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1.1. INTRODUCTION

The limitations of analytical methods in practical applications have led scientists and
engineers to evolve numerical methods. We know that exact methods often fail in drawing
plausible inferences from a given set of tabulated data or in finding roots of transcendental
equations or in solving non-linear differential equations. There are many more such situa-
tions where analytical methods are unable to produce desirable results. Even if analytical
solutions are available, these are not amenable to direct numerical interpretation. The aim
of numerical analysis is therefore, to provide constructive methods for obtaining answers to
such problems in a numerical form.

With the advent of high speed computers and increasing demand for numerical solu-
tion to various problems, numerical techniques have become indispensible tools in the hands
of engineers and scientists.

The input information is rarely exact since it comes from some measurement or the
other and the method also introduces further error. As such, the error in the final result may
be due to error in the initial data or in the method or both. Our effort will be to minimize
these errors, so as to get best possible results. We therefore begin by explaining various
kinds of approximations and errors which may occur in a problem and derive some results on
error propagation in numerical calculations.

1.2. ACCURACY OF NUMBERS

(1) Approximate numbers. There are two types of numbers exact and approximate.
Exact numbers are 2, 4,9, 13, 7/2, 6.45, ... etc. But there are numbers such as 4/3 ( = 1.33333

), V2(=1.414213 ...) and 7t ( = 3.141592 ...) which cannot be expressed by a finite number of
digits. These may be approximated by numbers 1.3333, 1.4142 and 3.1416 respectively. Such
numbers which represent the given numbers to a certain degree of accuracy are called
approximate numbers.
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(2) Significant figures. The digits used to express a number are called significant digits
(figsures). Thus each of the numbers 7845, 3.589, 0.4758 contains four significant figures
while the numbers 0.00386, 0.000587 and 0.0000296 contain only three significant figures
since zeros only help to fix the position of the decimal point. Similarly the numbers 45000
and 7300.00 have two significant figures only.

(3) Rounding off. There are numbers with large number of digits e.g., 22/7 =
3.142857143. In practice, it is desirable to limit such numbers to a manageable number of
digits such as 3.14 or 3.143. This process of dropping unwanted digits is called rounding off.

(4) Rule to round off a number to n significant figures :

(i) Discard all digits to the right of the nth digit.

(i1) If this discarded number is

(a) less than half a unit in the nth place, leave the nth digit unchanged ;

(b) greater than half a unit in the nth place, increase the nth digit by unity ;

(c) exactly half a unit in the nth place, increase the nth digit by unity if it is odd other-
wise leave it unchanged.

For instance, the following numbers rounded off to three significant figures are :

7.893 to 7.89 3.567 to 3.57
12.865 to 12.9 84767 to 84800
6.4356 to 6.44 5.8254 to 5.82

Also the numbers 6.284359, 9.864651, 12.464762 rounded off to four places of decimal
at 6.2844, 9.8646, 12.4648 respectively.

Obs. The numbers thus rounded off to n significant figures (or n decimal places) are said to be
correct to n significant figures (or n decimal places).

1.3. ERRORS

In any numerical computation, we come across the following types of errors :

(1) Inherent errors. Errors which are already present in the statement of a problem
before its solution, are called inherent errors. Such errors arise either due to the given data
being approximate or due to the limitations of mathematical tables, calculators or the digital
computer. Inherent errors can be minimized by taking better data or by using high precision
computing aids.

(2) Rounding errors arise from the process of rounding off the numbers during the
computation. Such errors are unavoidable in most of the calculations due to the limitations
of the computing aids. Rounding errors can, however, be reduced :

(i) by changing the calculation procedure so as to avoid subtraction of nearly equal
numbers or division by a small number ;
or (i) by retaining at least one more significant figure at each step than that given in the
data and rounding off at the last step.

(8) Truncation errors are caused by using approximate results or on replacing an infinite
process by a finite one. If we are using a decimal computer having a fixed word length of 4
digits, rounding off of 13.658 gives 13.66 whereas truncation gives 13.65.

2 3 4

x
For example, if e* = 1+x+2—!+a+4—! + ... 00 =X (say)
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is replaced by 1+x+ 51 + ETh X’ (say), then the truncation error is X — X'.

Truncation error is a type of algorithm error.

(4) Absolute, Relative and Percentage errors. If X is the true value of a quantity and X’
is its approximate value, then | X - X" | i.e. | Error | is called the absolute error E .

The relative error is defined by E = X-X ie. | Error |
" X | True value |
: X-X
and the percentage error is E'p =100 E, = 100 ——|.

If X be such a number that | X-X' |1 <X , then X isan upper limit on the magnitude
of absolute error and measures the absolute accuracy.

Obs. 1. The relative and percentage errors are independent of the units used while absolute error
is expressed in terms of these units.

Obs. 2. If a number is correct to n decimal places then the error = % TOx?!
For example, if the number is 3.1416 correct to 4 decimal places, then the error

= 210" = 0.00005.

1.4. USEFUL RULES FOR ESTIMATING ERRORS

To estimate the errors which creep in when the numbers in a calculation are trun-
cated or rounded off to a certain number of digits, the following rules are useful.

If the approximate value of a number X having n decimal digits is X’, then
(1) Absolute error due to truncation to k digits

=1 X-X | <10v*
(2) Absolute error due to rounding off to k digits

=1 X-X1 <%10"*k

(3) Relative error due to truncation to k digits

= ‘ ﬂ < 101-*
X
(4) Relative error due to rounding off to k digits
= ‘ H < 1 101-*
X 2

Obs. 1. If a number is correct to n significant digits, then the maximum relative error < élO"‘.

If a number is correct to d decimal places, then the absolute error < %1 0.
Obs. 2. If the first significant figure of a number is k and the number is correct to n significant
figures, then the relative error < 1/(k x 10™71),

Let us verify this result by finding the relative error in the number 864.32 correct to five signifi-
cant figures.
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Here £ =8,n =5 and
absolute error + 0.01 x l =0.005.

Rel 0. 005 5 L S 1
elative error < oo o0 = o a0 = 2x 86432 2x 80000 2 x 8 x 107
1 . 1

<—— e —— . Hence the result is verified.
8 10 Fx 1071

Bl Example 1.1. Round off the numbers 865250 and 37.46235 to four significant figures
and compute E , E E in each case.

Sol. (@) Number rounded off to four significant figures = 865200

= | X-X, | = | 865250 — 865200 | =50
X - X, 50
_ - _ -5
E = ‘ Sea50 = 6-71x 10

E =E, x 100 = 6.71 x 1073
(u) Number rounded off to four significant figures = 37.46

=| X-X, | =] 37.46235 - 37.46000 | = 0.00235
E - X-X; __0.00235 — 6.97 x 10-5
" X 37.46235

E, =E x100=6.27 x 1073,
Bl Example 1.2. Find the absolute error if the number X = 0.00545828 is
() truncated to three decimal digits.
(i1) rounded off to three decimal digits.

Sol. We have X = 0.00545828 = 0.545828 x 102
(i) After truncating to three decimal places, its approximate value X’ = 0.545 x 102
Absolute error =| X-X" | =0.000828 x 102

=0.828 x 10 <1023
This proves rule (1).

(1) After rounding off to three decimal places, its approximate value X’ = 0.546 x 102
Absolute error = | X-X|

= | 0.545828 — 0.546 | x 102

=0.000172 x 102 =0.172 x 107°
which is < 0.5 x 10723, This proves rule (2).

B Example 1.3. Find the relative error if the number X = 0.004997 is
(@) truncated to three decimal digits

(it) rounded off to three decimal digits.
Sol. We have X = 0.004997 = 0.4997 x 102

(i) After truncating to three decimal places, its approximate value X’ = 0.499 x102.
X-X’
X
=0.140 x 102 < 1013

0.4997 x 1072 - 0.499 x 1072
0.4997 x 1072

Relative error = ‘

This proves rule (3).
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(it) After rounding off to three decimal places, the approximate value of the given

number

X' =0.500 x 1072
‘ X-X 0.4997 x1072 — 0500 x 102
X 0.4997 x 1072

=0.600 x 1072 = 0.06 x 10-3+!

Relative error =

which is less than 0.5 x 10-3*1. This proves rule (4).

PROBLEMS 1.1

1.

2.

10.
11.
12.

13.

14.

Round off the following numbers correct to four significant figures : 3.26425, 35.46735,
4985561, 0.70035, 0.00032217, 18.265101.

Round off the number 75462 to four significant digits and then calculate the absolute
error and percentage error. (U.P.T.U., B. Tech., 2004)

If 0.333 is the approximate value of 1/3, find the absolute and relative errors.

(Bhopal, B.E., 2007)
Find the percentage error if 625.483 is approximated to three significant figures.
Find the relative error in taking © = 3.141593 as 22/7. (V.T.U. MCA, 2007)
The height of an observation tower was estimated to be 47 m, whereas its actual height
was 45 m. Calculate the percentage relative error in the measurement.
Suppose that you have a task of measuring the lengths of a bridge and a rivet, and come
up with 9999 and 9 cm, respectively. If the true values are 10,000 and 10 cm respectively,
compute the percentage relative error in each case. (Pune, B. Tech., 2004)

2 3
Find the value of e¢* using series expansion e¢* = 1 + x + % he (M + ... for x = 0.5 with an

3!
absolute error less than 0.005.

V29 =5.385 and J_ = 3.317 correct to 4 significant figures. Find the relative errors in
their sum and difference.

Given : @ = 9.00 += 0.05, b = 0.0356 + 0.0002, ¢ = 15300 + 100, d = 62000 + 500. Find the
maximum value of absolute errorina + b + ¢ + d.

Two numbers are 3.5 and 47.279 both of which are correct to the significant figures given.
Find their product.

Find the absolute error and the relative error in the product of 432.8 and 0.12584 using
four digit mantissa. (Kerala B. Tech., 2003)
The discharge @ over a notch for head H is calculated by the formula @ = 2ZH%2 where £ is
a given constant. If the head is 75 cm and an error of 0.15 cm is possible in its measure-
ment, estimate the percentage error in computing the discharge.

If the number p is correct to 3 significant digits, what will be the maximum relative
error ?
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1.5. ERROR PROPAGATION

A number of computational steps are carried out for the solution of a problem. It is
necessary to understand the way the error propagates with progressive computation.

If the approximate values of two numbers X and Y be X’ and Y respectively, then the
absolute error

E,=X-X and E =Y-Y
(1) Absolute error in addition operation
X+Y=X+E, )+ Y + an)
=X +Y +E, +an
| X+V-X'+Y) | =|E +E, |<|E_ |+]|E, |
Thus the absolute error in taking (X’ + Y’) as an approximation to (X + Y) is less than

or equal to the sum of the absolute errors in taking X’ as an approximation to X and Y” as an
approximation to Y.

(2) Absolute error in subtraction operation
X-Y=X+E )-Y +E,)
=X'-Y)+(E&,-E,)
| X-V)- & -Y) | = | E,~E,, | <|E,|+|E,|
Thus the absolute error in taking (X’ — Y”) as an approximation to (X —Y) is less than
or equal to the sum of the absolute errors in taking X’ as an approximation to X and Y’ as an
approximation to Y.
(3) Absolute error in multiplication operation
To find the absolute error E in the product of two numbers X and Y, we write
E =X+E,)Y+E,)-XY
where E, and E_ are the absolute errors in X and Y respectively. Then
E,=XE, +YE, +E E,
Assuming E  and an are reasonably small so that £ Exy can be ignored.
Thus E, =XE  +YE, approximately.
(4) Absolute error in division operation
Similarly the absolute error E_ in the quotient of two numbers X and Y is given by

X+E X_YEax_Xan

“"Y+E, Y Y{+E,)

T Y2 (L4 E,/Y)

YE, - XE
=% % assuming E_ /Y to be small.

Y2

Eax _ an
X Y

X
Y
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B Example 1.4. Find the absolute error and relative error in \J6 + 7 + /8 correct to 4
significant digits.
Sol. We have /6 = 2.449, \/7 = 2.646, \/g = 2.828
- S =6 +/7 +/8 = 7.923.
Then the absolute error £ in S, is
E,=0.0005 + 0.0007 + 0.0004 = 0.0016
This shows that S is correct to 3 significant digits only. Therefore, we take S = 7.92
Then the relative error E is

0.0016
= =0.0002.
. 792 0.000
M Example 1.5. The area of cross-section of a rod is desired upto 0.2% error. How accu-
rately should the diameter be measured? (Pune, B. Tech., 2003)

2
Sol. If A is the area and D is the diameter of the rod, then A =T (%) = % D.D.

Now error in area A is 0.2% i.e., 0.002 which is due to the error in the product D x D.
We know that if E  is the absolute error in the product of two numbers X and Y, then
E =X E+YE_
Here X=Y =D and E y = E _; = E,), therefore
E,=DE, +DE; or 0.002=2DE,
Thus E,, = 0.001/D i.e., the error in the diameter should not exceed 0.001 D1,
Il Example 1.6. Find the product of the numbers 3.7 and 52.378 both of which are correct

to given significant digits.

Sol. Since the absolute error is greatest in 3.7, therefore we round off the other number
to 3 significant figures i.e. 52.4.

Their product P = 3.7 x 52.4 = 193.88 = 1.9388 x 102

Since the first number contains only two significant figures, therefore retaining only
two significant figures in the product, we get

P=19x 102

1.6. ERROR IN THE APPROXIMATION OF A FUNCTION

Let y = flx,, x,) be a function of two variables x,, x,. If 6x,, 6x, be the errors in x,, x,,
then the error dy in y is given by

y + 8y = flx; + dxy, xy + Oxy)
Expanding the right hand side by Taylor’s series, we get
of

of
y + 8y = flxy, x,) + [Eﬁxl +£8x2]

+ terms involving higher powers of dx; and dx, ..(D)
If the errors dx,, dx, be so small that their squares and higher powers can be neglected,
then (i) gives
of

of .
oy = o, dxy + 2%, dx, approximately.
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dy dy
Hence 6y = E le + @ sz
In general, the error dy in the function y = flx, x,, ...... , x,) corresponding to the errors
o, inx; G=1,2, ... n) is given by
dy dy
=—— 3§ — 0y + ... +— 30
% = ) Yt 0xy Yo ox,, "

6 ) ) )
and the relative erroriny is E, = O Oy %  dy S o dy &, )
Yy dxy y sz y ox, y

B Example 1.7. If u = 4x%y3/z* and errors in x, y, z be 0.001, compute the relative maxi-
mum error in u whenx =y =z = 1.

ou 8xy® ou 12x%y? 8u__16x2y3

Sol. Since — = ,—= ,— =
ox 2% oy 24 oz 20
du Ju ou . 8xy? 12x%y? 16x%y?
=— — Oz = ) Sy — )
du . Oox + By8 ~ ! X + e Yy - %4

Since the errors dx, dy, 0z may be positive or negative, we take the absolute values of
the terms on the right side, giving

12x
8:)} ‘
24

= 8(0.001) + 12(0.001) + 16(0.001) = 0.036
Hence the maximum relative error = (8u),, , /u = 0.036/4 = 0.009.

8xy 16x

Z

Su) Sx |+

max

8 ‘

O Example 1.8. Find the relative error in the function y = ax;"" x5, ...... X,
Sol. We have logy =loga + m,logx, + m,logx, +...+m, logx,

1dy _my 19dy my o0
yoxy X yaxz Xo

dy o dy o dy ox dx dx
Hence E z—yﬁ+—y&+....+—y—n=ml—l+m2—2+,,,+m an
Todx; Yy Oxg Y ox, ¥y xq X " ox,
Since the errors 6x,, dx,, ...... , 6x, may be positive or negative, we take the absolute

values of the terms on the right side. This gives :

ox
1 ox ox
(E) <m mo| —2|+..+m n
r’max 1 xq 2 x n
2 Xy
Cor. Takinga =1, m; =m, = ...... =m_ =1, we have
Y= XXy e x,.
Ox; O S
then E = L2 + =
X1 X Xn

Thus the relative error of a product of n numbers is approximately equal to the algebraic sum of
their relative errors.
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1.7. ERRORIN A SERIES APPROXIMATION
We know that the Taylor’s series for flx) at x = a with a remainder after n terms is

2 _ -1
f)=fla+x—-a)=fla) + (x—a)f’(a)+ % @)+ ...+ %f”‘l(a) +R (x)

where R (x) = u £7(0), @ < 6 < x.
n:

If the series is convergent, R, (x) — 0 as n — « and hence if f{x) is approximated by the
first n terms of this series, then the maximum error will be given by the remainder term
R, (x). On the other hand, if the accuracy required in a series approximation is preassigned,
then we can find n, the number of terms which would yield the desired accuracy.

M Example 1.9. Find the number of terms of the exponential series such that their sum
gives the value of e* correct to six decimal places at x = 1.

2 3 n-1
x )
X — —_ —_
Sol. We have e _1+x+2!+3!+ ...... +(n_1)!+Rn(x) .0
xﬂ
where R (x)=— €% 0<6<ux.
n!
xn n
Maximum absolute error (at 0 =x) = — e” and the maximum relative error = —
n! n!
.1
Hence (E)),, . atx =1is — -
n!
For a six decimal accuracy at x = 1, we have
1 1
<73 106, ie. n!>2x108 which gives n = 10.
n!
Thus we need 10 terms of the series (i) in order that its sum is correct to 6 decimal
places.
Hl Example 1.10. The function f(x) = tan™! x can be expanded as
3 5 2n-1
tanlTao=x-+X _ . Dt E ,
3 5 2n—-1

find n such that the series determine tan™! x correct to eight significant digits at x = 1.
(U.P.T.U., B. Tech. 2007)

Sol. If we retain n terms in the expansion of tan~! x, then (n + 1)th term
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_ n
To determine tan~! (1) correct to eight significant digits accuracy % < % x 1078
n+
ie., 2n+1>2x10° or n>108—%

Hence n =108 + 1.

1.8. ORDER OF APPROXIMATION

We often replace a function f{i) with its approximation ¢(2) and the error bound is
known to be W(h™), n being a positive integer so that
| AR)—oCh) | Su | A | for sufficiently small A.

Then we say that ¢(h) approximates f(h) with order of approximation O(h™) and write
flh) = ¢(h) + O(h™).

1
For instance, 17 =1+h+h2+h3+h*+ho+ ..

1
is written as 1op =1+h+ h? + h3 + O(hY) (D)
to the 4th order of approximation.

2 4 6 8
Similarly cos (h) = 1—h—+h——h—+h— — e
21 4! 6! 8!

to the 6th order of approximation becomes

n? 6 .
cos (h) = 1—2—!+4—! + O(h®) .(10)
The sum of (i) and (i7) gives
5 n
A-h)'+cos(h)=2+h+ ETI h® + O(h)* + a1 O(h®) . (@)
h4
Since O(h*) + T O(h*) and O(h*) + O(h®) = O(h%)

22
(iii) takes the form (1—A)1+cos(h)=2+h + -t h3 + O(h*), which is of the 4th order of

approximation.
Similarly the product of (i) and (i7) yields

n?  nt
1__+z + (1 +h +h?+ h3) O(hO)

(l—h)‘lcos(h)=(1+h+h2+h3)[ 21

hZ h4
+ (1_ Z 4 _J O(h*) + O(h*) O(h®)
21 4!

=1+h h—2+h—3—11h4+£h5+h—6+h—7 O(h%) + O(h®) + O(h*) O(hS) (iv)
= + + 2 2 24 24 24 24+ + + ...
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Since O(h*) O(h®) = O(h19)

11a* 11,5, K A7
d - +—=h® +——+—— 4 O(h*) + ORS) + O(h1®) = O(h*
an 24 94 o1 24+()+()+() (h%)
2 h3
(iv) is reduced to (1 —A) 1 cos () =1+ h + Y + Y + O(h%), which is of the 4th order of

approximation.
1.9. GROWTH OF ERROR

Let e(n) represent the growth of error after n steps of a computation process.

If | e(n) | ~n ¢, we say that the growth of error is linear.

If | e(n) | ~ 8" ¢, we say that the growth of error is exponential.

If & > 1, the exponential error grows indefinitely as n — o, and
if 0 < 8 < 1, the exponential error decreases to zero as n — co.

PROBLEMS 1.2

1.

10.

Find the smaller root of the equation x2 — 400x + 1 = 0, correct to 4 decimal places.

If 7 = h(4h® — 5), find the percentage error in r at & = 1, if the error in 4 is 0.04.
(W.B.T.U. B. Tech., 2005)

If R = 10 x®y2%22 and errors in x, y, z are 0.03, 0.01, 0.02 respectively atx =3,y =1,z = 2.
Calculate the absolute error and % relative error in evaluating R ?

If R = 4xy?/z3 and errors in x, y, z be 0.001, show that the maximum relative error atx =y = z
=11s 0.006.

2
IfV= % [% + hj and the error in V is at the most 0.4%, find the percentage error allow-

ablein r and A whenr =5.1 cm and A = 5.8 cm.

; 08 gin x :
Find the value of I = J. dx correct to 4 decimal places.
(ol
x3 x5
Using the series sin x = x — o + Erit i , evaluate sin 25° with an accuracy of 0.001.

Determine the number of terms required in the series for log (1 + x) to evaluate log 1.2
correct to six decimal places.

Use the series log, (14- c

-9 x> 4
=2|x+ o + o ol to compute the value of log (1.2)

correct to seven decimal places and find the number of terms retained.
(U.P.T.U., B.Tech., 2003)

Find the order of approximation for the sum and product of the following expansions :
B2 3 B2 pd

Rl L Aykes 4 \d (L W KL, 6
e"=1+h+ 2 +3! + O(h*) and cos(h)—1—2!+4!+0(h).
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11.

Given the expansions :

A ' LS
sin()=t—-_4+°_ +0@¢") and cos(#)=1--—+-— + Ot®
Sl gl 2! 4!

Determine the order of approximation for their sum and product.

1.10. OBJECTIVE TYPE OF QUESTIONS

PROBLEMS 1.3

Select the correct answer or fill up the blanks in the following questions :

1.

=

o LR

10.

11.
12.

13.
14.

If x is the true value of a quantity and x, is its approximate value, then the relative error
is

(@) | 2y —x |/x; GO |z —x, |/

(c) | x/x | (@) /| 2= 2.

The relative error in the number 834.12 correct to five significant figures is ...... )
If a number is rounded to 2 decimal places, then the absolute error is

1 1
hrid k-1 —10-*F
(@) 9 10 (®) 210

1 1
= 10k — 10-*
(c) 3 10 (d) 1 10§~

If  is taken = 3.14 in place of 3.14156, then the relative error is ......

Given x=1.2, y=25.6 and z =4.5, then the relative error in evaluating w =x2 + y/z
1S Miatt

Round off values of 43.38256, 0.0326457 and 0.2537623 to four significant digits are ...... y
Round relative maximum error in 8x2y/z when 8x =8y =82 =0.00l atx =y =2 = 1 is ...... 4
If both the digits of the number 8.6 are correct, then the relative error is ...... ]

If a number is correct to n significant digits, then the relative error is

1 1
= 107 b) ~10m
(a) 5 () 5

1 1
<= 10 d) <= 1071,
() 3 d) < :

If (3 + /6 + 4/7) is rounded to four significant digits, then the absolute error is ...... :

(4102 — 4/101) correct to three significant figures is ...... !

Approximate values of 1/3 are given as 0.3, 0.33 and 0.34. Out of these the best
approximation is ...... !

The relative error if % is approximated to 0.667, is ...... { (U.P.T.C., MCA, 2009)

If the first significant digit of a number is p and the number is correct to n significant
digits, then the relative erroris ...... 5
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