 0 = 03 - 0.8165
6 = 39.23°
P=15x0.8165 = 1.225 kN

Example 1.44 A smooth circular cvlinder of weight W = 600 N
and radius r = 0.5 m rests in a
V-shaped groove whose sides are
inclined at angles o = 30° and 3 =
60° to the horizontal, as shown in
Fig. 1.52. Find the reactions R,

and Rg at the points of contact.

Solution. The forces Ry, Rg
and W are in equilibrium, and
therefore, must meet at the same
point C. Using Lami’s theorem we
have

R, ~ Ry _ W
sin (180° - B) ~ sin (180° - ) ~ sin (a + PB)
Ry, Rg 600
sin B~ sina  sin 90°
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R, =600 x sin 60° = 600 x l[_2§ =5196 N

Ry = 600 sin 30° = 600 x % =300 N

Example 1.45 Two rollers of weights W, and W, are connected

by a flexible string AB. The rollers rest on two mutually perpen-
dicular planes DE and
EF, as shown in Fig.
1.53. Find the tension
in the string and the
angle 0 that it makes A
with the horizontal
when the system is in
equilibrium. Take D

W1=60N, W2=120N
and a = 30°

Solution. Let R, and Ry

be the reactions on the planes
at A and B respectively and T
the tension in the string AB.
These forces are shown in Fig.
1.54.

Roller A [Fig. 1.54 (b))

Applying Lami’s theorem Fig. 1.54 (a)
at A, we have

E

T _ W,
sin (90° + o)  sin {180° - (a + 0)}
T W,

(1)

cosa  sin (o + 8)

Ry

180°-(90 -6 — )
=90°+0+a

Fig. 1.54
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Roller B [Fig. 1.54 (c)]

R B W,
sin (180° - a) sin {90° + (6 + o)}
T W,
sin o cos ®+a) +(2)
W cos .
sin(0 +a) = T
W, sin o
cos (B0 +a)=— T

W,
tan(O+a)-W cot a

= %% x cot 30° = 0.866
0 + o = 40.89°
6 =40.89° - 30° = 10.89°
W, cos a _ 60 cos 30°
~ sin (. +0) sin 40.89°
Example 1.46 A uniform beam AB of length 2l rests in equi-
librium with one end resting against a smooth vertical wall and

with a point C of its length resting upon a smooth horizontal peg
which is parallel to the wall and at a distance b from it. Show that

the inclination of the beam with the vertical is sin™* (b/1)'"3

Solution. The forces acting on the beam under equilibrium are
(Fig. 1.55).
1. Weight W of the beam.
2. Reaction S of the wall at
A.

3. Reaction R at the peg
C.

InAACD, sin6=

=79.38 N

B
Wall eam _‘ B

\NANNNNNNNNNNNNNN

N\

AD
AC
AC

In A AOC, bln9=X6

AO
In A AOG, sin6 =4
Multiplying, we have .
cin® o 1_42 ) Q Fig. 1.55
AG 1

8 =sin" ! /03
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Example 1.47 A smooth A/Stri“g
sphere of radius r and weight W
hangs by a light string of length ,
as shown in Fig. 1.56. Determine
the reaction of the wall and the
tension in the string.

Solution. The sphere is in
equilibrium under the action of
following forces :

1. Weight W of the

=
8,
ey ® \l\\\\\ AR

sphere.

2. Normal reaction R of W
the wall.

3. Tension T in the Fig. 1.56
string.

The three forces meet at O. Resolving the forces horizontally
and vertically, we get

Tcos6=W
Tsin8=R
tan0=R/W
Now sinez—r——
r+l
c056=———w2+2rl tan 6 = ——L——
r+l VIZ + 2rl
R Wr__
NIZ + 2rl
T-= W{l+r)

N o

Example 1.48 A string 1.5 m long is tied to the ends of u rod
weighing 100 N. The rod is 1 m long. The string passes over a nail
such that the rod hangs horizontally. Find the tension in the string.

. oo AD _ 05 _
Solution. sina= AC =075 0.667
o=4181°

The forces acting on the rod are shown in Fig. 1.57 (b).
Applying Lami’s theorem, we have

100 T
sin 2a ~ sin (180° - )
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C
o T T
0.75 m
2a
180° — a 180° —a
A'_/_ D — B
0.5m ——l-— 0.5m
100 N 100 N
(a) b)
Fig. 1.57
100 _ T
sin 83.62° ~ sin 138.19°
T=67.08 N

Example 1.49 A cylindrical roller of weight 600 N is resting on
a smooth inclined plane having incline of 30°. The roller is held by
a rope as shown in Fig. 1.58. Find the tension in the rope and
reaction at the point of contact between roller and plane.

RA
T )
700 30
o
A
W=600N
(@) ®)
Fig. 1.58
Solution. The free body diagram of roller is shown in Fig. 1.58
(b).
Applying Lami’s theorem, we have
600 T R,
sin 100° ~ sin 150° ~ sin 110°
sin 150°
T =600 x sin 100° - 304.63 N
Ry =600 x 3B M _fo0 51N

sin 100°
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Example 1.50 A wheel of 60 cm diameter and 1.5 kN weight
rests against a rectangular obstacle of thickness 2 cm. Find the least
horizontal pull to be applied (a) through the centre of the wheel, and
(b) through a point on the vertical diameter of the wheel at the top to
turn over the wheel over the obstacle.

Solution.

(a) The wheel resting against the obstacle is shown in Fig. 1.59
(a). The free bodv diagram of wheel is shown in Fig. 1.59 (b).

s
/%2(3cm

<~ TR
(a)

OB=30cm,O0C=30-20=10cm

oC 10
cos 0 = OB=30" 0.333

06 =70.53°

When the wheel is just about to
turn over the obstacle, it will lose
contact with the floor and the reaction
at A shall no longer be there.

Angle between W and
Rgp=180°-6=180°-70.53° = 109.47° Fig. 1.59
Angle between Rg and
P =90°+6=90°+70.53° = 160.53°

Applying Lami’s theorem, we have

1500 ~ Rp P
sin 160.53° ~ sin 90° ~ sin 109.47°
sin 90°
Rp = 1500 x Sin 16053 = 4500.3 N
sin 109.47°
P = 1500 x Sn160.53° = 424293 N

(b) The free body diagram for the wheel is shown in Fig. 1.59 (c).
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BC =VOB? - 0C? =V30° - 10* = 28.284 cm.
CD =30+ 10 =40 cm

_BC 28284
tan 0 =55 = <, = 0.707
0 = 35.26°

Angle between Wand Rg =180° - 6 = 180° — 35.26° = 144.74°
Angle between Rz and P = 90° + 6 = 90° + 35.26 = 125.26°
Applying Lami’s theorem.

w Ry P
sin 125.26° ~ sin 90° ~ sin 144.74°
_ 1500 x sin 90°

B~ gin125.26° ~ 837N

_ 1500 x sin 144.74°
T sin 125.26°

Example 1.51 A weight of 100 N hangs from a point C by means
of two strings AC and BC us shown in Fig. 1.60. Using Lami’s
theorem determine the forces in the strings.

=1060.5 N

B
LLLLLLLLLLLL L L L L L Tl

45°

W=100 N
(a)

Fig. 1.60

Solution. Let T, and T, be the tensions in the strings

AC and BC respectively. The free body diagram for the strings is
shown in Fig. 1.60 (b).
w T, T
sin 75°  sin 135°  sin 150°

sin 1357
sin75° 152 N

sin 150°
T, =100 x Sin 75° = 51.76 N

T, = 100 x
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Example 1.52 A string ABCDE whose end A is fixed has
weights W, and W, attached to it at B and C, and passes over a

smooth peg at D carrying a weight of 1000 N at the free end E, as
shown in Fig. 1.61. In the equilibrium position BC makes an angle
of 20° with the horizontal and AB and CD make angles of
150° and 120° respectively with BC. Determine

(a) The tensions in portion AB, BC, CD and DE.
(b) The values of weights W, and W,

(c) The pressure on the peg D.

Fig. 1.61

Solution. Let T, T, T3 and T, be the tensions in AB, BC, CD,
and DE respectively. For the equilibrium of peg, T3 = T, = 1000 N

Applying Lami’s theorem at point C, we have

s, T, W
sin 110° ~ sin 40° ~ sin 120°
sin 40°
Ty =1000 x sin 110° ~ 684 N
sin 120°
W, =1000 x Sin110° - 921.6 N
Applying Lami’s theorem at B, we have
, . W
sin 140° ~ sin 70° ~ sin 150°
sin 70°
T,=684 x sin 140° = 1000 N
W, =864 x SB190°_ 535 N

sin 140°
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Example 1.53 A heavy spherical ball of weight 150 N rests in a
V-shaped block whose sides are inclined at 30° and 45° to the
horizontal. Find the pressure exerted on each side of the block.

Solution. The sphere resting in the V-block is shown in Fig.
1.62 (a). The reactions at A and B are perpendicular to the sides of
the block and pass through the centre of sphere O. The free body
diagram is shown in Fig. 1.62 ().

R,
R,
Q
45°
150° 135°
W=150N
(b)
Fig. 1.62
Applying Lami’s theorem, we have
150 R R
sin 75°  sin 150°  sin 135°
B sin 150°
R, =150 x Sin 750 - 7764 N
sin 135°
R, =150 x Sin 75° = 109.8 N

Example 1.54 Two smooth balls each of radius 20 cm and
weighing 400 N ure lying in a vertical cylinder of diameter 70 ¢m.
Determine the pressure exerted on the wall and base of the cylinder
by the balls.

Solution. The balls in the cylinder are shown in Fig. 1.63 (a)
along with the reactions of cylinder walls at the points of contact.
The free body diagram is shown in Fig. 1.63 (b).

0,0,=40cm

Horizontal distance between the centres of balls
=70-2x20=30cm

cosa:@=0.75

40
a=414"
Applying Lami’s theorem at O,, we have
w R. Rp

sin (180° — o) _ sin (90° + &) _ sin 90°
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I B 70 cm =} «—— 30 cm
{(a)
Fig. 1.63 )
cosa 400 400
— = = = 3
Rc =400 x sina tano tan 41.4° 453.7N
400
D= Ginalge - 00486 N
Applying Lami’s theorem at O,, we have

RH_- W RA RD

sin (180° - o) _ sin (90° + &) _ sin 90°
Rp-400 R,  604.86
sin @ cos 1
R, =604.86 cos 41.4° = 453.7 N
Rz - 400 = 604.86 sin 41.4° = 400
Ry =800 N

1.17 Parallel Forces

Parallel Forces. A set of forces whose lines of action are
parallel to each other are called parallel forces.

Types of parallel forces. The various types of parallel forces

are :

1. Like parallel forces. When the two parallel forces act in
the same direction they are called like parallel forces, as
shown in Fig. 1.64 (a). These forces can be equal or une-
qual in magnitude.

2. Unlike unequal parallel forces. When the two parallel
forces act. in opposite directions and are unequal in mag-
nitude, as shown in Fig. 1.64 (b).
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F,

(a)
Fig. 1.64 F,

3. Unlike equal parallel forces. When the two parallel
forces act in opposite directions and are equal in mag-
nitude, as shown in Fig. 1.64 (c¢).

1.17.1 Like Parallel Forces

Two parallel forces are said to be like when they act in the same
direction. In order to determine the resultant of two like parallel
forces, consider Foatoome o ___. -F
two parallel forces SN
F, and F, acting at o YN
points A and B as 7 F,
shown in Fig. 1.65. F 1A C B~
Join AB and at A E
and B introduce ! . .
two equal and L/'R, F, F, Ry

opposite forces, D E G H
each equal to F, as
shown in Fig. 1.65.
These two forces being equal and opposite, balance each other and
do not affect the resultant of F; and F,.

Fig. 1.65 Resultant of like parallel forces.

The forces F; and F at A have a resultant R, and the forces F,
and F at B have a resultant R,. The points of application of R, and
R, can be transferred to meet at O.

Resolve the force R, at O into its components F and F, and R,
into F and F,. The two forces F, F at O being equal and opposite
balance each other and we are left with two forces F'; and F, both
acting along OC. Hence the resultant of F', and F, is (F, + F,) acting
along OC, which is parallel to the forces F'; and F,.

Thus the resultant of two like parallel forces is equal to their
sum and acts parallel to the forces.
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Now As AOC and ADE are similar, hence

FixCA=Fx0C
Similarly from As BOC and BGH, we get
FyxCB=Fx0C
Hence FixCA=Fy,xCB
F, _CB

or ;_;2- = a
Hence the resultant of two like parallel forces divides the dis-
tance between the forces internally in the inverse ratio of the forces.

Therefore, we obtain the important result that the resultant of
two like parallel forces is equal to their sum, acts parallel to the
forces and divides the distance between the forces internally in the
inverse ratio of the forces.

1.17.2 Unlike Parallel Forces

Two parallel forces are said to be unlike when they act in
opposite directions. In order to determine the resultant of two
unlike parallel for- 0
ces, consider two Fe--=-3-->F
forces F, and F, Fy A
acting at A and B SR UERN
respectively as /Fz
shown in Fig. 1.66. ' \ N
Join AB and intro- / \ N
duce two equal ! \ AN
and opposite forces / \D E ~

each equal to F at / J F, K
A and B. The ! / .
resultant of F; and &/ h

FatAisR and ¢ 77777 P B[R,
that of F, and F at F, Y
. G H

B is R,. The points ]
of application of Fig. 1.66 Resultant of unlike parallel forces.
R, and R, can be
transferred to meet at O.

Resolve the forces R, and R, at O into their original
components. The components F and F at O are equal and opposite

F



FORCE SYSTEMS 63

and cancel each other and we are left with two forces F; and F,
acting along CO and OC respectively.

Hence the resultant of two unlike parallel forces F, and F, is
(F, - F,) and acts along CO which is parallel to ', and F,.

Thus, the resultant of two unlike parallel forces is equal to their

difference, acts parallel to the forces and is in the direction of the
greater force.

Now the As AOC and AFD are similar.

Hence oC _DF il
CA AF " F
or FxOC=F;xCA
Similarly As OCB and BGH are similar and we get
OC_BG _F,
CB GH F
or FxOC=F,xCB
Thus F/xCA=F,xCB
N F,_cB
F, CA

Therefore the resultant of two unlike parallel forces divides the
distance between the forces externally in the inverse ratio of the
forces.

Example 1.55 Two uniform rods AB and BC are rLngly Joined
together at B such that ABC is a right
-angle hang freely in equilibrium from
the end A. The lengths of the rods are
a and b and their weights are W, and
W,. Show that if  be the inclination of
AB to the vertical,

bw,

a (W, +2W,)

Solution. Let D and E be the
mid-points of AB and BC respectively.
The verticles from A and D meet BC
in F and G respectively, as shown in
Fig. 1.57.

W, and W, are two like parallel
forces and their resultant acts along
AG.

tan 0 =
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Hence W, xFG =W, xGE

Now BG=ABtan0=atan9
_b
BE—2
GE=BE—BG=%—atan6
BF=%tan9

FG=BG—BF=atan9—%tan9=%tan0

2
[Wlx%+W2xa]tan6=W2x§
bW,
a (W +2Wy)
Example 1.56 Two parallel forces of magnitude 5 kN and 3 kN
are acting at two points on a line 4m. Find the magnitude, direction

and location of the resultant force, when (a) the forces are like, and
(b) forces are unlike.

Hencerxg-tane=W2x(§-—atan9

tan 6 =

5 kN
b= 4m | R=2kN
Af 7 — B
1 1 A B
5 kN Y 3 kN | 6 m »{e— 4 m
R =8kN
3 kN
(a) ®)
Fig. 1.68
Solution.

(a) Like force (Fig. 1.68 (a)) :
R=P+Q=5+3=8kN

IB 5 5

IA+IB 3+5 8
_5 5.4
IB-sxAB—8x4—2.5m
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() Unlike forces (Fig. 1.68 (b)) :
R=P-Q=5-3=2kN

IB_P_5
IA Q 3
IB-IA 5-3
IA 3
AB 2 _ 3 _
LA-3,IA—4X2—6m

1.18 Moment of a Force

The moment of a force about a point is defined as the product of
the force and the pergendicular distance
from the point on the line of action of the
force.

Consider a force F acting on a rigid
body as shown in Fig. 1.69. If we are
interested to determine the moment of
the force F about the point O, then drop
a perpendicular from O on the line of
action of force F. Let this distance be r.
Then the moment (M) of the force F
about point O, by definition is,

M=Fxr

The moment of a force about a point  Fig. 1.69 Moment of a force.
may be thought of as the tendency of the
force to rotate the body about that point. The units of moment are
Newton-metre (N.m).

If the tendency of the force to rotate the body about a point is in
the clockwise direction then the moment is said to be clockwise
moment (e.g., M, = F; xr, l). Likewisc if the tendency of the force
to rotate the body about a point is in the anticlockwise direction
then the moment is said to be anticlockwise or counterclockwise
(e.g.,M,=F,xr, T)moment.

1.19 Varignon's Theorem or Principle of Moments

This theorem states that the algebraic sum of the moments of
two unequal forces about any point in their plane is equal to the
moment of their resultant about that point.

Proof:
(a) Forces Acting at a Point
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Let two forces c
F, and F, acting on F
a body at the point
O be represented in B 5 dr
magnitude and F,
direction by OA and
OB respectively, as
shown in Fig. 1.70.

Complete the paral- r A OH

lelogram OACB. F,

Then the diagonal 5 —2 \\"!

OC represents the g : -X
resultant F of forces 92/9/ b o, E ¢

Fl and F2 in mag- Fig. 1.70 Forces acting at a point.

nitude and direc-
tion. Let O, be the point in the plane of the body about which

moments of F, F, and F are to be determined.

From O, draw r,,r, and r perpendiculars on F), F, and F

respectively. From A, B and C draw perpendiculars on OX and from
A and B on CG, as shown in Fig. 1.70. Let 6,, 6, and 0 be the angles

which Fy, F, and F make with OX.
Moment of forces F'; about O,
=F;xr,=F; x0O0; sin 6,
= (F; sin 0,) x 00,
=EAXOOI=GH><001
Moment of forces F, about O,
=F, Xry=Fy,x00, sin 0,
= (F2 sin 62) X OO]
=DB x 00, = GL x 00,
Moment of force F about O,
=Fxr=Fx0O0, sin 0
= (F sin 0) x 00, = GC x 00,
=(LC +GL)x 00, = (GH + GL) x 00,
Also Fy xry+F,xry=GH x 00, + GL x 00,
=(GH + GL) x 00,
Hence Fxr=F; xr;+F,xr,

Thus proved.
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>
Q
~O
oo}

(b) Like Parallel Forces
Let F, and F, be two like
parallel forces acting at A and B
respectively so that their resul-
tant (F) + Fy) is acting at C as F, F,
shown in Fig. 1.71. Let O be the
point about which moments are Y F
to be determined. From O draw a 1o
perpendicular to the lines of ac-
tion of the forces. Then
F,xAC=F,xBC
Moment of F; about O = F; x AO T = F,; x (AC + CO) {
Moment of F, about O = F, x BO | = F, x (BC - CO) 1
Sum of the moments of F; and F, about O
=F, x(AC + CO) - F, x (BC - CO)
=F; xAC +F;xCO-F,xBC+F,xCO
= (Fl + F2) X CO
= Moment of the resultant about O.
(c) Unlike Puarallel Forces

Let F) and F, be two unlike forces acting at A and B respectively

so that their resultant Fa
F,-F,(F,>F,) is acting

at C, as shown in Fig. 1.72. ¢ A 4 B
Let O be the point about o

which moments are to be

determined. From O draw F, - F,

a perpendicular to the

lines of action of the forces. F,

Then

Fig. 1.71 Like parallel forces.

Fig. 1.72 Unlike parallel forces.
FixAC=F,xBC

Moment of F; about O = F; xAO T = F; x (CO - AC) T
Moment of F, about O = F, x BO L = F, x (BC - CO) |
Sum of the moments of F'; and F, about O
=F, x(CO -AC) + F, x (BC - CO)
=F,xCO-F,xAC+F,xBC-F,xCO
=(F,-F,)xCO
= Moment of the resultant about O.
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1.20 Generalised Theorem of Moments

This theorem states that if any number of forces acting on a
rigid body have a resultant, the algebraic sum of their moments
about any point in their plane is equal to the moment of their
resultant.

If the sum of the moments of any number of coplanar forces

about a point is zero, then either their resultant passes through that
point or the resultant itself is zero.

Example 1.57 A uniform rod of length 21 and weight W is lying
across two pegs on the sume level. If neither peg can withstand a
stress greater than T, show that the length of the rod which can
project beyond either peg cannot be greater than

,_dW-T)
W

where d is the distance between the pegs.

Solution. Let AB be the rod supported on two pegs at C and D as

shown in Fig. 1.73. W-T T
Let the rod project ‘
beyond the peg at D d x
by an amount x and C 0 D B
T be the thrust at D. l l
Then the thrust on w
the peg at C will be Fig. 1.73
W-T.

Now OD=1[-x

0C=d-(-x)

Taking moments about O, we get

W-T)ld-(-x)]=T(-x)
Wd-W(l-x-Td+T(-x)=T(-x)
Wd - WL +Wx-Td=0
Wx = Wi +Td - Wd
Td

x=l+-ﬁ;-d
or x=l—d WW-T)

Example 1.58 A uniform rod AB is of weight w. When sup-
ported at a point C, it rests in a horizontal position with weights



FORCE SYSTEMS 69

W, and W, suspended from A, G B

and B and also weights W, j J A 1

and W, suspended from A and

B respectively. Show that the
weight which suspended from w, w W,
B will keep it in a horizontal . )
position is * Fig. 1.74
W) -W, W,
Wo-Wy
Solution. Let AB = 2/, so that
AG=BG=1 and GC=x (See. Fig. 1.74)
With W, and W, suspended from A and B respectively, taking
moments about C, we get
Wo( +x)+wx=W;({-x) ..(1)
Similarly, when W, and W, are suspended from A and B respec-
tively, then

Wol +x)+wx =W, -x) -.(2)

Let W be the weight which suspended from B will keep the rod
0 horizontal position, then taking moments about C, we get

wx=W(-2x) -..(3)

Subtracting Eq. (2) from Eq. (1) and Eq. (3) from Eq. (2), we get
Wy - Wy) I +x)=(W; - Wo) ( -x) (4)
Wyl +x)=(Wo-W)( -x) .(5)

Dividing Eq. (4) by Eq. (5), we get
Wo-W, W,-W,

W, W,-W
(Wy — W) (Wy — W) =Wy (W, - W)
W2 - WW, - WoW, + WW, = W, W, — W, W,
W (W, - W) = W, W, - W,2
W,2 - W W,
Wy - W,

Example 1.59 The wire passing round a telegraph pole is

horizontal and the two portions attached to the pole are inclined at

an angle of 60° to each other. The pole is supported by a guy wire
attached to the middle point of the pole and inclined at 60° to the

W=
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horizontal. Show that the tension in T,
this wire is 4\3 times that of the T
telegraph wire. A

Solution. Let the tension in the
two portions of the telegraph wire be T,
T, each and the tension in the guy wire

be T, as shown in Fig. 1.75.
Then T =2T, cos30°=V3 T,
Let AC=BC=l
Taking moments about B, we get
T x 21 = T, cos 60° x1
Ty=2T; xV3 x2=4V3 T,

1.21 Couple and its Moment
Two equal, unlike, parallel forces whosec lines of action are not
the same, form a couple.

The arm of the couple is the perpendicular F
distance between the lines of action of the i
forces forming the couple.

The moment of a couple is the product of

one of the forces forming the couple and the As

arm of the couple.
Properties of a couple -~ d —=
1. A couple is said to be positive when F

its moment is clockwise and negative
when it is anti-clockwise.
2. The algebraic sum of the moments of

-<———(i2——>

two forces forming a couple about any d,
point in their plane is constant and
equal to the moment of the couple, as Fig. 1.76

shown in Fig. 1.76.

Y My=Fxd,-Fxdy=F(d;-dy))=Fd=C

3. The effect of a couple upon a rigid body is unaltered if it
be transferred to any plane parallel to its own plane, the
arm remaining parallel to its original position.
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4. The effect of any number of couples in the same plane
acting on a rigid body are equivalent to a single couple,
whose moment is equal to the algebraic sum of the mo-
ments of the couples. Thus

n n
C=YCi=) Fyd,
i=1 i=1
5. A couple can be balanced by an cqual and opposite couple
in the same plane.

Example 1.60 A uniform rod AB of length 2m and weight 150
N is hinged at A and held by a cable at B in horizontal position. The
cable is inclined at 30° to the horizontal. Determine the tension in
the cable.

Solution. The rod-cable system is shown in Fig. 1.77.
Let T = tension in the cable

Perpendicular distance of
line of action of T from the
hinge A.

AD = AB sin 30°
1
—2x2—1m

Taking moments about A,
we have

lTxAD=150°xAC 1

150 x 1
T= 1

Example 1.61 A uniform wheel of weight 25 kN and of 50 cm
diameter rests against a 15 cm thick rigid block as shown in Fig.
1.78 (a). Determine (a) the least pull to be applied to a sting tied to
the centre of the wheel to just turn the wheel over the corner of the
bolck, and () the reaction of the block.

Solution. When the wheel is just about to turn over the corner
of the block, its contact with the ground will be lost. Consequently,
there shall be no reaction at A. The free body diagram for the wheel
is shown in Fig. 1.78 (b).

=150 N

(a) OC=0A-AC=25-15=10cm

OB =25 cm

BC =VOB® - OC? =V25° - 10 = 22.91 cm
Let 6 = angle between P and R.

BD =0OB sin 8
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P
0 B \
7 \\\\\—fh’) cm mB w‘

N
7777777 B
! |

() (b) Free body diagrams
Fig. 1.78

Taking moments about point B, we have
PxBD=WxBC
P x OB sin 0 =25x 2291
P x25sin 6=25x2291
_2291
" sin 6
P will be minimum when sin 0 is maximum, i.e., 8 = 90°. There-
fore pull in the string is to be applied perpendicular to OB.

P, =22.91kN
oCc 10
J =z _ - _
(b) Now cos a = OB-25° 04
o =66.42°

Resolving forces parallel to OB when 8 = 90°, we have
R=Wcosx=25x0.4=10kN

1.22 Resultant of a Force and a Couple

A single force and a couple acting in the same plane of a rigid
body can not produce cquilibrium,
but are equivalent to a single force
acting in a direction parallel to its
original direction.

Let the couple Pd and the force
F acting at A lie in the same plane,
as shown in Fig. 1.79. Let the
couple Pd be replaced by a couple
Fa, one of whose forces act op-
posite to the given force F.

Now Fa =Pd Fig. 1.79 Resultant of a force and a
_ P_(_i. couple.

F

a
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The two forces each equal to F at A being equal and opposite
balance each other and we are left with a single force acting parallel

to its original line of action at a distance of pd from it.

F

1.23 Resolution of a Force into a Force and a Couple

Consider a force F acting at a point A of a
rigid body. Let B be any other point in the
body at a distance d from A ,as shown in Fig.
1.80. At B introduce two equal and opposite
forces each equal to F and parallel to the d
force at A. These two forces do not affect the B¢-------------- A
body as they balance each other. The force F
at A and the unlike, equal and parallel force
at B form a couple whose moment is equal to F
Fd. Fig. 1.80 Resolution of a

Hence the force F at A is equivalent to an force into a f;’:ce and a
equal and parallel force F at B together with coupie.
a couple of moment Fd.

Example 1.62 ABCD is « rectanegle such that AB = CD = a and
BC=AD=b. Forces F,cctalong p F, C
AD and CB forces Fy act along a

AB and CD, as shown in Fig. F,
1.81. Prove  that the F
perpendicular distance between F ,,‘:b
the resultant of the forces Fy, F, a

at A and the resultant of the A F, B
forces Fi, Fyat Cis Fig. 1.81

Fpa—Fb
Solution. The resultant of F, F, at A is F=\IF12+F22.

Similarly, the resultant of F';, F, at C is an equal, unlike and parallel
force F. These two forces form a couple whose moment is Fd, where
d is the perpendicular distance between the resultant force at A and
C.

Now Fxd=F xa-F,xb
Fia-F,b Fa-Fy

F o NF+F?

~
=

d=
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1.24 Graphical Method for Resultant of Parallel Coplanar
Forces

1.24.1 Definitions

Space Diagram. A diagram shewing the outline of a body and
exact location of different forces acting on it is known as a space
diagram.

Vector Diagram. A composite diagram in which magnitude,
direction and sense of forces are represented is known as a vector or

force diagram.

1.24.2 Funicular Polygon

In the Bow’s notation for representation of a force, two alphabet
letters are placed in space on either side of the force. The placing of
letters is either done clockwise or anticlockwise. Therefore, the force
between letters A and B will be called as force AB and that between
B and C, the force BC and so on.

Let us consider the beam with the loading, as shown in Fig. 1.82
(a). The spaces between forces are indicated with the letters A to E.
Thus the space around the beam from R, to F, is A, that between

A

N”’
(@}
9
[+
)

[ c =
B, . \__u<————5—7 A R,

Fig. 1.82 (a) Resultant of parallel coplanar forces.

F, and F, is B and so on. The load line ad is s
laid out to scale, as shown in Fig. 1.82 (b),
and lower case letters are used to identify the
forces on this line. A pole o is chosen at any
convenient position, and the rays ao, bo, co
and do are drawn to give us the force polygon.
The rays are components of the forces. Thus
the components of ab are ao and ob, the

L
]
'
'
:
1
1
.
1
1
]
L
!
'
1
yi
L)

components of bc are bo and oc. K
To determine the reactions R, and R,, a

point is chosen in the space figure on the
action line of R, ; a line is drawn through

this point parallel to ray ao and extended

Fig. 1.82 (b)
Polar diagram.
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until it cuts the action line of force AB. These lines in the space
figure are known as strings, and the polygon constructed of these
strings, as funicular polygon or link polygon. The strings are
labelled with appropriate lower case letters, as shown in Fig. 1.82
(a). From the point where string ao intersects the action line of force
AB, a string bo is drawn parallel to ray bo and this line is extended
until it cuts the line of action of force BC. The process is continued
until string do intersects the action line of R,, which is force DE. If
the force system is in equilibrium, the funicular polygon must close.
This condition establishes the direction of string eo since it must
pass through the point where string do intersects the action line of
force, DE, i.e., R, and the point where string ao intersects the action

line of force EA, i.e., R,. Having established the direction of string
eo, we draw ray eo parallel to it, and thus locate e on the load line.
The scaled value of R, is ea and that of R, is de.

Example 1.63 A bearn 12 m long is loaded as shown in Fig.
1.83.

(a) Compute the reactions graphically.

Solution. Choose a scale of 1 cm = 1 kN. Draw the load line

AC so that ab = 2 cm and o LN
bc = 3 cm. Take a pole O A 2|k]\ B 3N c
as shown in Fig. 1.83 ().
Join ao, bo and co. Ex- D
tend the lines of action of R/|~—4m ~—4m 4m—R,
forces AB. BC, CD and
DA downwards. Draw a \d~ B
string ao parallel to ray (j‘ ¢ c
[o]

ao to intersect the lines b
of action of forces DA and )

AB. Where the string ao W
intersects the line of ac-
tion of force AB, draw the Fig. 1.83 (a)
string bo, parallel to ray
bo, where the string bo
intersects the line of ac-
tion of force BC, draw the
string co parallel to ray
co to intersect the line of
action of force CD and lo-
cate the string do. Draw
the ray do parallel to the
string do. Then du =R,

and cd =R, On meas-

c Polar diagram

Fig. 1.83 (b)
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urement da = 2.3 ¢cm and ¢d = 2.7 cm. Hence R; =2.3 kN and R, =
2.7 kN. By calculations R, = 2.33 kN and R, = 2.67 kN.

1.24.3 Position of The Resultant of Parallel Forces

C . R

onsider a ) . .
number of parallel F, F, Fy F,
forces F|, F,, F, A B C D E
and F, as shown in

Fig. 1.84 (a). The
position of the
resultant of these
forces can be
determined, as cx-
plained below :

(a) Draw the
load line @e to a  Fig. 1.84 (a) Position of resultant of parallel forces.
suitable scale so
that ab=F,, bc=F, cd=F; and “
de =F,.

(b) Select a suitable pole o and join
ao, bo, co, do and eo, as shown in Fig.
1.84 (b). c

(c) Select some point on the line of
action of force F| and draw string ao
parallel to ray ao. Where the string o o
intersects the line of action of F,, draw

string bo parallel to ray bo and so on.

(d) Extend the strings ao and ea to ¢
intersect at point r. Through point r
draw a line parallel to the load line «e,
which gives the required position of the resultant R.

Example 1.64 On « horizontal line PQRS 12 cm long, where
PQ = QR = RS = 4 cm, forces of 1000, 1500, 1000 and 500 N, are
acting at P, @, R and S respectively, all downwords, their lines of
action making angles of 90, 60, 45 and 30 degrees respectively with
PS. Obtain the resultant of the system completely in magnitude,
direction und position, graphically and check the answer anulytical-
ly.

Solution. Draw the space diagram, as shown in Fig. 1.85(a). To
determine the magnitude, direction and position of resultant, the
procedure, as cxplained may be followed :

-
K I
N

o

Fig. 1.84 (b) Polar diagram.
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Choose a scale of 1 cm = 500 N. Draw ab parallel to AB force and
equal to 2 cm, be parallel to BC force and equal to 3 cm, cd parallel
to CD force and cqual to 2 cm and de parallel to DE and equal to
1 cm [Fig. 1.85 (b)]. Join ea. Then ae = 7.55 cm gives the resultant
force. Hence R = 3775 N.

Take a suitable pole o. Join «o, bo, co, do and eo. Draw string
ao paralle! to ray ao

to intersect the line ¥

of action of force AB a

at a convenient 0

point. At that point PT =42 ¢m

draw string bo
parallel to ray bo to
intersect the line of 1000 N
action of force BC.
At that point draw

string co parallel to A

ray co to intersect 1 /

the line of action of P 4 om T4 om,/4 o5 —X
force CD. At that ¢

point draw string Scale 1: 2
do parallel to ray do RO

to intersect the line
of action of force
DE. At that point draw string eo parallel to ray eo. Produce the
strings ao and eo to meet at the point r. At r draw a line parallel to
ae to intersect the line PS in 7. Then PT = 4.2 cm and the resultant
R makes an angle of 60° with PS as shown in Fig. 1.85 (a).

Analytical Method

Fig. 1.85 (a)

Force, N F.N Fy, N
1000 — - 1000.00
1500 -750.00 -1299.04
1000 -707.10 -707.10
500 -433.01 - 250.00
XF, =-1890.11 ¥F, = - 3256.14

Resultant R =VF, + F),2

=V(1890.11)° + (3256.14)°
=3764.96 N
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a
e

Scale: 1cm =500 N

o
Fig. 1.85 (b)
F, 3256.14
tan 6 = F. =1890.11 - 1.72272
0 =59.866°

To determine the location of resultant force, taking moments

about point P, we get
3256.14 x x = 1299.04 x 4 + 707.10 x 8 + 250 x 12
=5196.16 + 5656.80 + 3000 = 13852.96
x=4.25cm

Example 1.65 Two halves of a round homogencous cylinder are
held together by a thread wrapped round the cylinder with two
equal weights, P attached to its ends, as shown in Fig. 1.86. The
complete cylinder weighs W N. The plane of contact of both of its
halves is vertical.

Determine the mini- —> P

mum value of P for

which both halves of r. \

the cylinder will be in G, 4r

equilibrium on a

horizontal plane. P P 3 A
Solution. The ENNNN\N

free body diagram for w ! _g_’

the half cylinder is. (@) )

shown in Fig. 1.86 (). Fig. 1.86
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Taking moments about A, we get

W 4r
5 x3n—Px2r
W
P_BnN

Example 1.66 Three forces P, @ and R act along the sides BC,
CA, and AB of a triangle ABC, taken in order. Show that if their
resultant passes through the

(i) centroid, then P+Q + R =0

(i) circumcentre, then P cos A+ Q cos B+ Rcos C =0
(tit) orthocentre, then Psec A + @ sec B+ RsecC =0
(iv) centroid, then P cosec A + Q cosec B + R cosec C =0

Solution. (i) Let the internal
bisectors of the angles of the tri-
angle meet at I, the incentre (Fig.
1.87). The perpendiculars on the
sides from I are all equal and cach
equal to r (say). Taking moments
of forces about I, we get

Pr+Qr+Rr=0
or P+@+R=0

(&) Let the right bisectors of the
sides of the triangle meet at 0, the
circumcentre. Then OA = OB = OC
= R, (say) (Fig. 1.88).

ZBOC=2A, ZBOD=A
OD=0BcosA=R,cosA
Similarly, OE=R,cos B;0OF =R, cos C
A

Fig. 1.88 Fig. 1.89
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Taking moments about O, we get
PRycosA+QR;cosB+RR,cosC=0
or PcosA+QcosB+RcosC=0
(1it) Let the perpendiculars AL, BM, CN on the opposite sides
meet in H, the orthocentre (Fig. 1.89). If O is the circumcentre and
OD the perpendicular on BC, then
AH=20D=2R,cosA
HL = AL -AH = AB sin B - 2R, cos A
NowAB =cand 2R, sinC =c
HL=csinB-ccosA/sinC
_ ¢ [sin B sin C - cos A]
sin C
_c[sin Bsin C +cos (B + C)]
sin C
_c[sin B sin C + cos B cos C - sin B sin C]
sinC
=ccosBcosC/sinC=2R;cos BcosC
Similarly, HM = 2R, cos C cos A
HN=2R;cosA cos B
Taking moments about H, we get
P-2R,cosBcosC+@Q-2R,cos CcosA+R-2R,cosA cos B=0
or PsecA+QsecB+RsecC=0
(iv) Let the medians AD, BE, CF mect at G, the centroid (Fig.
1.90). Draw AL and GK perpendiculars on BC. Then
1
3
Similarly, the perpendiculars from G on CA and AB are :

GK=%AL= csinB=-§Rl sin C sin B.

()
gRl sin A sin C, %R, sin A sin B.
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Taking moments about G, we get
p. %-Rl sinBsinC +@Q - %Rl sin A sin C

+R 2R ;sinAsinB=0

P Q R

or : + — + — =
sinA sinB sinC

or P cosec A + @ cosec B+ R cosecC =0

Example 1.67 A wheel of weight W and radius r is to be dragged
over an obstacle of height h by a R
horizontal force P applied to the centre
of the wheel. Show that the horizontal
force should be at least

>W\12rh—h2
r-h

Solution. When the wheel is about
to be dragged over the obstacle it will
not be resting over the surface at B. In
that case, the forces acting on the wheel W
are (Fig. 1.91): Fig. 1.91

1. Weight W of the wheel
2. Horizontal force P.
3. Reaction R at A along AO.
Now OC=0OB-CB=r-h
AC =VOA*-0C* =Nr* - (r - h)® =N2rh - A?
Taking moments about A, we have

Px0OC=WxAC
W N2rh - h?
r-h

Example 1.68 A square wooden block of mass M is hinged at A
and rests on a roller at B. It is pulled by means of a string attached
at D and inclined at an angle of 30° with the horizontal. Determine
the force P which should be applied to the string to just lift the block
from the roller.

P

P=

Solution. The various forces acting on the wooden block are
shown in Fig. 1.92 (b). Taking moments about A, when the block is
just being lifted at roller B (Rz = 0), we have

Pcos30°xa+Psin30°xa—ng%=O
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D 30° c D

ez R,
(a) b)

Fig. 1.92
B3, , 1 Mg
Px ) +Px2— 2 =0

2.732P =Mg
or P =0.366 Mg

Example 1.69 A uniform wheel of 0.8 m diameter weighing
2 kN rests against a rectangular obstacle 0.25 m high (Fig. 1.93 (a)].
Find the least force required which when acting through the centre
of the wheel will just turn the wheel over the corner of the block. Also,
find the angle © which this least force shall make with AC.

P
R, C
e
2 kN s
:O4m //
! % 0.25m
B (o) W=2kN

Fig. 1.93
Solution. The forces acting on the wheel are shown in Fig. 1.93
(b). At the time of lifting of wheel, Rz = 0. Taking moments about
A, we have
2xXAD-PxACsinf8=0
2 x \/(0.4)2 - (0.15)2 -Px04sin6=0
2x0.3708-0.4Psin6=0
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1.854
P= sin 6
P is minimum when 6 = 90°
P_ ., =1854 kN.

Example 1.70 A
uniform rod AB of negli-
gible weight is hinged at
the end A and supported at
end B by a string, as shown
in Fig. 1.94. Find the value
of 8 corresponding to the
position of equilibrium of
the bar if W, = W,/2.

Solution. The forces
acting on the bar AB are :
1. Weight W, at B
2. Tension T in the string
3. Reaction R, at A
Now AB=AC

ZABC = ZACB = 90° --g—

Taking moments about A, we have
szlcose—Txlsin[90°—g]=0
Now T=W,

chose—chosg=O

W, (2 cos® % - 1) - W, cos

[S1Ee>)

=0

2W20052—2-—W1cosg-W2=0

2
6 Wt \JWI2 +8W,’
©s3= aw,
1| W, W,
=22 e V| +8
bty
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1.25 Resultant of Coplanar Non-Concurrent Forces

Let F,, F, and F4 constitute a system of forces acting on a body
which are non-concurrent but coplanar, as shown in Fig. 1.95 (a).
Each force can be replaced by a force of the same magnitude and
acting in the same direction at point O and a couple of magnitude,
C, = Fd;, where d; is the perpendicular distance between the line of
action of force F, and point O. Thus, the given system of forces

shown in Fig. 1.95 (a) is equivalent to the system shown in Fig. 1.95
(b), where £C, = ZC,, i.e., algebraic sum of the couples of the given
forces F; about O. At O, the concurrent forces F';, F, and F5 can be
combined as usual to get the resultant force R. Therefore, the
system of forces is equivalent to resultant force R at O and a couple
2£Cy, as shown in Fig. 1.95 (c). The force R and couple ZC shown in
Fig. 1.95 (c¢) can be replaced by a single force R acting at a distance
d from O such that the moment produced by R is equal to ZCy, as

shown in Fig. 1.95 (d). Thus

(a)

(c) (d)
Fig. 1.95

R = \(ZF)7 + (ZF,"

F,

iF

X

tan 6 =
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The following procedure may be adopted to solve the problem :
1. Determine ZF, and ZF,

2. Determine, R = \J(ZF,)Z + (ZFy)2
3. Find the direction of R w.r.t. x-axis by using the relation,

Yy

IF

X

Decide in which quadrant the resultant lies, depending upon
the sign of £F, and ZF,, where ZF, corresponds to sin 6 and ZF), to
cos 0.

tan 0 =

A (+ve)
! I

sin 04+ ve | sin @; +ve

cos B —ve | cos0:+ve

(-ve)X 5 - x (+ve)

n LY

sin 0t-ve |SINB;_ve

cos 0; - ve &005 B3+ ve
y (—-ve)

4. Calculate the algebraic sum of the moments of all forces
about any given point O (say).

5. Mark the position of resultant such that it produces the
same direction of moment about point O (see Fig. 1.96 (a)).

(a) b)
Fig. 1.96
6. Apply Varignon’s theorem to find the exact position of
resultant, i.e.,
ZCO = R X d
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7. Calculate the x and y intercepts of the line of action of
resultant (Fig. 1.96 (b)).

x= d andy = d
" sin 6 Y= cos o

xCo 2Co

or x-——ZF—yandy— 5,

Example 1.71 A square ABCD is subjected to forces equal to P,
2P, 3P and 4P along the sides AB, BC, CD and DA. Determine the
magnitude, direction and line of action of the resultant.

Solution. The force system is shown in Fig. 1.97.
SF,=P-3P=-2P
SF,=2P-4P=-2P
R=\(ZF)?+(F,)’ =V(-2P)" + (-2P)" =22 P

IF, _2p
t e A
an 6 sF,~ _2p 1
0 =45°
D 3P C
) op
4P
d
225°
/;v x A P B
R
Fig. 1.97

Since numerator and denominator are both negative, therefore

0 lies in the 3rd quadrant, i.e.,
0 = 180° + 45° = 225°
Let o. = length of side of the square
SM,=-2Pxa-3Pxa= -5Pa(ccw)

The resultant R should lie as shown in Fig. 1.97, so that it can
produce anticlockwise moment about point A.

If d = perpendicular distance of R from A, then
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Rxd=XM,
d= 5Pa __5a
2V2P ~ 2V2
The horizontal distance x of line of action of R from point A,
d 5a 1 254

“sin0 | 2v2 |*sin 45°
Example 1.72 A beam is subjected to the system of loads as
shown in Fig. 1.98. Determine the resultant completely.

Solution.
iF. =0:
ZF, =2 cos 60° — 3 cos 30° — 4 cos 45° = - 4.4265 kN

ZFy=0:
IF,=-2sin 60° - 3 sin 30° - 4 sin 45° - 1.5 = - 7.5605 kN

R = “(ZFx) + (ZFy)

= V(- 4.4265) + (- 7.5606)% = 8.761 kN

_1| ZF 1| —7.5606 -
- 1 =y |2 1| = /.0000 | _ 1
6 =tan [ IF. :| tan [ 44265 tan™ "~ (1.708)
0 =59.65°
2 kN 4kN
\ 3kN L5 kN
ad %/K
- y Y
[— 2m 1 2m 7 - 4m .

f[e———— 3476 m —-—R—q
Fig. 1.98

Since numerator and denominator are both negative, therefore,

R lies in the 3rd quadrant.
M, =3sin 30° x 2 + 4 sin 45° x4 + 1.5 x 8 = 26.314 kNm

Rxd=3M,
26.314
d="ge1 M
d 8 _3476m

¥=sin0  sin 59.65°
The resultant is shown in Fig. 1.98 which produces clockwise
moment about point A.



88 ENGINEERING MECHANICS

Ecample 1.73 Find the magnitude and position of the resultant
of the system of forces shown in Fig. 1.99

y
200 N

\ \

10 cm
0, 10 cm 150 N

250 N

0
7 150 N

Fig. 1.99

Solution.

- -1 10 | _ o
0, =tan (30)—18.43
30
30
20 R
10 =63.43

- 250 sin 18.43° + 200 cos 45° + 150 cos 63.43° - 150
-20.52 N
3F, = 250 cos 18.43° + 200 sin 45° - 150 sin 63.43°
=244.44 N
R =\(EF )’ + (£F)” = V(- 20.52)° + (244.44)° = 2453 N
IF, 24444

8, =tan™! = 45°

6; = tan” !

IF,

X

0=-385.2"
The numerator is +ve and denominator is —ve, therefore 0 lies
in the 2nd quadrant.
IM, = - 250 cos 18.43° x 10 — 250 sin 18.43° x 10
+ 200 cos 45° x 10 + 150 cos 63.43° x 30
+ 150 sin 63.43° x 40
=5631.2 N. cm
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L__d__ 229
sinf® sin 85.2°

_d__ 2296

" cos O cos 85.2°

Example 1.74 Determine the resultant in magnitude and posi-
tion of the forces shown in Fig. 1.100

=23 cm

y =274.4 cm.

y 100N 40N

\ere

50N

10 cm

10 cm

20N

fx
\1

Solution. 6, =tan™! 30 l= 71.56°

20

SF,=0: ZF,=100 cos 71.56° - 50 = - 18.37 N

$F,=0: XF,=100sin 71.56° - 40 - 20 = 34.86 N
R=VEF) + (2F,)

= V(- 18.37)* + (34.86)° =39.4 N

Fig. 1.100

0=-62.21°
The numerator is +ve and denominator is —-ve, therefore, 0 lies
in the 2nd quadrant.
EMy=0: IM,=20x20+40x30-50x20=600N. cm

ye d _ 15.22
sin® sin 62.21°

_d 1522
Y= c0s 8 cos 62.21°

=17.2cm

=32.64 cm
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Example 1.75 Find the resultant of coplanar force system ac-
ting on a lamina shown in Fig. 1.101.

y
1

2 kN

1cm

6.58 cm
/

d \ lcm
/ ~

AN
R —

1.5 kN

Fig. 1.101
Solution. 6, =tan ' 1=45°

B, =tan"! 72— =36.87°

63 = tan -;— = 26.565°

IF.=0: 2F, = 2 cos 45° + 4 cos 36.87° — 1.5 cos 26.565°

=3.272 kN
iF,=0: 2F, = 2 sin 45° - 4 sin 36.87° - 1.5 sin 26.565°
=-1.657 kN
R=V(EF) + (F,)
=(3.272)% + (- 1.657)* = 3.667 kN

_1| ZF -1| —1.657
- 1 ¥y |- 1
6 =tan {ZF, ]—tan I: 3979

=tan™ ! (- 0.5064) = — 26.85°
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The numerator is —ve and denominator is +ve. Therefore 0 lies
in the 4th quadrant.

IMy=2cos 45° x4 +4¢cos 36.87°x 4 +45sin36.87°x1
- 1.5 cos 26.565° x 1 + 1.5 sin 26.565° x 3

=21.52 kN. cm
IMy 2152
d R 3667 - 5.87 cm
d 587
T=6in6  sin 26.85° 13 em
d__ 5.87 =6.58 cm

Y = c0s B cos 26.85°

Example 1.76 The force system applied to an angle bracket is
shown in Fig. 1.102. Determine the magnitude, direction and line of
action of the resultant force.

!
l

y
A

[

Fig. 1.102
Solution. ZF, = 150 cos 30° - 80 = 49.9 kN
IF, =150 sin 30° + 20 - 40 = 55 kN

Resultant force,

R =V(ZF,)* + (3F,)* =V(49.9)" + (55)° = 74.26 kN
Inclination of R with horizontal,

_,| XF. _ 55 _
- 1 =0y i 1| 99 |_ 1
6 =tan [ 37, } tan [ 29.9 ] tan™ "~ 1.902
0=47.78°

Both the numerator and denominator are positive. Therefore,
the resultant lies in the first quadrant.
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IMp=0: EIM,=-80x2-20x4= -240kN.m
IMy 240
d R 74.96 3.23 m
d 3.23
YT sin0  sin 47.78° 4.26 m
d 3.23

=4.8 m.

Y= cos O cos 47.78°

REVIEW QUESTIONS © ' o

SO A W

8.
9.
10.

11.
12.
13
14
15.
16.

. Define a force and give its characteristics.

. What is a force system ? List various types of force systems.

. State the laws of mechanics.

. State the principle of transmissibility of force.

. State the parallelogram law of forces.

. What is the resultant of two forces P and @ inclined to each other at

an angle « in megnitude and disection ?

. Define resolved part of a force in a given direction and give its

components.

State triangle law of forces.

State Lami’s theorem.

What are the various types of forces to which a body may be subjected
to ?

What is a free body diegram ?

Explain moment of a force, moment centre and moment arm.
State Varignon’s theorem.

What are parallel forces ? State the laws governing parallel forces.
What is a couple and its moment.

What are the properties of a couple ?

MULTI-CHOICE QUESTIONS '

1.

The resultant of two forces 3P and 2P is R. If the first force is double
the resultant is also doubled. Then the angle between two forces is
(a) 30° (b) 60°

(c) 120° (d) 150°

. Three forces P, 2P, and 3P are exerted along the direction of three

sides of an equilateral triangle. Their resultant is

(a) V3P (b) 3V3 P
(¢) 3P d) 3P

. If ot is the angle which the resultant of P and @ forces acting at an

angle 0 makes with force P then tan a is equal to
(@) @ cos 0/(P + @ cos 0) (b) @ sin 0/(P + Q cos 0)
(c) Q/(P+ Qcos0) (d) P/(Q + P sin 0).
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4, If o is the angle between the forces P and @ then their resultant R

1S
(@) IP?+ @+ 2PQ cos o) /2 (b) [P?+ Q%+ 2PQ sin o) '"2
(¢) |P*+ Q%+ PQ cos o2 d) |P*+ @+ PQ sin o)’2.

5. Three forces V3P, P and 2P, acting on a particle are in equilibrium.

10

11

If the angle between the first and second is 90 degree, then angle
between the second and third will be

(a) 30° b) 60°

(¢) 120° (d) 150°.

. Each of two equal forces is equal to P and the angle between them

is @, ther their resultant is equal to
(a) 2P cos (0t/2) (b) P cos (a/2)
(¢) 2P sin (a/2) (d) Psin o

. The resultant of two forces, each equal to P, is also P. The angle

12,

13

14.

between the two forces is

(@) 0° (b) 60°

() 90° (d) 120°.

Forces 7, 5 and 3 N acting on a particle are in equilibrium. The angle
between the last pair of forces is

(a) 30° b) 60°

(¢) 60° (d) 90°.

Two equal forces act at a point. If the square of their resultant is
equal to three times of their product then the angle between them
is

(a) 30° (b) 45°

(c) 60° (d) 90°.

If a body is in equilibrium under the action of three coplanar forces,
then

(a) they should act in a straight line

(b) they should meet at a point

(c) their horizontal and vertical components should be equal

(d) none of these is correct.

A body of 60 N rests in limiting equilibrium on an inclined plane
whose slope is 30 degree. If the plane is raised to a slope of 60 degree
then the force along the plane required to support it is

(@) 30N () 203 N
() 103 N (d) 30V3 N. :
Two forces when acting at right angle produce a resultant of V10 N

and when acting at 60 degree produce a resultant of V13 N. These
forces are

(@) 2N and V6 N (b) 3Nand 1N

(¢) V56 Nand V2 N (d) 2N and 5 N.

A force equal to 100 N is inclined at an angle of 60 degree to the
horizontal. Its resolved part in a vertical direction is

(@) 50N (b) 100 N
(c) 50 V3 N (d) 100 V3 N.
Two forces 130 N and 30 V3 N act on a particle at an angle 0 and cqual

to a resultant force of 140 N, then the angle between the forces is
(a) 45 degree (b) 30 degree
(¢) 60 degree (d) 90 degree.
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15.

16

17

18.
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A force which makes an angle of 30 degree with the horizontal has
its horizontal resolved part as 100 V3 N, then the force is

(@) 100 N (b) 200 N

(¢) 200V3 N (d) 50V3 N.

If three forces, acting on a rigid body be represented in magnitude
and direction by the sides of a triangle taken in order, then they are
(a) in equilibrium

(b) equivalent to a couple

(¢) equivalent to a force

(d) equivalent to a force and a couple.

The larger of two forces is 800 N. The angle between them is 120
degree. If their resultant is perpendicular to the smaller force, then
the smaller force is

(a) 300 N (b) 400 N
(c) 500 N (d) 600 N.
Like parallel forces act at the vertices A, B and C of a triangle and

are proportional to the lengths BC, CA and AB respectively. The
centre of forces is at the

(a) centroid (b) circumcentre

(¢) incentre (d) orthocentre.

19. ABCD is a square. Equal forces P are acting along AB, CB, AD and

20.

21.

22

23

24.

DC. Their resultant is a force 2P acting

(a) along DC (b) along AB

(c) along AC

(d) parallel to AB through the centre of the square.

The moment of a force (represented by a line AB) about a point O is
(a) half the area of the triangle OAB

(b) equal to the area of the triangle OAB

(c) two times the area of the triangle OAB

(d) three times the area of the triangle OAB.

If two forces P and @ are like, then their resultant is

@ V2P + Q@ ) VP? - Q2
© VP +Q d) P+Q.

The resultant of two unlike parallel forces is 20 N and acts at a
distance of 60 cmm and 80 ¢cm from them, the forces are

(@) 40N, 20N (b) 140 N, 120 N

(¢) 50N,30N (d)80N,60 N

Two parallel forces not having the same line of action form a couple,
if they are

(a) like and equal (b) like and unequal

(¢) unequal and unlike (d) equal and unlike.

Two like forces P and 3P act on a rigid body at points A and B

respectively. If the forces are interchanged in position, the position -
of application of the resultant will be displaced through a distance
as

1 1
@ 3AB ®) 148
@ LaB ) 3aB.

4 4
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25. According to the principle of transmissibility of forces, when a force
acts upon a body, its effect is
(a) minimum when it acts at the C.G. of the body
(b) maximum when it acts at the C.G. of the body
(¢) different at different points of the body
(d) same at every point in its line of action.
26. If two forces each equal to P in magnitude act at right angles, their

effect may be neutralised by a third force acting along their bisector
in opposite direction whose magnitude is equal to

(a) 2P ®) %P
() N3P (d) g‘

27. The resolved part of resultant of two forces inclined at an angle O
in a given direction is equal to the
(a) algebraic sum of the resolved parts of the forces in the direction
(b) sum of the resolved parts of the forces in the direction
(c) difference of the forces multiplied by cos 6
(d) sum of the forces multiplied by sin 0.

ANSWERS

1. (o) 2. (a) 3. b) 4. (a) 5. (¢)
6. () 7. (d) 8. (b) 9. (c) 10. (b)
11. (d) 12. (b) 13. (©) 14. d) 15. (b)
16. (a) 17. (b) 18. (¢ 19. @) 20. (c)
21. (d) 22. (d) 23. (d) 24. () 25. (d)
26. (c) 27. ()

EXERCISES

1.1 The resultant of two forces F1 and F2 is F. If F2 be doubled F is
doubled whilst, if F2 be reversed, F is again doubled, show that
F1:Fo:F::N2:V3:2.

1.2 The line of action of the resultant of two forces divides the angle
between them in the ratio 1 : 2. Determine the magnitude of the
resultant. [Ans. (F% - F22)/F21

1.3 The resultant of two forces P, @ acting at a certain angle is F, that
of P, R acting at the same angle is also F and the resultant of @, R
again acting at the same angle is G. Prove that

p-SREQIR). 52 oR) andif P+Q+R=0,G=F.
QR +R°-G

1.4 A weight W is hung from a weightless ring which can slip over a
smooth circular wire fixed in a vertical plane, the ring is also tied to
a string which passing as a chord of the circle over a fixed peg at the
top of the circle sustains a given weight P. If 0 be the angle that the
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radius to the ring makes with the vertical, in the position of rest,
. 0
show that sin 2= oW
1.5 Two weights W1 and W2 rest on each of two smooth planes placed
back-to-back of inclinations o and , being connected by a string
which runs horizontally from one plane to the other. Show that
Wi tan o = Wa tan B.

If the string passes over a smooth pulley at the top of the inclined
planes, show that Wi sin « = W2 sin .

1.6 Two weights Wj and Wy are suspended from a fixed point O by strings
OA and OB which are kept apart by a light rod AB. If the strings
make angles « and 3 with the rod, show that the angle 0 which the
rod makes with the vertical is given by
(W, + Wy) cot 6= W, cot B~ W, cot a

1.7 A fine string AOB of length [ is passed at O through a smooth ring
of no appreciable weight and is attached at its extremities to two
fixed points A and B at a distance d apart. A force P is applied to
the ring in a direction making an angle o with BA. Show that in the
position of equilibrium the two parts of the string are inclined to

-1(dsina
l

each other at an angle 2 sin and the tension in the string

is

P
2 V2 - d?sina
1.8 AB is a smooth straight wire fixed in a position inclined at an angle
« to the vertical with B above A. A small ring of weight W capable
of sliding freely on the wire is connected to B by a string which passes
through a ring of equal weight hanging freely on the string. Show
that the tension in the string is % W (1 +9cot? o)V2

1.9 The ends of a piece of string are attached to two heavy rings P and
Q of weight W1 and W2 respectively. The rings are free to slide on
two smooth rods BA and BC respectively inclined at angles a and
B to the horizontal and lying in the same vertical plane. Show that
in the position of equilibrium the string is inclined to the horizontal
at an angle.

W, + W,

1.10 A uniform circular disc of weight nW has a particle of weight W
attached to a point on its rim. If the disc be suspended from a point
A on its rim, B is the lowest point, also if suspended from B, A is the
lowest point. Show that the angle subtended by AB at the centre of
the disc is 2 sec” 1 2 (n + 1).

1.11 A heavy carriage wheel of weight W and radius r is to be dragged
over an obstacle of height & by a horizontal force F applied to the
centre of the wheel. Show that F' must be slightly greater than

W N2rh - h?
r-h

o [W, cot B - W, cot a]
tan” | ———— o ——
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1.12 A uniform rod AB of weight W and length 2/ hangs from a fixed point
O by a light string OA attached to the end A and a couple of moment
M (M < WI) is applied to the rod in a vertical plane. Find the tension
in the string and the inclination of the rod to the vertical in the

position of equilibrium. |[Ans. W, sin™ ' (M/Wi)]

1.13 A circular disc of weight W and radius a is suspended horizontally
by three equal vertical strings of length b attached symmetrically to
its perimeter. Show that the magnitude of the horizontal couple
required to keep it twisted through an angle 0 is given by

Wa? sin 0

Vb2 - 4a? sin® 0/2

1.14 A uniform rod of length a hangs against a smooth vertical wall being
supported by means of a string of length [ tied to one end of the rod,
the other end of the string being attached to a point in the wall.
Show that the rod can rest inclined to the wall at an angle 0 given
by

2 2
cos? ) = L g
3a

1.15 A beam whose centre of gravity divides it into two portions of lengths
a and b rests in equilibrium with its ends resting on two smooth
planes inclined at angles « and B respectively to the horizontal. Find
the inclination of the beam to the horizontal and the reactions of the
planes. [Ans. (b cot B —a cot ®)/(a +b); R, = Wsin f/sin (a + B)

Rﬁ = W sin a/sin (a + B)|

1.16 A uniform heavy rod of length 2a rests upon a smooth peg C and its
upper end A is attached to a fixed point D situated in the same
horizontal line as C by means of a string DA. If AD = AC = b, show
that the inclination 0 of the rod to the horizontal is

1/2

-1{a- b

+b

1.17 A sphere of weight W rests on two smooth planes inclined to the
horizontal at angles « and B. Find the pressure on the planes.
[Ans. W sin /sin (a + 8), W sin o/sin (a + B))

06 = tan

1.18 A smooth sphere is supported in contact with a smooth vertical wall
by a string fastened to a point on its surface, the other end being
attached to a point in the wall. If the length of the string be equal
to the radius of the sphere, find the inclination of the string to the
vertical, the tension of the string and the reaction of the wall.

|Ans. 30°, 2/¥3W, 1/V3W]

1.19 A rod rests wholly within a smooth hemispherical bowl of radius r,
its centre of gravity dividing the rod into two portions of lengths
a and b. Show that if 0 be the inclination of the rod to the horizontal

. .\ R . b-a
in the position of equilibrium, then sin 6 = ——===. Also find the
2Nr® -ab

reactions between the rod and the bowl and prove that
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b+a
re of the sphere.
|Ans. W sin (a - 0)/sin 2a, W sin (o + 8)/sin 2a]

1.20 A tricycle weighing 250 N has a small wheel symmetrically placed
100 cm behind the two large wheels, which are also 100 cm apart. If
the centre of gravity of tricycle be at a horizontal distance of 25 cm
behind the front wheels and that of the rider whose weight is 500
N, be 10 cm behind the front wheels, find the thrust on the ground

under the three wheels.
[Ans. Rear wheel = 112.5 N ; Front wheels = 318.75 N}

1.21 Four forces equal to P, 2P, 3P and 4P act along the sides AB, BC,
CD and DA respectively of a square. Find the magnitude, direction

and position of the resultant force.
[Ans. 2V2P, 45°, at 2.5 a on CD produced (a = side of square)]

1.22 Two cylinders P and @ rest in a box with the base 20 cm wide, one
side vertical and the other inclined at 60° to the horizontal base. The
cylinder P has a diameter of 10 cm and weighs 150 N; whereas the
cylinder @ weighs 300 N and has 20 cm diameter. If the cylinder @
is above the cylinder P, determine the pressures at all the four points

tan 0 = (u tan «, where 2a is the angle subtended by the rod at

the cen

of contact. [Ans. 203.8 N, 332.3 N, 273.5 N, 235.4 N|
1.23 Find the resultant of the forces shown in Fig. 1 102
Y
200 N !
100 N
45° 30°

% O 800
D

&)

Y 300 N
30°
Fig. 1.103

[Ans. 318.98 N, 31.46°|
1.24 Calculate the thrust T against the cylinder wall in Fig. 1.104
B

cm )
T 20 S
100 N 30°
(0]

Fig. 1.104
(Ans. 12.6 N]
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1.25 Find the magnitude and position of the resultant of the system of

forces shown in Fig. 1.105. [Ans. 270 N, 19.18 cm from O]
250 N 200 N
i 10 cm|
150 N
10 cm|
O 150N
Fig. 1.105
1.26 Determine the resultant in magnitude and position of the forces
shown in Fig. 1.106. [Ans. 35.92 N. 19.28 em from O}
100 N 40N
II
50 N
1/
t
K 10 cm
4
% ——l 10 cin l«—
Y20N
Fig. 1.106

1.27 Two forces P + @ and P - @ make an angle 2a with one another and
their resultant makes an angle 0 with the bisector of the angle
between them. Show that P tan 0 = @ tan a.

1.28 ABCD is a quadrilateral. Forces represented by CA, CB, DA and
DB act on a particle. Show that they are equivalent to a force
represented by 4FE, where E and F are the middle points of AB and
CD respectively.

1.29 Forces 2, V3, 5, V3, 2 units respectively act at one of the angular
points of a regular hexagon towards the five other points in order.
Find the magnitude and direction of the resultant.

[Ans. 10 units towards the opposite angular point]

1.30 If forces P and @ acting at an angle O be interchanged in position,
show that the resultant turns through an angle ¢ such that

tan (¢/2) = [g—}—g tan g
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1.31 A small ring of weight Wj is capable of sliding freely on a smooth
circular hoop of radius r, fixed in a vertical plane. It is supported by
a fine light string of length [ < 2r, attaching it to the highest point
of the hoop. A second string is attached to the ring and passes over
a small smooth peg situated at the lowest point of the hoop support-
ing at its other extremity a mass of weight Wo. Find the tension in
the first string and the reaction of the hoop on the wire.
[Ans. W, 1/(4r® =52 4 Wil/r, W, + 2r W/ (4r% - 1317

1.32 A hemisphere of radius r and weight W is placed with its curved
surface on a smooth table and a string of length [ (< r) is attached to
a point on its rim and to a point on the table. Find the position of
equilibrium and prove that the tension of the string is

3 r-1

8 (@2r-1%)2

1.33 A rod is movable in a vertical plane about a hinge at one end, and
at the other end is fastened a weight equal to half the weight of the
rod. This end is fastened by a string of length [/ to a point at a height
h vertically over the hinge. Show that the tension of the string is
IW/h.

1.34 One end of a uniform rod is attached to a hinge and the other end
is supported by a string attached to the extremity of the rod. The
rod and the string are inclined at the same angle 0 to the horizontal.
If W be the weight of the rod then show that the reaction at the hinge
is

%{ - (8 + cosec? 0)/2.

135 Two uniform beams AC and BC of two equal lengths and of unequal
weights W1 and W3 respectively are pin-jointed at C and hinged at
A and B to two fixed points at the same level. The beams are hung
in a vertical plane, and are inclined at an angle a to the horizontal.
Find the reaction at C and prove that the line of action is inclined
to the vertical at an angle .

-1 W, + W, l

tan i WJ cot (lj
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