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VECTORS, LAPLACE TRANSFORM

Ex. 1. Find . andF F∇ ∇×
   

 where the vector field ( ), ,=F yz xz xy    (Ans: ( ). 0 0,0,0∇ = ∇× =
   

F F )

Sol : kxyjxziyzF ��� ++=


; ( )� �� � � �. . 0 0 0 0 0F i j k yzi xzj xyk
x y z

⎛ ⎞∂ ∂ ∂
∇ = + + + + = + + + =⎜ ⎟∂ ∂ ∂⎝ ⎠

 

[ ] [ ] [ ]

�� �

� �� � � �0 0 0∂ ∂ ∂
∇× = = − − − + − = + =

∂ ∂ ∂

 
i j k

F i x x j y y k z z i j k
x y z

yz xz xy

Ex. 2. Find the value of the following integral ( )
1 2

2
1 2 3 3 2 1 3 2

0 0 0

( )
t tt

dt dt dt t t t t t t− δ + − −∫ ∫ ∫ (Ans: t 4/12)

Sol : ( )
1 2

2
1 2 3 3 2 1 3 2

0 0 0

( )
t tt

dt dt dt t t t t t t− δ + − −∫ ∫ ∫
1 2

2
1 2 3 2 3 2 1

0 0 0

( ) ( ( ))
t tt

dt dt t t t t t t= − δ − + −∫ ∫ ∫

 From the properties of dirac delta function ( ) ( ) ( )
b

a

f x x m dx f m if a m bδ − = < <∫ .

Given integral 
1 2

2
1 2 3 2 3 2 1

0 0 0

( ) ( ( ))
t tt

dt dt t t t t t t− δ − + − =∫ ∫ ∫
1 2

1 2 3 3 3 3
0 0 0

( ) ( )
t tt

dt dt dt f t dt t mδ −∫ ∫ ∫

1
2

1 2 2 1 2
0 0

.( )
tt

dt dt t t t t= + − −∫ ∫
1 1

2 2 2
1 1 2 1 1 1 2

0 0 0 0

( ) ( 2 )
t tt t

dt t t dt dt t tt t dt= − = − +∫ ∫ ∫ ∫

12 2
2 1 2 1 2 10

0

( 2 )
t

t
t t tt t t t dt= − +∫

2 2 3 4 4 4 4
2 2 3 1 1 1

1 1 1 1
0 0

2 2( 2 )
2 3 4 2 3 4

tt t t tt t t t tt t tt t dt= − + = − + = − +∫

4 4 4 46 8 3
12 12

t t t t− +
=

Ex. 3. What is the Laplace transform of 
2( ) 1 1

0 0 1
f t t for t

for t
= − >

= < < (Ans: ( ) 32 1 /se s s− + )

Sol : [ ] ( ) ( )
1

2 2 2

0 0 1 1 1 1

( ) ( ) 0 1 1 ;st st st st stL f t f t e dt dt t e dt t e dt t e dt e dt
∞ ∞ ∞ ∞ ∞

− − − − −= = + − = − = −∫ ∫ ∫ ∫ ∫ ∫

2

1

stt e dt
∞

−∫ 2 3
1 1

2 2 , 0 ;
s s s st s

ste e e e ee dt
s s ss s

∞∞− − − − −
−= + + = = +

−∫

TOPICWISE SOLVED PROBLEMS
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Ex.2 Methods of Mathematical Physics

[ ] 3 2

2 2( )
s se eL f t

s s

− −

= +
2 3 2

3 2 2 3 2 3 3

1 1 (1 ) 2 ( 1)2 2 2
s

s s ss s s s e se e e
s s s s s s s

−
− − −⎡ ⎤+ + +⎡ ⎤= + = = =⎢ ⎥⎢ ⎥⎣ ⎦ ⎣ ⎦

Ex. 4. If  2 �,F r r=


S is the surface of a hemisphere including the circular plane base radius �a�, centered at the

origin, �r  represents the unit vector in the radial direction at any point and �n  represents the unit

outward normal at each point of the closed surface S. Find the value of �.
s

F nds∫


(Ans: 2ππa4)

Sol : �.
s

F nds∫
 ( ) ( ) ( ) ( )spherical 1 2 3 2 1 3 3 1 3

1 2 3 1 2 3

1. ; .
v

F d A A h h A h h A h h
h h h q q q

⎡ ⎤∂ ∂ ∂
= ∇ τ ∇ = + +⎢ ⎥∂ ∂ ∂⎣ ⎦

∫
 

( )

( )

3
2 2

2 2

4
2 4

0
0 0 0 0

1 4sin 4
sin

44 sin cos 2
4

ar

rr r r
rr r

rrr dr d d a
π π

π

∂⎡ ⎤= × θ = =⎢ ⎥∂θ ⎣ ⎦

⇒ θ θ φ = − θ × π = π∫ ∫ ∫

Ex. 5. If 
0

( ) ( ) stf s F t e dt
∞

−= ∫  then, find the value of 
0

( ) sttF t e dt
∞

−∫            (Ans: 
df
ds

− )

Sol : ( )1

0

( ) ( )( ) 1 .st df s df stF t e dt
ds ds

∞
− −

= − =∫

Ex. 6. Find the unit tangent vectors to any point on the curve 2 2, 4 3, 2 8 at 2?x t t y t z t t t= − = − = − =

  (Ans: 
3 4� �
5 5

i j+ )

Sol : Tangent to the curve is

( ) ( ) ( )2 2 �� �4 3 2 8dr d t t i t j t t k
dt dt

⎡ ⎤= − + − + −⎣ ⎦


( ) ( )

2
�� � � �2 1 4 4 8 3 4

t
t i j t k i j

=
= − + + − = + ;

Unit tangent 
� �3 4 3 4� �

5 525
i j i j+

= = +

Ex. 7. Find an equation of the tangent plane to the surface 2 2 32 3 6x xy z+ − =  at the point p(1, 2, 1)

(Ans: 10 8 9 17x y z+ − = )
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Methods of Mathematical Physics Ex.3

Sol : [ ]2 2�� �2 2 4 9 ;i x y j xy k z⎡ ⎤ ⎡ ⎤∇φ = + + + −⎣ ⎦ ⎣ ⎦ 121
�� �(2 2 4) 8 9i j k∇φ = + × + + − �� �10 8 9 .i j k= + −

This is the normal to the surface at p equation of the plane with normal. �� �N ai bj ck= + +  has the form.

; . .,10 8 9 ;ax by cz k i e x y z k+ + = + − =  10+16-9 = k; k = 17; substitute (1, 2, 1) ∴equation of tangent

plane 10 8 9 17.x y z+ − =

Ex. 8. Find 
1ln | | andif r
r

∇φ φ = φ =


(Ans: 2 3,r r
r r

−
 

)

Sol : 2 2 2ln | | ln ;r x y z= + +
 2 2 2 1/ 2ln( )x y z= + +

( )
( ) 1/ 22 2 2

1/ 22 2 2

1 1�� � ; 2
2

i j k x y z x
x y z x x y z

−∂φ ∂φ ∂φ ∂φ
∇φ = + + = × + + ×

∂ ∂ ∂ ∂ + + 2

1 ,x
r

=

2 2 2 2

�� �
, ; ;y z xi yj zk rlly

y zr r r r
∂φ ∂φ + +

= = ∇φ = ∇φ =
∂ ∂



2
3

1,n n rr nr r
r r

− −⎛ ⎞∇ = ∇ =⎜ ⎟
⎝ ⎠



Ex. 9. Find the angle between the surfaces 
2 2

2 2
1 2

6 6and
6 6

x y z x y z
⎛ ⎞ ⎛ ⎞

φ = + − φ = − + − −⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

at the point

6 6 1, ,
12 12 12

p
⎛ ⎞

= ⎜ ⎟⎜ ⎟
⎝ ⎠

(Ans: 60o)

Sol : Angle between the surfaces equal to angle between their normal.

1
�� �2 2 ;i x j y k∇φ = + −

1 1

� �2 6 2 6 1 1�� � ; 1
12 12 6 66 6p

i ji j k k∇φ = + − = + − ∇φ = + +


2
1 1 �2 2
6 6 p

x i y j k⎛ ⎞ ⎛ ⎞
∇φ = − + − −⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠

6 1 6 1� �2 2
12 126 6

i j k
⎛ ⎞ ⎛ ⎞

= − + − −⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

 6 6 1 1 �� � � �2 2
12 6 12 6 6 6

i j k i j k− − −⎛ ⎞ ⎛ ⎞
= + − = − −⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠



2
1 1 1
6 6

⇒ ∇φ = + +

Angle between the normals
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Ex.4 Methods of Mathematical Physics

1 2

1 2

.
cos

∇φ ∇φ
θ =

∇φ ∇φ

1 1 11 1
6 6 3

1 11 1 1 1 11 1 6 66 6 6 6

− − + − +
= =

+ ++ + + +

2 / 3
4 / 3

= ( )1 o1 cos 1/ 2 cos 1/ 2 60
2

−θ = ⇒ θ = =

Ex. 10. A unit vector �n  on the xy plane is at an angle of  120  with respect to �.i  The angle between the vector,,

� �� �and= + = +
 u ai bn v an bi  will be 60  if       (Ans:   

2
ab =  )

n

120
x

y

Sol : The angle between andu v , i.e.,  | || | cos60⋅ =
  u v u v

2 2� �� �. . . | || | cos60+ + + = a i n b n i ab ba u v

Ex. 11. Find the inverse Laplace transform of 1 tt e−− +  is      (Ans: 1 tt e−− + )

Sol :
2 2 2

2 2 2 2

1 1 1 1 ( 1) 1 11
1 ( 1) ( 1) ( 1)

t s s s s s s s sL t e
s ss s s s s s s

− + − + + + − − +⎡ ⎤− + = − + = = =⎣ ⎦ + + + +

2 2 | || |cos120 2 cos120
2

⇒ + + =o o u va ab b

( )
2 2

2 212 2 cos120
2 2

⎛ ⎞+
⇒ − + = + +⎜ ⎟⎝ ⎠

a b ab a b ab

( )2 2 2 24⇒ − + + = + −a b ab a b ab ( )2 22 5⇒ + =a b ab / 2⇒ =b a

Ex. 12. The graph of the function 
1, 2 2 1

( )
0, 2 1 2 2

for n x n
f x

for n x n
≤ ≤ +⎧

= ⎨ + ≤ ≤ +⎩
where (n = 0,1,2,�..) is shown below. Its

Laplace transform ( )f s  is?    (Ans: ( )
1

1 ss e−+ )
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Methods of Mathematical Physics Ex.5

Sol : [ ]
0

1( ) ( )
1

T
st

sTL f t e f t dt
e

−
−=

− ∫  where f (t) is a periodic function of period T. Here T = 2,  f (t) = 1

[ ]
11 2

2 2
0 1 0

1 1( ) 0
1 1

st
st

s s

eL f t e dt dt
se e

−
−

− −

⎧ ⎫⎪ ⎪ ⎡ ⎤= + =⎨ ⎬ ⎢ ⎥ −− −⎣ ⎦⎪ ⎪⎩ ⎭
∫ ∫ 2

1 1
1

s

s

e
se

−

−

⎛ ⎞−⎛ ⎞= ⎜ ⎟⎜ ⎟ −−⎝ ⎠⎝ ⎠

2

1 1 (1 )
(1 ) (1 )(1 )

s s

s s s

e e
s e s e e

− −

− − −

⎛ ⎞− −
= =⎜ ⎟ − + −⎝ ⎠ ( )

1
1 ss e−

=
+

Ex. 13. Find ( )
1

3 2

1
1

L
s s

−
⎡ ⎤
⎢ ⎥

+⎢ ⎥⎣ ⎦
(Ans: 

2

cos 1
2
t t+ − )

Sol :
1 1 1

2
0

( ) 1( ) ( ) ( ) ; sin ;
1

tf sL f s f t then L f t dt L t
s s

− − −⎡ ⎤ ⎡ ⎤⎡ ⎤ = = =⎢ ⎥ ⎢ ⎥⎣ ⎦ +⎣ ⎦⎣ ⎦
∫ ( )

1
3 2

0 0 0

1 sin
1

t t t

L tdt
s s

−
⎡ ⎤
⎢ ⎥ =

+⎢ ⎥⎣ ⎦
∫ ∫ ∫ ;

( ) ( ) ( )
2 2

0 0 0
0 0 0 0 0 0

cos 1 cos sin sin cos cos 1
2 2

t t t t t t
t tt t tt t dt t t t t dt t t= − = − = − = − = + = + −∫ ∫ ∫ ∫ ∫ ∫

Ex. 14. Find the inverse Laplace transform of 
( )

1
22 2

1L
s a

−
⎡ ⎤
⎢ ⎥
⎢ ⎥+⎣ ⎦

(Ans: 2

1 2sin cos( )
22

at t at
aa

⎡ ⎤−⎢ ⎥⎣ ⎦
)

Sol :
( ) ( )( )

1 1
2 2 2 2 22 2

1 1 1 1; ( ) sin( ), ( ) sin ;L L f t at g t at
a as a s as a

− −
⎛ ⎞ ⎡ ⎤
⎜ ⎟ ⎢ ⎥= = =
⎜ ⎟ + +⎢ ⎥+ ⎣ ⎦⎝ ⎠

( )
1

2 22 2
0 0

1 1 1 1 1 1sin( )* sin( ) sin( ) sin ( ) sin( )sin ( )
t t

L at at au a t u du au a t u du
a a a a as a

−
⎡ ⎤
⎢ ⎥ = = − = −
⎢ ⎥+⎣ ⎦

∫ ∫ ;

( )2 2
0 0

1 12sin( )sin ( ) cos cos( )
2 2

t t

au a t u du au at au at du
a a

= − = − + −∫ ∫

[ ]2
0

1 (cos(2 ) cos( )
2

t

au at at du
a

= − −∫ 2
0

1 sin(2 ) cos( )
22

tau at u at
aa

−⎧ ⎫= −⎨ ⎬
⎩ ⎭

2

1 sin( ) sin( ) cos( )
2 22

at att t at
a aa

⎧ ⎫= + −⎨ ⎬
⎩ ⎭ 2

1 2sin( ) cos( )
22

at t at
aa

⎧ ⎫= −⎨ ⎬
⎩ ⎭

Ex. 15. Find 1 1
2 1

L
s

− ⎡ ⎤
⎢ ⎥−⎣ ⎦

(Ans: 
/ 2

2

te
tπ

)
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Ex.6 Methods of Mathematical Physics

Sol :
( )( )

1 1
1/ 2

1 1
2 1 2 1/ 2

L L
s s

− −
⎡ ⎤⎡ ⎤ ⎢ ⎥=⎢ ⎥ ⎢ ⎥−⎣ ⎦ −⎣ ⎦ ( )

1/ 2
1 1

1/ 2 1/ 2 1/ 2

1 1 1/ 2 ;
2 2 1/ 21/ 2

teL L
ss

− −
⎡ ⎤ ⎡ ⎤

= =⎢ ⎥ ⎢ ⎥
−⎢ ⎥ ⎣ ⎦⎣ ⎦

1
1/ 2 / 22

1
1 1

! 1 1;
2 1 2 2

t t
n

n n
n n e t eL t L

s s s t

−
−

+ +

+ ⎡ ⎤⎡ ⎤ = = = =⎢ ⎥⎣ ⎦ − π π⎣ ⎦

Ex. 16. Find 
0

sint te tL dt
t

⎡ ⎤
⎢ ⎥
⎣ ⎦
∫ (Ans: ( )11 cot 1s

s
− − )

Sol : [ ]
( )

1
2 2 2

1 1 sin 1sin ; sin ; tan ( 1)
1 1 ( 1)1 1

t
t

s
s

e tL t L e t L ds s
ts ss

∞
∞−⎡ ⎤

⎡ ⎤= = = = −⎢ ⎥⎣ ⎦+ + −− + ⎣ ⎦
∫

1 1tan ( 1) cot ( 1)
2

s s− −π
= − − = − ; 1

0

sin 1 cot ( 1)
t te tL dt s

t s
−⎡ ⎤

= −⎢ ⎥
⎣ ⎦
∫

Ex. 17. If ( ) | 1 | | 1 | where 0f t t t t= − + + ≥  then. Find L[ f (t)] is?                (Ans: 2

2 1 2
s s

s e ee
s s s

− −
− ⎡ ⎤− ⎡ ⎤− + +⎢ ⎥⎣ ⎦

⎣ ⎦
)

Sol :
( 1) 1

| 1 |
1 1
t t

t
t t
− − <⎧

− = ⎨ − >⎩
; 

( 1) 1
| 1 |

1 1
t t

t
t t
− + < −⎧

+ = ⎨ + > −⎩

Laplace is defined in the interval 0 to ∞ 
( 1) 1 0 1

( )
1 1 1
t t t

f t
t t t
− − + + < <⎧

= ⎨ − + + < < ∞⎩

[ ] ( ) ( )
1

0 0 0

( ) ( ) 1 1 2st st stL f t f t e dt t t e dt te dt
∞ ∞

− − −= = + − − +⎡ ⎤⎣ ⎦∫ ∫ ∫
1

0 1

2 2 ;
∞

− −= +∫ ∫st ste dt te dt

2
1

ast stte e
s s

− −−
− = [ ]

1

2 2
0

2 2 2 2 20 ( )
s s st s se e e e eL f t

s s ss s

− − − − −

+ + = = + +
− 2

2 1 2
s s

s e ee
s s s

− −
− ⎡ ⎤− ⎡ ⎤= − + +⎢ ⎥⎣ ⎦

⎣ ⎦

Ex. 18. Find an equation for the tangent plane to the surface 2 24 6x yz xyz− = −  at point p(1,2,1)

(Ans: 4 3 14 24x y z+ + = )

Sol : 2 2 2 2 2 2�� �4 6; 2 4 4 8x yz xyz i xyz yz j x z xz k x y xy⎡ ⎤ ⎡ ⎤ ⎡ ⎤φ = − + ∇φ = − + − + −⎣ ⎦ ⎣ ⎦ ⎣ ⎦

[ ] [ ] [ ](1,2,1)
� � �� � � � � �4 8 1 4 2 16 4 3 14 4 3 14i j k i j k i j k∇φ = − + − + − = − − − ∴ + +  is normal to the surface at p.

An equation of the plane with normal. �� �N ai bj ck= + +  has the form

ax by cz k+ + =  i.e, 4 3 14 put ( ) (1,2,1) 24x y z k xyz k+ + = = = =

∴ Equation of tangent plane is 4x + 3y + 14z = 24
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Methods of Mathematical Physics Ex.7

Ex. 19. Find the total work done in moving a particle in the force field given by �� �F zi zj xk= + +


 along the

helix c given by cos , sin ,x t y t z t= = =  from t = 0 to / 2.t = π (Ans: 1
2
π

− )

Sol : �� � ;F zi zj xk= + +


 for helix x = cost, y = sint, z = t from t = 0 to ;
2
π .W F dr= ∫

 

( ) ( ) ( ) ( )
/ 2

0

� �� � � �. sin cos coszi zj xk dxi dyj dzk zdx zdy xdz t t t t t dt
π

= + + + + = + + = − + +∫ ∫ ∫

( ) ( )
/ 2 / 2 / 2

0 0 0

cos ( 1) sin 1 cos sint t t t dt t tdt t tdt
π π π

= + − = + −∫ ∫ ∫

( )
/ 2

/2 / 2

0 0
0

1 cos ( 1)sin cos 1 0 0 1; 1 1
2 2 2

t tdt t t t
π

π π π π π⎛ ⎞+ = + + = + − + − + − =⎜ ⎟
⎝ ⎠∫

/ 2
/2 / 2

0 0
0

sin cos sin 0 1;t t dt t t t
π

π π= − + = +∫  Work done 1
2
π

= −

Ex. 20. Evaluate 2 �� ��. where 4
s

F nds F xzi y j yzk= − +∫ ∫
 

 and �s� is the surface of the cube bounded by x = 0,

x = 2; y = 0, y = 2, z = 0, z = 2.                  (Ans: 24)

Sol : ( ) 2

0

� �� � � ��. . , . . 4 4 2 (4 );
V

F nds F d F i j k xzi y j yzk z y y z y
x y z

⎡ ⎤∂ ∂ ∂ ⎡ ⎤= ∇ τ ∇ = + + − + = − + = −⎢ ⎥ ⎣ ⎦∂ ∂ ∂⎣ ⎦
∫ ∫ ∫

  

( ) ( )
22 2 2 2 2 2

2

0
0 0 0 0 0 0

2. (4 ) 4 8 2 8 ;
2v

yF d z y dxdydz xz xy dydz z y dydz yz dz∇ τ = − = − = − = −∫ ∫ ∫ ∫ ∫ ∫ ∫ ∫ ∫
 

( ) ( )
2

0

. 16 4
v

F d z dz∇ τ = −∫ ∫
  22 22

0
0

16 4 8 4 32 8 24
2
z z z z= − = − = − =

Ex. 21. Let 
( ) ( )2 2 2 2

� �
.yi xjF

x y x y
−

= +
+ +


 Calculate ?F∇× =

  (Ans: zero)

Sol : [ ] [ ] ( )
( )

( ) ( )
( )

2 2 2 2

2 22 2 2 2

2 2 2 2

�� �
(2 ) 2�� �0 0 0

0

i j k
x y x x x y y y

F i j k
x y z x y x y
y x

x y x y

⎡ ⎤+ − + −∂ ∂ ∂ ⎢ ⎥∇× = = − − + +
⎢ ⎥∂ ∂ ∂ + +⎣ ⎦

−
+ +

 

( )
2 2 2 2

22 2
� 0y x x yk

x y

⎡ ⎤− + −⎢ ⎥= =
⎢ ⎥+⎣ ⎦
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Ex.8 Methods of Mathematical Physics

Ex. 22. In the above problem Find .
c

F dr∫
  (Ans: π2 )

Sol : ( )2 2 2 2 2 2
� � � �. .

c

y x ydx xdyF dr i j dxi dyj
x y x y x y

⎡ ⎤⎛ ⎞ ⎛ ⎞− − +⎡ ⎤= + + =⎢ ⎥⎜ ⎟ ⎜ ⎟ ⎣ ⎦+ + +⎝ ⎠ ⎝ ⎠⎣ ⎦
∫ ∫ ∫
    ;

2 2 2cos ; sin ; ; sin cos ; cos sinx y x y dx d d dy d d= ρ φ = ρ φ ρ = + = −ρ φ φ + φ ρ = ρ φ φ + φ ρ

( )
[ ] [ ]

22 2

sin sin cos cos cos sind d d dydx xdy
x y

−ρ φ − φρ φ + φ ρ + ρ φ ρ φ φ + φ ρ− +
=

ρ+

2 2 2 2

2

sin sin cos . cos sin cos ;d d d d d d dρ φ φ − ρ φ φ ρ φ + ρ φ φ + ρ φ φ φ ρ
= = φ

ρ

. 2F ds d= φ = π∫ ∫
  

FOURIER SERIES, FOURIER TRANSFORM, PROBABILITY
DISTRIBUTIONS

Ex. 23. What is the Fourier transform of ( )exp | |x−  is           (Ans: 2

2
1 k+

)

Sol : Fourier transform of a function f(x) is

[ ] | |( ) ( ) ikx x ikxF f x f x e dx e e dx
∞ ∞

− − −

−∞ −∞

= =∫ ∫

( )
0 0

1(1 )
2

0 0

1 1 2.
1 1 1

x ikx ikx x ikx x ike e dx e e dx e dx e dx
ik ik k

∞ ∞
− +− − − −

−∞ −∞

= + = + = + =
− + +∫ ∫ ∫ ∫

Ex. 24. Two cards are selected from a well shuffled usual pack of 52 cards. What is the probability that the
selected cards are a king and a queen.        (Ans: 0.01207)

Sol :
4 4

1 1
52

2

4! 4!
4 43!1! 3!1!

1652! 51 52 0.01207
50!2! 2 51 26

C Cp
C

× ×
× ×= = = = =

×

Ex. 25. You are given two pairs of shoes (is a total of four shoes) such that one pair is brown and the other
black. You pick out two shoes randomly. What is the probability that you have picked a matching pair
of same colour?                 (Ans: 1/2)

Sol : p = 1/2
Ex. 26. Which of the following is a valid probability distribution (x and y are random variables).

                                                                                     (Ans: II and III)

(I)
1 ,xye x y− − ∞ < < ∞ −∞ < < ∞
π

(II) ( )2

1
1

x
x

− ∞ < < ∞
π +

68



Methods of Mathematical Physics Ex.9

(III) ( )2 24sin cos ( ) 0 1, 0 1x y x yπ π < < < <

(IV) ( ){ }2 2exp 2 ,a x y bxy x y⎡ ⎤− + − − ∞ < < ∞ − ∞ < < ∞⎣ ⎦

Sol : A valid probability distribution satisfies the condition.

( ) 1;f x dx
∞

−∞

=∫

( )2

1(b)
1

dx
x

∞

−∞ π +∫ ( )2

1 1
1

dx
x

∞

−∞

=
π +∫ 1 1 11 1 1tan tan tan ( ) 1

2 2
∞− − −

−∞

π −π⎡ ⎤⎡ ⎤= = ∞ − −∞ = − =⎣ ⎦ ⎢ ⎥π π π ⎣ ⎦
x

1 1 1
2 2 2 2

0 0 0

(c) 4sin ( ) cos ( ) 4 sin cos ( )x y dxdy xdx y dyπ π = π π∫ ∫ ∫

1 1

0 0

1 cos2 1 cos24
2 2

x ydx dy− π − π⎛ ⎞ ⎛ ⎞= ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠∫ ∫

1 1

0 0

sin2 sin2 1
2 2

x yx yπ π⎡ ⎤ ⎡ ⎤= − − =⎢ ⎥ ⎢ ⎥π π⎣ ⎦ ⎣ ⎦

Ex. 27. Find the Fourier sine siries transform of the function ( ) atf t e−=  is                              (Ans: 2 2a
ω

ω +
)

Sol : [ ]
0 0 0

(t) (t) sin sin( ) . sin( ) ;at at
sF f f tdt e t dt t e dt

∞ ∞ ∞
− −= ω = ω = ω∫ ∫ ∫

00

sin( ) cos( )
at ate eI t t dt
a a

∞ ∞− −

= ω − ω ω
− −∫

0

cos( ) att e dt
a

∞
−ω

= + ω∫

00

cos sin( )
at ate et t

a a a

∞ ∞− −⎡ ⎤ω ω
= ω − − ω ×⎢ ⎥− −⎣ ⎦

∫

2

2

1 I
a a a

⎡ ⎤ω ω
= + −⎢ ⎥

⎣ ⎦

2

2 2 ;I I
a a
ω ω

= + −
2

2 21 ;I
a a

⎛ ⎞ω ω
+ = +⎜ ⎟

⎝ ⎠

2 2

2 2

aI
a a

⎛ ⎞+ ω ω
=⎜ ⎟

⎝ ⎠
⇒ 2 2I

a
ω

=
+ ω

Ex. 28. In a series of five cricket matches, one of the captains calls �Heads� every time when the toss is taken.
The probability that he will win 3 times and lose 2 times?               (Ans: 5/16)

Sol :
3 2

5
3 3 2

1 1 5! 1 1 5( ) ; 5, 3; ( 3)
2 2 2!3! 162 2

n x n x
xp x C p q n x p x C− ⎛ ⎞ ⎛ ⎞= = = = = = =⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠

Ex. 29. An unbiased dice is thrown three times successively. Find the probability that the number of dots on
the uppermost surface add up to 16 is               (Ans: 1/36)

Sol : Sample space = 63 = 216, favourable events (5, 5, 6),  (5,6,5),  (6,5,5), (4,6,6),  (6,4,6),  (6,6,4);

6 1
216 36

p = =
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Ex. 30. Find the Fourier series representing            (Ans: 1 1( ) 2 sin sin 2 sin 3 ....
2 3

f x x x x⎡ ⎤= π − + + +⎢ ⎥⎣ ⎦
)

−4π 4π  2π   0
x

(f x)

−2π

Sol : 0

1
( ) ; 2 ; ( ) cos sin ;

2 n n
n

a n x n xf x x x f x a b
L L

∞

=

π π⎛ ⎞ ⎛ ⎞= θ < < π = + +⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

∑
2

0
1 ( )

c L

c

a f x dx
+

=
π ∫ ;

21 ( ) cos ;
c L

n
c

n xa f x dx
L

+ π⎛ ⎞= ⎜ ⎟π ⎝ ⎠∫
21 ( ) sin

c L

n
c

n xb f x dx
L

+ π⎛ ⎞= ⎜ ⎟π ⎝ ⎠∫ ;

2

0
0

1a xdx
π

=
π ∫

22

0

1
2
x

π
⎡ ⎤

= ⎢ ⎥π ⎣ ⎦

21 4 2 ;
2
π

= × = π
π

2

0

1 cosn
n xa x dx

π π⎛ ⎞= ⎜ ⎟π π⎝ ⎠∫
2

0

1 cos( )x nx dx
π

=
π ∫ ;

2

0

1 cos( )na x nx dx
π

=
π ∫ = [ ]

2 2

2 2
0 0

sin( ) cos 1 1 1 0x nx nx
n n n

π π

+ = − = 0na∴ = ;

2

0

1 sin( )nb x nx dx
π

=
π ∫ = 

2 2

2
0 0

cos sinx nx nx
n n

π π

− + 1 2 2
nb

n n
π −

∴ = − =
π

1

2( ) sin( );
n

f x nx
n

∞

=

−
= ∑ sin2 sin3( ) 2 sin ....

2 3
x xf x x⎡ ⎤= π− + + +⎢ ⎥⎣ ⎦

Ex. 31. Find the Fourier series of the function defined as 
for 0

( )
for 0

x x
f x

x x
+ π < ≤ π⎧

= ⎨− − π − π ≤ <⎩
 and ( 2 ) ( )f x x f x+ =

(Ans: 2 2

4 cos cos3 sin sin 3( ) ... 4 ...
2 1 31 3

x x x xf x π ⎡ ⎤ ⎡ ⎤= − + + + + +⎢ ⎥ ⎢ ⎥π ⎣ ⎦ ⎣ ⎦
)

Sol :
0

( )
0

x for x
f x

x x
+ π ≤ ≤ π⎧

= ⎨− − π − π ≤ <⎩
; 0

1
( ) cos sin

2 n n
n

a n x n xf x a b
L L

∞

=

π π⎛ ⎞ ⎛ ⎞= + +⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

∑ ;

2

0
1 ( ) ;

c L

c

a f x dx
+

= =
π ∫

0

0

1 1( ) ( ) ( )f x dx x dx x dx
π π

−π −π

⎧ ⎫⎪ ⎪= − − π + + π⎨ ⎬
π π ⎪ ⎪⎩ ⎭

∫ ∫ ∫

0

0

1 ( ) ( )x dx x dx
π

−π

⎡ ⎤
= − + π + + π⎢ ⎥π ⎣ ⎦

∫ ∫
02 2

0

1
2 2
x xx x

π

−π

⎡ ⎤⎛ ⎞ ⎛ ⎞
⎢ ⎥= − + π + + π⎜ ⎟ ⎜ ⎟π ⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦
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  =
22 2 2

2 21 1; ( )cos
2 2

c L

n
c

n xa f x dx
L

+⎡ ⎤π π π π⎛ ⎞− π + + π = = π =⎢ ⎥ ⎜ ⎟π π π ⎝ ⎠⎣ ⎦
∫ ;

0

0

1 ( )cos( ) ( ) cos( )na x nx dx x nx dx
π

−π

⎡ ⎤
= − + π + + π⎢ ⎥π ⎣ ⎦

∫ ∫

0

( ) cos( )x nx dx
−π

− + π∫ 2 2 2

1 1 ( 1)0 1 ( 1) ;
n

n

n n n
− −⎡ ⎤⎡ ⎤= − + − − = +⎢ ⎣ ⎦⎥⎣ ⎦

0

( ) cos( )x nx dx
π

+ π∫ 2 2

( 1) 1n

n n
−

= − 2 2 2 2

1 1 ( 1) 1 ( 1) 1 ;
n n

na
n n n n

⎡ ⎤ ⎡ ⎤− − −
∴ = + + −⎢ ⎥ ⎢ ⎥π π⎣ ⎦ ⎣ ⎦

2 2

2 4( 1) 1 ; 0 if is even; if is odd;n
n n na a n a n

n n
−⎡ ⎤= − − ∴ = =⎣ ⎦π π

21 ( )sin ;
c L

n
c

n xb f x dx
L

+ π⎛ ⎞= ⎜ ⎟π ⎝ ⎠∫

0

0

1 ( )sin( ) ( )sin( )
π

−π

⎡ ⎤
= − + π + + π⎢ ⎥π ⎣ ⎦

∫ ∫nb x nx dx x nx dx 2 ( 1)n

n n
− π − π

= + ;

1 2 ( 1)n

nb
n n n

⎡ ⎤π π − π
= − + =⎢ ⎥π ⎣ ⎦

1 22 2 ( 1) 1 ( 1)n n

n n
⎡ ⎤ ⎡ ⎤− π − = − −⎣ ⎦ ⎣ ⎦ = 4 if is odd; 0 if is even;n n

n
=

0

1 1
( ) cos sin

2 n n
n n

a n x n xf x a b
L L

∞ ∞

= =

π π⎛ ⎞ ⎛ ⎞= + +⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

∑ ∑

2 2

4 cos cos3 sin sin 3... 4 ...
2 1 31 3

x x x xπ − ⎡ ⎤ ⎡ ⎤= + + + + + =⎢ ⎥ ⎢ ⎥π ⎣ ⎦ ⎣ ⎦

2 2

4 cos cos3 sin sin 3( ) ... 4 ...
2 1 31 3

x x x xf x π ⎡ ⎤ ⎡ ⎤= − + + + + +⎢ ⎥ ⎢ ⎥π ⎣ ⎦ ⎣ ⎦

Ex. 32. Find the Fourier sine series for the function ( ) axf x e=  for 0 < x < π; where a is a constant?

(Ans: 2 2 2 2

2 1 2(1 )sin sin 2 ...
1 2

a a
ax e ee x x

a a

π π⎡ ⎤+ −
= + +⎢ ⎥π + +⎣ ⎦

)

Sol : Fourier sine series contains only sine terms

1 0

2sin ; ( ) sin ;
n

ax
n n

n

n x n xe b b f x L
L L

π

=

π π⎛ ⎞ ⎛ ⎞= = = π⎜ ⎟ ⎜ ⎟π⎝ ⎠ ⎝ ⎠
∑ ∫ ,

0

2 sin( ) ;ax
nb e nx dx

π

=
π ∫

0

sin( ) cos( )
ax axe n eI nx nx dx
a a

π⎡ ⎤×
= −⎢ ⎥

⎣ ⎦
∫

0

cos( ) axn nx e dx
a

π⎡ ⎤
= −⎢ ⎥

⎣ ⎦
∫
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0

2 cos sin( )
ax axn nxe nenx dx

a a a

π⎡ ⎤−
= − −⎢ ⎥π ⎣ ⎦

∫
0

( 1) 1 sin( )
n a

axn e n nx e dx
a a a a

ππ⎡ ⎤− −
= − +⎢ ⎥

⎣ ⎦
∫ ;

2

2 2

( 1) ;
n an e n nI I

a a a a

π− −
= + −

2

2 2

2 ( 1)1
n an n n eI

a a

π⎛ ⎞ − −
+ =⎜ ⎟

⎝ ⎠

2 2

2 2

1 ( 1)( ) ;
n an eI a n

a a

π⎡ ⎤− −+ ⎣ ⎦= 2 2

1 ( 1)

( )

n an e
I

a n

π⎡ ⎤− −⎣ ⎦=
+

( ) ( ) ( ) ( )2 2 2 2 2 2

2 2 1 2(1 )1 1 ; ( ) sin sin 2 ....
1 2

a a
n a

n
n e eb e f x x x

a n a a

π π
π

⎡ ⎤+ −⎡ ⎤ ⎢ ⎥= − − = + +⎣ ⎦ π+ π + +⎢ ⎥⎣ ⎦
Ex. 33. Determine the first four terms of the Fourier series for the triangular wave form in the following figure.

(Ans: 2 2 2 2 2

8 sin sin 3 sin 5 sin 7 ......
1 3 5 7

d t t t ty ω ω ω ω⎡ ⎤= − + − +⎢ ⎥π ⎣ ⎦
)

−π
π 2ππ

d
y

d

d

ωt

Sol : The function is odd. Hence the Fourier series contains only sine terms.

2( ); ( )
( / 2)

d dy f t t t= ω = ω = ω
π π

2 20 / 2 2 / 2 3 / 2d d ty t for t d for t− ω
= ω ≤ ω ≤ π = + π ≤ ω ≤ π

π π
2 34 for 2 .

2
d t d tω π

= − ≤ ω ≤ π
π

;

2 2

0 0

1 ( ) 1( )sin ( ) ( ) sin ( ) ( );n
n tb f t d t f n t d t= =∫ ∫

π ππ ωω ω ω ω ω
π π π

/ 2 3 / 2 2

0 / 2 3 / 2

1 2 2 2sin ( ) ( ) 2 sin ( ) ( ) 4 sin ( ) ( )d t d t dI n t d t d n t d t t d n t d t
π π π

π π

ω ωω ω ω ω ω ω ω
π π π π

⎧ ⎫−⎪ ⎪⎛ ⎞ ⎛ ⎞= + + + −⎨ ⎬⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎪ ⎪⎩ ⎭

∫ ∫ ∫ ;

1 2 3I I I I= + + ; 
/ 2

1 2 2 2
0

2 2 ( / 2) sin ( / 2)( ) sin ( ) cos ;
2

d d n nI t n td t
n n

π π π πω ω ω
π π

−⎡ ⎤= = +⎢ ⎥⎣ ⎦∫

    = 2 2

2
0 0

cos ( ) sin ( )t n t n t
n n

π π

ω ω ω
− + ; 

2

cos sin
2 2 ;

2

n n

n n

π π
π

⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠− +

3
2

2

2

1 2 ( ) 2 sin ( ) ( );d tI d n t d t

π

π

ω ω ω
π π

⎡ ⎤= − +⎢ ⎥⎣ ⎦∫
3 3
2 2

2

2 2

2 ( ) cos ( ) 2 sin ( )2d t n t d n td
n n

π π

π π

ω ω ω
π π

−⎡ ⎤− + −⎢ ⎥⎣ ⎦
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( )2 2 2

3 3cos sin cos sin
1 2 22 2 2 23 2 ( 2 )

n n n n
d dI d d d d

n nn n

π π π π

π π π

⎡ ⎤⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎢ ⎥∴ = − − + − + − + +

⎢ ⎥
⎢ ⎥⎣ ⎦

 ;

2

3
3
2

1 2 ( ) 4 sin ( ) ( )dI t d n t d t
π

π

ω ω ω
π π

⎡ ⎤= −⎢ ⎥⎣ ⎦∫ ; 

2 2

2 33
22

2 cos ( ) 2 sin ( )( ) 4 ;d n t d n tt d
n n

π π

ππ

ω ωω
π π

⎡ ⎤− − +⎢ ⎥⎣ ⎦

3 2 2

3 3cos sin
1 cos(2 ) 2 sin(2 ) 22 2(4 4 ) (3 4 )

n n
n d n dI d d d d

n nn n

π π
π π

π π π

⎡ ⎤⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠⎢ ⎥= − − + + − −

⎢ ⎥
⎢ ⎥⎣ ⎦

;

2 2

2 2

1 2 1 3 2 3 1cos sin cos sin cos
2 2 2 2 2

2 1 3 2 3sin cos sin
2 2 2

n

n n n n n
n n nn ndb

n n n
nn n

π π π π π
π π

π π π π
π π

⎡− ⎤⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞+ + − +⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎢ ⎥=
⎢ ⎥⎛ ⎞ ⎛ ⎞ ⎛ ⎞+ − −⎢ ⎥⎜ ⎟ ⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎣ ⎦

2 2

4 4 3sin sin
2 2

d n n
n n

π π
π π π

⎡ ⎤⎛ ⎞ ⎛ ⎞= −⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦
2 2

4 3sin sin
2 2

d n n
n

π π
π

⎡ ⎤⎛ ⎞ ⎛ ⎞= −⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦

2 2

4 sin sin
2 2

d n n
n

π π
π

⎡ ⎤⎛ ⎞ ⎛ ⎞+⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦ 2 2

8 sin
2

d n
n

π
π

⎛ ⎞= ⎜ ⎟
⎝ ⎠

The Fourier expansion for ( );y f tω= 2 2 2 2

8 sin( ) sin 3( ) sin 5( )( ) ....
1 3 5

d t t tf t ω ω ωω
π

⎡ ⎤= − + +⎢ ⎥⎣ ⎦

Ex. 34. A bag contains many balls, each with a number painted on it. There are exactly n balls which have the
number n.  [one ball with 1, 2 balls with 2 and so on N  balls with N on them]. An experiment consists
of choosing a ball at random and noting the number on it and returning it to the box. Find the

probability of getting the number 36?  
2

72
n n+

(Ans : )

Sol : 2

36 2 72
( 1)

p
n n n n

×
= =

+ +

Ex. 35. The probability of hitting a target is 2/5. A person fires at the target 10 times. What is the probability
that he hits the target 6 times.               (Ans: 0.11)

Sol :
6 4 6 4

10
6 6 4

2 3 10! 2 3 10886402 / 5; 1 2 / 5 3 / 5; 0.11
5 5 6!4! 15625 6255 5

p q p C ⎛ ⎞ ⎛ ⎞= = − = = = = =⎜ ⎟ ⎜ ⎟ ×⎝ ⎠ ⎝ ⎠

Ex. 36. In a box there are 10 alphabet cards with the letters 3A�s 4Ms, 3Ns. One draws 3 cards one after another
and places three cards on the table? find the probability that the word MAN appears?      (Ans: 1/20)
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Sol : 4 3 3 36 1
10 9 8 10 9 8 20

MAN = × × = =
× ×

Ex. 37. Compute the probability of obtaining at least two �Six� in rolling a fair die 4 times.           (Ans: 0.132)

Sol : ( ) 1/ 6, 1 1/ 6 5 / 6p A q= = − =
2 2 3 1 4 0

4 4 4
2 3 4

1 5 1 5 1 5
6 6 6 6 6 6

C C C⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞= + +⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠

[ ]2
4 4

1 4! 4! 15 5 1 6 25 20 1 0.132
2!2! 3!1!6 6

⎡ ⎤= + + = × + + =⎢ ⎥⎣ ⎦

Ex. 38. If the probability of producing a defective screw is 0.01,ρ = what is the probability that a lot of 100
screws will contain more than 2 defectives?          (Ans: 8.03%)

Sol : Poisson distribution 100 0.01 1; ( ) ;
!

xenp p X x
x

μ μμ
−

= = × = = =

11( ) ( 0) ( 1) ( 2) 1 1 0.9197 91.97%; ( ) 8.03%
2

cp A p x p x p x e p A−⎛ ⎞= = + = + = = + + = = =⎜ ⎟
⎝ ⎠

Ex. 39. If the probability that on any working day a garage will get 10 � 20, 21 � 30, 31 � 40, over 40 cars to
service is 0.20, 0.35, 0.25, 0.12 respectively, what is the probability that on a given working day the
garage gets at least 21 cars to service?              (Ans: 0.72)

Sol : Since there are mutually exclusive event. 0.35 0.25 0.12 0.72p = + + =

Ex. 40. In tossing a fair die, what is probability of getting an odd number or a number less than 4? (Ans: 4/6)
Sol : A be the event of getting odd number. B be the event of getting number less than 4.

( ) ( ) ( ) ( );1 2 3 4 5 6; ( ) 3/ 6; ( ) 3 / 6; ( ) 2 / 6;p A B p A p B p A B p A p B p A B∪ = + − ∩ = = ∩ =

3 3 2 4
6 6 6 6

p = + − =

Ex. 41. Five coins are tossed simultaneously. Find the probability of the event A: At least one head turns up.
Assume that the coins are fair?            (Ans: 31/32)

Sol : Sample space contains 25 = 32 outcomes. Since the coins are fair, we may assign same probability 1/32
to each outcome. The event (No heads up) 1/ 32; ( ) 1 ( ) 1 1/ 32 31/ 32c cA p A p A= = − = − =

Ex. 42. A sinusoidal voltage ,sin tE ω where t is time, is passed through a half wave rectifier that dips the
negative position of the wave. Find the Fourier series of the resulting periodic function.

     (Ans: 
2 1 1( ) sin cos 2 cos 4 .....

2 1.3 3.5
E E Ef t t t tω ω ω
π π

⎡ ⎤= + − + +⎢ ⎥⎣ ⎦
)

(f t)

0 t-π
ω

π
ω

2π
ω
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Sol :
0 0

( )
sin

if L t
f t

E t if t Lω θ
− < <⎧

= ⎨ < <⎩

2

0
0

1 ( ) sin
c L

c

a f t dt tdt
L

πω ω
π

+

= =∫ ∫
0

cos( )E t
π
ωω ω

π ω
−

=

[ ]
22 11 1 ; ( ) cos

c L

n
c

E E n ta f t dt
L L

ω π
π π

+ ⎛ ⎞= + = = ⎜ ⎟
⎝ ⎠∫

/

0

sin( ) cos n tE t dt
π ωω π ωω

π π
= ∫  ;

[ ]
0

1 sin( 1) sin(1 )
2

E n t n t dt

π
ωω ω ω

π
+ + −∫

/

0

cos(1 ) cos(1 )
2 (1 ) (1 )

E n t n t
n n

π ω
ω ω ω

π ω ω
⎡ ⎤− + −

= −⎢ ⎥+ −⎣ ⎦
;

if n =1 the integral on the right is zero. If n = 2, 3, .. we have;
/

0

cos(1 ) cos(1 )
2 (1 ) (1 )n

E n t n ta
n n

π ω
ω ω ω

π ω ω
⎡ ⎤− + −

= −⎢ ⎥+ −⎣ ⎦

cos(1 ) cos(1 ) 1 1
2 (1 ) ( 1̀ ) (1 ) (1 )

E n n
n n n n

ω π π
π ω ω ω ω

⎡ ⎤− + −
= − + +⎢ ⎥+ − + −⎣ ⎦

cos(1 ) 1 cos(1 ) 1
2 (1 ) (1 )
E n n

n n
π π

π
⎡ ⎤− + + − − +

= +⎢ ⎥+ −⎣ ⎦
; If n is odd. 

1 1 1 1 0;
2 (1 ) (1 )n
Ea

n nπ
⎡ ⎤− + − +

= + =⎢ ⎥+ −⎣ ⎦

if n is even

2 2 2(1 ) 2(1 )
2 1 1 2 ( 1)(1 )n
E E n na

n n n nπ π
⎡ ⎤− + +⎡ ⎤= + = ⎢ ⎥⎢ ⎥+ − + −⎣ ⎦ ⎣ ⎦

2 2 2 2 2
2 ( 1)( 1) ( 1)( 1)
E n n E

n n n nπ π
⎡ ⎤− + +

= − = −⎢ ⎥+ − + −⎣ ⎦

0
1

1
( ) cos( ) sin( ); ; 0 for 2,3,...

2 2n n n
n

a Ef t a n t b n t b b nω ω
∞

=

= + + = = =∑

2 1 1( ) sin cos 2 cos(4 ) ....
2 1.3 3.5

E E Ef t t t tω ω ω
π π

⎛ ⎞∴ = + − + +⎜ ⎟
⎝ ⎠

Ex. 43. Two drunkards start out together at the origin, each having equal probability of making a step
simultaneously to the left or right along the x-axis. Find the probability that they meet after n steps is

(Ans: 2

1 2 !
4 !n

n
n

)

Sol : N1 steps right; N2 steps left 1 2 1 2 1 2; 0; ; 1/ 2; 1/ 2;N N N N N N N n p q= + − = = = = =

2
2 2 2

1 1 1 1 2 ! 1 2 ! 1 1 2 !
2 2 2 2 ! ! 2 2 ! 2 4 !

n n n n
N n

n n n n n n

n n np C C
n n n n

⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞= = = = =⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠
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COMPLEX ANALYSIS

Ex. 44. If ( )
2 2

2 2, , , and sin then .Find ?
cosh sinh

x yx y R i x iyα β α β
β β

∈ + = + + = (Ans: 1)

Sol : sin( ) sin cos( ) cos sin( ); sin cosh cos sinhi i i x iy iα β α β α β α β α β+ = + + = +

2 2 2 2 2 2
2 2

2 2 2 2

sin cosh cos sinh sin cos 1
cosh sinh cosh sinh

x y α β α β α α
β β β β

+ = + = + =

Ex. 45. If z is the complex conjugate of z, then find the value of the integral 
c

zdz∫  from z = 0 to z = 4+ 2i along

the curve c given by 2z t it= +  is         (Ans: 810
3
i

− )

Sol : ( )( )2 2; 2 (2 ) ; 2 .z t it dz tdt idt t i dt zdz t it t i dt= + = + = + = − +

( ) ( )
2 2 22 4 3 2

3 2 2 3 2

0 0 0 0

22 2 2
4 3 2
t it tzdz t it it t dt t it t dt= + − + = − + = − +∫ ∫ ∫

3 22 2 2 2 88 2
4 3 2 3

i i×
= − + = − +

810
3
i

⇒ = −

Ex. 46. Find the value of the integral 2

sin
2

ze z dz
z π∫  around the unit circle in complex plane is              (Ans: i)

Sol :
( ) ( )

( )
1 2 0

( ) 2 1 sin 2( ); cos sin
! 2 1!20

z
n z z

n z

f z i e z if a e z ze i
nz a z
π π

π π+ =
⎡ ⎤= = + =⎣ ⎦− −∫ ∫ 

Ex. 47. Find the value of 
( )n

dz
z a−∫  where n is a positive integer and z = a lies inside the simple closed

curve c.  (Ans: 2ππi for n = 1 and 0 for all other value of n)

Sol : if n = 1 ( ) ( ) ( ) ( )
12 ; Lim 1; 2

z a

dz dzi R R z a i
z a z a z a

π π
→

= = − = =
− − −∑∫ ∫  ;

if n = 2 
( )

( )2

12 0; Lim 1 0
1! z a

dz di R R
dzz a

π
→

= = = =
−

∑∫

Ex. 48. Evaluate ( )( )2

c

x iy dx idy− +∫  along y = x2 ; x = y2.               (Ans: 
19
30

i
)

Sol : I: ( )( )
1

2

0

x iy dx idy− +∫  along 2 ; 2 ;y x dy xdx= =

( )
1 1

2 2 2

0 0

( 2 ) (1 ) ( 2 )x ix dx i xdx i x ix dx= − + = − +∫ ∫
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( ) ( ) ( )
11 3 4

2

0 0

2 51 1 2 1 ......(1)
3 4 6 6
x ix ii x ix dx i

⎡ ⎤
= − + = − + = +⎢ ⎥

⎣ ⎦
∫

II: ( )( )
1

2

0

x iy dx idy− +∫ ( )( )
0

4

1

2y iy ydy idy= − +∫  = ( )
0

4

0

(2 )y iy y i dy− +∫

= ( )
0

5 4 2

1

2 2y iy iy y dy+ − +∫
06 5 3 2

1

2 2 1 2 1 5 7 ......(2)
6 5 3 2 3 5 3 2 6 15
y iy iy y i i i− −

= + − + = − + − = +

From (1) and (2) we have

( )( ) ( )2 15 425 5 7 57 19
6 6 6 15 6 15 6 15 30c

ii ix iy dx idy i i
+ ⎛ ⎞ ⎛ ⎞− + = + − + = == =⎜ ⎟ ⎜ ⎟× ×⎝ ⎠ ⎝ ⎠∫

Ex. 49. Branch points of multiple valued functions are non isolated singular points. Find the branch points of

the function ( )2( ) ln 2f z z z= + − (Ans: 1, 2z z= = − )

Sol : Branch points are at z2 + z � 2 = 0 ( )( )1 2 0; 1, 2z z z⇒ − + = = −

Ex. 50. If the potential function is 2 2log ,x y+  find the complex potential function.

  [Ans: log (where is a complex constant)z c cω = + ]
Sol : Let u be the potential function, v be the flux functionω be the complex potential function.

( ) ( )
2 2 2 2

2 22 2

1 1 2; log ; log ; ;
2 2

u x xu iv u x y u x y
x x yx y

ω ∂
= + = + = + = =

∂ ++

2 2 2 2

1 2 ;
2

u y y u v
y y xx y x y

∂ ∂ ∂
= = = −

∂ ∂ ∂+ +

1 1
2 2 2 2

1 logu v x yi i z c
x x zx y x y

ω ω ω
⎛ ⎞ ⎛ ⎞∂ ∂ − ⎛ ⎞= + = + ⇒ = ⇒ = +⎜ ⎟ ⎜ ⎟ ⎜ ⎟∂ ∂ + + ⎝ ⎠⎝ ⎠ ⎝ ⎠

 �c� is complex constant.

Ex. 51. Find the values of constants a, b, c and d such that the function
2 2( )f z x axy by= + + ( )2 2i cx dxy y+ + +  is analytic.                      (Ans: a = 2, b = -1, c = –1, d = 2)

Sol : ( )2 2 2 2( )f z x axy by i cx dxy y= + + + + + ; 2 2 2 2;u x axy by v cx dxy y= + + = + +

2 , 2 ; 2 , 2 ; ;u u v v u v u vx ay ax by dx y cx dy
x y y x y y y x

∂ ∂ ∂ ∂ ∂ ∂ ∂ −∂
= + = + = + = + = =

∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂

2 2 (1), 2 2 (2)x ay dx y ax by cx dy+ = + − − − − + = − − − − −

From (1) (2 � d)x + (a � 2)y = 0,
from (2) (a + 2c)x + (2b + d)y = 0; 2 � d = 0, d = 2; a � 2 = 0, a = 2 a + 2c = 0; c = �1; 2b + d = 0; b = �1
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Ex. 52. Locate and name the singularity for the function ( ) sec(1/ )f z z=  in the finite z plane. Determine
whether they are isolated singularity or not?

[Ans: 2
(2 1)

z
nπ

=
+

 is a pole of order one and z = 0 essential singularity (not isolated)]

Sol :
1 1( ) sec ; ( )

1cos
f z f z

z
z

⎛ ⎞= =⎜ ⎟ ⎛ ⎞⎝ ⎠
⎜ ⎟
⎝ ⎠

; poles are at 
1 1 2cos 0; (2 1)

2 (2 1)
n z

z z n
π

π
⎛ ⎞ = = + ⇒ =⎜ ⎟ +⎝ ⎠

; Also f(z)

is not defined at z = 0, it is also a singularity. 2
(2 1)

z
nπ

=
+

 is a pole of order one. These poles are

located on the real axis at 2 2, ,...
3

z
π π

= ± ±  These are isolated singularities. At z =0 we cannot define

any  +ve integer �n’  such that  
0

Lim( 0) ( ) 0.n

z
z f x A

→
− = ≠

∴ z = 0 is an essential singularity which is not isolated.

Ex. 53. A particle moves along a curve ( )2sin costz e t i t−= + . Determine the magnitude of velocity at t = 0?

(Ans: 5 )

Sol : ( )2sin costz e t i t−= + ; velocity = dz/dt; [ ] [ ]2cos sin 2sin cos 1t tv e t i t t i t e− −= − + + × −  at t = 0

2 ; 4 1 5v i= − + = .

Ex. 54. If 
24 5( )

c

z zf dz
z

ξ
ξ

+ +
=

−∫  where c is the ellipse 
2 2

1.
2 3
x y⎛ ⎞ ⎛ ⎞+ =⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠
Find the value of f (3.5)? (Ans: zero)

Sol :
24 5(3.5)

3.5c

z zf dz
z

+ +
= ⇒

−∫  3.5 is the singular point. (3.5) 0f∴ =

Ex. 55. Find the value of the integral 
1
z

c

e dz∫  where c: |z| = 1 and z is a complex variable is:             (Ans: 2 iπ )

Sol :
21 1 1 11 .........

2!
ze

z z
⎛ ⎞= + + +⎜ ⎟
⎝ ⎠

principle part contains infinite number of terms essential singularity.

Residue = 1. 
1

2z

c

e dz iπ=∫ .

Ex. 56. Find the value of the integral ,
3

ize dz
z i+∫  where c is the circle | 3 | 1,z i+ =  traversed the counter

clockwise is:           (Ans: 32 ieπ )
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Sol : ( 3 ) 3( ) 2 ( ); 2 ( 3 ) 2 2
3

iz
i if z edz if a if i ie ie

z a z i
π π π π−= = − = =

− −∫ ∫

Ex. 57. Find the residue at infinity 
3

2( )
1

zf z
z

=
−

(Ans: -1)

Sol :
13

2 2 4 6 3
2

2

1 1 1 1 1 1( ) 1 1 .... ...
11

zf z z z z
zz z z z zz

z

−
⎛ ⎞ ⎡ ⎤= = − = + + + + = + + +⎜ ⎟ ⎢ ⎥⎛ ⎞ ⎝ ⎠ ⎣ ⎦−⎜ ⎟

⎝ ⎠

Residue at infinity is -1

Ex. 58. Evaluate the integral using Cauchy integral theorem 
( )( )

2 2sin cos
1 2

z z dz
z z
π π+

− −∫  (Ans: iπ4 )

Sol : ( ) ( )
2 2 2 2sin cos sin cos

1 2( ) 2 ( )
( ) ( 2) ( 1)

z z z z
z zf z if a I dz dz

z a z z

π π π π

π

+ +
− −

= = +
− − −∫ ∫ ∫   12 1 4

1
i iπ π−⎡ ⎤= + =⎢ ⎥−⎣ ⎦

Ex. 59. What is the real part of principal value of 44 � i is                     [Ans: 256 cos (ln 4)]

Sol : Let 4 44 ; 4i iz x iy− −= + =

4ln( ) ln(4 )ix iy −+ = ⇒ ( ) ( )ln 4 ln 4x iy i+ = − ;

(4 ) ln 4 4 ln 4 ln 4;i ix iy e x iy e e− −+ = + = 4ln 4 ln 4 ;ie e−= × 4 ln 44 ;ix iy e−+ = ×

[ ]44 cos(ln 4) sin(ln 4)x iy i+ = −  256cos(ln 4)x⇒ =

Ex. 60. Find the value of the contour integral ,
c

r dθ×∫


for a circle �c� of radius r with center at origin is.

 (Ans: 2ππr)

Sol : ; ; 2 2i

c c

dz rdz r dz rz re d r d i r
iz iz i z i

θ θ θ π π= = × = = = × =∫ ∫ ∫


Ex. 61. Evaluate ( )2

1 2 1 2
2 5c

z dz for z i
z z

−
+ + =

+ +∫ [Ans: ( )3 4
2

iπ−
+ ]

Sol : 2 2 4 20 2 16 2 4 2 4 2 42 5 0; ,
2 2 2 2 2

i i iz z z − ± − ± − − ± − + − −
+ = = = = = = 1 2 , 1 2 ;i i= − + − −

[ ] [ ]2( 2 5) ( 1 2 ) ( 1 2 ) ;z z z i z i+ + = − − + − − −  | 1 | | 1 2 1 | | 3 |z i i i i+ + = − + + + =

is outside the contour. | 1 | | 1 2 1 | | |z i i i i+ + = − − + + = −  is within the contour. �1 � 2i is inside the
contour
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1 2
( 1 2 ) 2 ( ), 1 2 ;

[ ( 1 2 )]

z
z i dz if a a i

z i
π

−
− − +

= = − −
− − −

∫

2 [1 2( 1 2 )]
1 2 1 2
i i

i i
π − − −

=
− − + −

2 [1 2 4 ] 2 (3 4 ) (3 4 )
4 4 2

i i i i
i i

π π π+ + +
= = = − +

− −

CONTOUR INTEGRATION TAYLOR�S & LAURENT�S SERIES VECTOR

CALCULUS

Ex. 62. Find Taylor�s expansion of 
( )2

1( )
1

f z
z

=
+

 about the point z = -i

(Ans: 
( )

( )1

1 ( 1)( )
1

2 1

n n

n
n

n z ii
i

∞

=

⎡ ⎤− + +
+⎢ ⎥

−⎢ ⎥⎣ ⎦
∑ )

Sol : ( )2

1( )
1

f z
z

=
+ put t = z + i; 

( ) ( ) ( )
2 2 2

2

1 1 1( )
1 1 1 1

1

f z
t i i t ti

i

= = =
− + − + ⎡ ⎤− +⎢ ⎥−⎣ ⎦

( )

2 2 2

2

1 11 1 ; ( ) 1
(1 ) 1 2 1 (1 ) 2 (1 )1

t t i tf z
i i i ii

− − −
⎡ ⎤ ⎡ ⎤ ⎡ ⎤

= + = + = +⎢ ⎥ ⎢ ⎥ ⎢ ⎥− − − − −− ⎣ ⎦ ⎣ ⎦ ⎣ ⎦

( ) ( )
( )2 3

2 3
1

1 ( 1)2 3 41 ..... ; ( ) 1 ;
2 1 2(1 ) (1 )1

n n

n
n

n ti t t t if z
i i ii

∞

=

⎡ ⎤ ⎡ ⎤− +
= − + − + = +⎢ ⎥ ⎢ ⎥

− − −−⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦
∑

( )
( )1

1 ( 1)( )
( ) 1

2 1

n n

n
n

n z iif z
i

∞

=

⎡ ⎤− + +
= +⎢ ⎥

−⎢ ⎥⎣ ⎦
∑

Ex. 63. Find the Laurent�s expansion of ( ) ( )
7 2( )
1 2

zf z
z z z

−
=

+ −  in the region 1 < z + 1 < 3.

   (Ans: 
( )2

2 3 2

12 1 1 2 1..... 1 ........
1 3 3( 1) ( 1) 3

zz
z z z

⎡ ⎤+− +
+ + + − + + +⎢ ⎥

+ + + ⎢ ⎥⎣ ⎦
)

Sol :
7 2( )

( 1) ( 2)
zf z

z z z
−

=
+ − ; put u = z + 1; region is 

7( 1) 2( )
( 1)( 3)

uf z
u u u

− −
=

− −

7 9
( 1)( 3)

u
u u u

−
=

− −  partial fractions

7 9 ;
( 1)( 3) 1 3

u A B C
u u u u u u

−
= + +

− − − −  7u-9 = A(u � 1)(u � 3) + Bu(u � 3) + Cu(u � 1)

put u = 1; 7 9 ( 2) 1;− = − ⇒ =B B put 3;21 9 6;12 6 ; 2;u C C C= − = × = =
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put u = 0 9 ( 3) 9 3 ; 3A A A⇒ − = − − ⇒ − = = − ;

3 1 2 1( ) ;1 3; 1; 1
1 3 3

−
= + + < < < <

− −
uf z u

u u u u
3 1 2

1(1 ) 3(1 )
3

−
= + −

− −
uu u

u

1 13 1 1 21 1
3 3

− −
⎛ ⎞ ⎛ ⎞= − + − − −⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠

u
u u u

;
3

1
3
21113 11 −−

⎟
⎠
⎞

⎜
⎝
⎛ −−⎟

⎠
⎞

⎜
⎝
⎛ −+−=

u
uuu

2 3

2 3

3 1 1 1 1 21 .... 1 .....
3 3 3 3

u u u
u u u u u

⎡ ⎤− ⎡ ⎤ ⎛ ⎞ ⎛ ⎞= + + + + + − + + + +⎢ ⎥⎜ ⎟ ⎜ ⎟⎢ ⎥⎣ ⎦ ⎝ ⎠ ⎝ ⎠⎢ ⎥⎣ ⎦

2 3

2 3

2 1 1 2.... 1 ....
3 3 3 3

u u u
u u u

⎡ ⎤⎛ ⎞ ⎛ ⎞= − + + + − + + + +⎢ ⎥⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎢ ⎥⎣ ⎦

2 3

2 3 4

2 1 1 1 2 1 1 1( ) ..... 1 ...
1 3 3 3 3( 1) ( 1) ( 1)

z z zf z
z z z z

⎡ ⎤⎛ ⎞− − + + +⎛ ⎞ ⎛ ⎞= + + + + + + + + +⎢ ⎥⎜ ⎟ ⎜ ⎟ ⎜ ⎟+ + + + ⎝ ⎠ ⎝ ⎠⎝ ⎠ ⎢ ⎥⎣ ⎦

Ex. 64. Consider a right-handed orthonormal system of co-ordinates ( )�� �, , .u v ω  If the infinitesimal displacement

in these co-ordinates is 
1 1 1 �� � .duu dvv d
f g h

ωω+ + Then find the gradient of a scalar field T in these co-

ordinates is:         (Ans: �� �T T Tf u g v h
u v

ω
ω

∂ ∂ ∂⎛ ⎞ ⎛ ⎞ ⎛ ⎞+ +⎜ ⎟ ⎜ ⎟ ⎜ ⎟∂ ∂ ∂⎝ ⎠ ⎝ ⎠ ⎝ ⎠
)

Sol : For any system of co-ordinates q1, q2, q3 with length elements 1 1 2 2 3 3� � �h dq q h dq q h dq q+ +

31 2

1 1 2 2 3 3

�� � qq q
h q h q h q

φ φ φφ ∂ ∂ ∂
∇ = + +

∂ ∂ ∂

In given system of co-ordinates

1 2 3
1 1 1; ;h h h
f g h

= = = � �� � � �;T T T T T TT uf vg h T f u g v h
u v u v

ω ω
ω ω

∂ ∂ ∂ ∂ ∂ ∂
∇ = + + ∇ = + +

∂ ∂ ∂ ∂ ∂ ∂

Ex. 65. Find the value of � �( ),nr r r∇ ⋅  being the unit vector where in �d’ dimensions, is   (Ans: 1( ) nn d r −+ )

Sol : For 3-D space ( ) ( ) 1�( ) 3 ( ) 3n n n nr r n r or r r n r −∇ ⋅ = + ∇ ⋅ = +


 for 3-D space for �d� dimensional space

( ) 1�( )n nr r n d r −∇ ⋅ = + .

Ex. 66. If  ( ) ( )2 2 2 �� �n
F x y z xi yj zk= + + + +


and if F V= −∇


 then. V is equal to?  (Ans:
2 2 2 1( )

2( 1)

nx y z
n

+− + +
+ )

Sol : Let  
2 2 2 1( ) ;

2( 1)

nx y zV
n

+− + +
=

+
�� � ;V V VV i j k

x y z
∂ ∂ ∂

∇ = + +
∂ ∂ ∂

2 2 2( 1)( ) 2 ;
2( 1)

nV n x y z x
x n

∂ − + + +
= ×

∂ +
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( )2 2 2 nV x x y z
x

∂
= − + + ⇒

∂
2 2 2( )nV x x y z

x
∂

− = + +
∂

, ( )2 2 2 ;
nV y x y z

y
∂

− = + +
∂

( ) ( )2 2 2 2 2 2 �� �n nV z x y z V x y z xi yj zk
z

∂ ⎡ ⎤− = + + ⇒ −∇ = + + + +⎣ ⎦∂
 given function.

Ex. 67. Find the value of the integral 
3

2 5 6c

z dz
z z− +∫  where c is a closed contour defined by the equation

2|z| -5 =0 traversed in the anticlockwise direction?          (Ans: 16 iπ− )

Sol :
3

2 2 Residues
5 6c

z dz dz i
z z

π=
− + ∑∫

2 5 6 0 ( 2)( 3) 0 2,3z z z z z− + = ⇒ − − = ⇒ = are the poles. Z = 2 lies inside the contour..

Residue ( ) ( )( )
3

2

8lim 2 8
2 3 1z

zz
z z→

= − = = − ∴
− − −

3

2 2 ( 8) 16
5 6c

z dz i i
z z

π π= − = −
− +∫

Ex. 68. What is the directional derivative of 2 at (1,1,1)xyz xz+ in the direction of normal to the surface

23 at (0,1,1)?xy y z+ = (Ans: 
4
11

)

Sol : ( ) ( ) ( )2 2
1 (1,1,1)

� �� � � �2 2 3i yz z j xz k xyz x i j kφ∇ = + + + + = + + .

To find the normal to the surface
23 0xy y z+ − = ;  ( ) ( ) ( )2

2 (0,1,1)
� �� � � �3 6 1 1 3i y j xy k i j kφ∇ = + + + − = + −

The directional derivative in the direction of normal to the surface is

( ) ( )
2

1
2

�� �3 6 1 3 4�� �. 2 3 .
| | 9 1 1 11 11

i j k
i j kφ

φ
φ

+ −∇ + −
∇ = + + = =

∇ + +

Ex. 69. Evaluate 
2

2
0

cos 2
1 2 cos

d
a a

π θ θ
θ− +∫ (Ans: 

2

2

2
1

a
a

π
−

)

Sol : 2
2

1 1 1 1cos ( );cos 2 ( );
2 2

z z
z z

θ θ= + = +

2

2
0

cos 2
1 2 cos

d
a a

π θ θ
θ− +∫

2 2 2

20

1/ 2( 1/ )
2 11 ( )
2

z z dz
a izz a

z

π + ⎛ ⎞= ⎜ ⎟
⎝ ⎠− + +

∫
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( )

2 2

2

1 ( 1/ )
2 1 1/c

z z dz
i z a z z a

+
=

⎡ ⎤− + +⎣ ⎦
∫

4

2
3 2

1 1
2 ( 1)[1 ]c

z
i zz a a

z

+
=

+
− +

∫ 4

3 4 2 2 3

1 1
2 c

z
i z az az a z

+
=

− − +∫

4

4 3 2 3 2

1 ( 1)
2 c

z dz
i az z a z az

− +
=

− − +∫
4

2 2 2

1 ( 1)
2 [ ]c

z dz
i z az z a z a

− +
=

− − +∫
4

2

1 ( 1)
2 [ (1 ) ( 1)c

z dz
i z z az a az

+
=

− + −∫
f(z) has a second order pole at z = 0 and simple poles at z = a; 1 � az = 0; 1 = az; z = 1/a outside the unit
circle.
 At  z = 0;

2 4

20

1 ( 1)Lim
1! (1 )( )z

d z zR
dz z az z a→

⎡ ⎤+
= ⎢ ⎥− −⎣ ⎦

3 4

2

(1 )( )4 ( 1)[(1 ) ( ) ]
[(1 )( )

az z a z z az z a a
az z a

− − − + − + − −
=

− −

2 2

2 2

1( ) 0 [1 ] (1 )− × − + − +
= =

a a a
a a

At z = a;
4

2

( )( 1)lim
(1 )( )z a

z a zR
z az z a→

− +
= ⇒

− −

4

2 2

1 ;
(1 )
aR

a a
+

=
−

2 4

2 2 2

(1 ) 1
(1 )

a aR
a a a

− + +
= +

−∑
4

2
2 2

1 11
(1 )
aa

a a
⎡ ⎤+

= − − +⎢ ⎥−⎣ ⎦

2 2 4

2 2

1 (1 )( 1 ) 1
(1 )

a a a
a a

⎡ ⎤− − − + +
= ⎢ ⎥−⎣ ⎦

2 2 4 4

2 2

1 1 1
(1 )

a a a a
a a

⎡ ⎤− − + + + +
= ⎢ ⎥−⎣ ⎦

4 2

2 2 2

2 2;
(1 ) 1

a aR
a a a

= =
− −∑

Substitute in (1) 
2

2

1 2 2
2 1

aI i
i a

π
⎛ ⎞

= ⎜ ⎟−⎝ ⎠
; 

2

2

2
1

aI
a

π
=

−

Ex. 70. Evaluate 
( )2

sec
1c

z z dz
z−∫ C: |z � 1| =1       [Ans: ( )2 sec(1) 1 tan(1)iπ + ]

Sol : 2

sec( )
(1 )
z zf z

z
= ⇒

−
 pole of order �2� at z = 1; 2

21

1 secLim (1 )
1! (1 )z

d z zR z
dz z→

= −
−

;

sec tan secR z z z z= + [ ]sec(1) tan(1) sec(1) sec(1) 1 tan(1)= + = + ;

[ ]2

sec 2 sec(1) 1 tan(1)
(1 )c

z z dz i
z

π= +
−∫
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Ex. 71. Find the Laurent series about z = 1 for the function 
( )

2

3( )
1

zef z
z

=
−

. Give the region of convergence

         (Ans:  ( )
2 2 2 2 2

3 2

2 2 4 2( ) 1 ....
( 1) 3 3( 1) ( 1)

e e e e ef z z
zz z

= + + + + − +
−− −

series converges for all values of .1≠z )

Sol :
( ) ( )

2 2( 1) 2 2

3 3 3( ) about 1;put 1; 1; ( )
1 1

z t te e e ef z z t z z t f z
tz t

+

= = = − = + = =
− +

( )22 3 4

3

2 (2 ) (2 )1 2 .....
2! 3! 4!
te t tt

t

⎡ ⎤
= + + + + +⎢ ⎥

⎢ ⎥⎣ ⎦

( )
( ) ( ) ( )2 442 3

3

4 1 2 18( 1)1 2 1 ...
2 6 2.3.41

z ze zz
z

⎡ ⎤− −−
= + − + + + +⎢ ⎥

− ⎢ ⎥⎣ ⎦

( ) ( ) ( )
2 2 2 2

2
3 2

2 2 4 2 ( 1) ....
1 3 31 1

e e e e e z
zz z

= + + + + − +
−− −

Ex. 72. Find the residue of 3

cot coth( ) 0?z zf z at z
z

= = (Ans: -7/45)

Sol : 3

cos cosh( )
sin sinh

z zf z
z z z

=

2 4 6 2 4

3 3 5 3 5

1 ... 1 .....
2! 4! 6! 2! 4!1

.... .....
3! 5! 3! 5!

z z z z z

z z z z zz z

⎡ ⎤ ⎡ ⎤
− + − + + + +⎢ ⎥ ⎢ ⎥

⎣ ⎦ ⎣ ⎦=
⎡ ⎤ ⎡ ⎤

− + + + + +⎢ ⎥ ⎢ ⎥
⎣ ⎦ ⎣ ⎦
2 4 2 4 6 4 6

3 4 6 6 4 6 8 6
2

1
2! 4! 2! 2!2! 2!4! 4! 2!4!1

3! 5! 5! 3! 3!3! 3!5! 5!

z z z z z z z

z z z z z z z zz

⎡ ⎤
+ + − − − + +⎢ ⎥

⎣ ⎦
⎡ ⎤

+ + − − − + +⎢ ⎥
⎣ ⎦

4
4

5 5
4 4

1 11
1 1 1 / 612 4

1 1 1 1 11 1
120 36 120 60 36

z
z

z zz z

⎡ ⎤ ⎡ ⎤⎡ ⎤+ −⎢ ⎥ ⎢ ⎥⎢ ⎥ −⎣ ⎦⎢ ⎥ ⎢ ⎥= =
⎛ ⎞ ⎡ ⎤⎢ ⎥ ⎢ ⎥+ − + + −⎜ ⎟ ⎢ ⎥⎢ ⎥ ⎢ ⎥⎝ ⎠ ⎣ ⎦⎣ ⎦ ⎣ ⎦

4 4

5 4 5 4

1 1 / 6 1 1 / 6
24 1 / 901
60 36

z z
z z z z

⎡ ⎤
⎢ ⎥ ⎡ ⎤− −

= =⎢ ⎥ ⎢ ⎥× −⎢ ⎥ ⎣ ⎦−⎢ ⎥×⎣ ⎦
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14 4 4 4

5 5

1 11 1 1 1
6 90 6 90
z z z z

z z

−⎡ ⎤ ⎡ ⎤⎛ ⎞⎛ ⎞ ⎛ ⎞⎛ ⎞
⎢ ⎥= − − = − +⎢ ⎥⎜ ⎟⎜ ⎟ ⎜ ⎟⎜ ⎟
⎢ ⎥⎝ ⎠⎝ ⎠ ⎝ ⎠⎝ ⎠⎣ ⎦⎣ ⎦

4 4 8

5

1 1
90 6 6 90
z z z

z
⎡ ⎤

= + − −⎢ ⎥×⎣ ⎦

3

5

1 1 1 1
90 6 6 90

z
zz

⎡ ⎤= + − −⎢ ⎥ ×⎣ ⎦

 Coefficient of ½ is 
(6 90) 84 7
6 90 6 90 45

− −
= =

× ×

Ex. 73. Evaluate ( )( )
1 2

1 2
z

z z z
−

− −∫  where |z| = 3/2              (Ans: 3 iπ )

Sol : ( )( )
1 2( )

1 2
zf z

z z z
−

=
− − ; z = 0 and z =1 are poles inside the contour..

( )
( )( )0 0

1 2 1lim
1 2 2z z

z z
R

z z z= →

−
= =

− −

( )( )
( )( ) ( )1 1

1 1 2 1lim 1;
1 2 1 1z z

z z
R

z z z= →

− − −
= = =

− − −

32 2 3
2

I i R i iπ π π= = × =∑

LINEAR  ALGEBRA, MATRICES

Ex. 74. Consider the matrix 1 2 3

7 0 0
4 1 0 . , ,
6 2 7

If λ λ λ
⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥−⎣ ⎦

 are the eigen values of this matrix, then find the value of

( ) ( )2 2 2 2
1 2 3 1 2 3λ λ λ λ λ λ+ + + + + (Ans: 100)

Sol : ( )1 2 3 1 2 3 1 2 31 49 7; 7; 1andλ λ λ λ λ λ λ λ λ+ + = = − ⇒ = = − =

( ) ( )2 2 2 2
1 2 3 1 2 3λ λ λ λ λ λ+ + + + + ; 1 49 49 1 100+ + + =

Ex. 75. Find the eigen values of the matrix 
1 2
8 11

⎡ ⎤
⎢ ⎥−⎣ ⎦

?           (Ans: 3 and 9)

Sol : Trace = 12 1 2 1 2 1 212 | | 27 27 3 9and A which gives andλ λ λ λ λ λ⇒ + = = ⇒ = = =

Ex. 76. Find the eigen vectors v1 and v2 of the matrix 
2 4
1 2

⎡ ⎤
⎢ ⎥
⎣ ⎦

?   [Ans: ( )1 2(2, 1) 2,1 TTv v= − = ]
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Sol : ( ) ( )2 22 4
0; 2 4 0 2 4 2 2 0, 4

1 2
λ

λ λ λ λ
λ

−
= − − = ⇒ − = ⇒ − = ± ⇒ =

−

2 4 0 2
0; ;2 4 0; 2 0; 2 ;

1 2 0 1
x

x y x y x y X
y

λ
⎛ ⎞⎛ ⎞ ⎛ ⎞ ⎡ ⎤

= = + = + = = − =⎜ ⎟⎜ ⎟ ⎜ ⎟ ⎢ ⎥−⎝ ⎠⎝ ⎠ ⎝ ⎠ ⎣ ⎦

2 4 2
4; 4 ;2 4 4 ;2 4 ; 2 ;

1 2 1
x x

x y x x y x y X
y y

λ
⎛ ⎞⎛ ⎞ ⎛ ⎞ ⎡ ⎤

= = + = = = =⎜ ⎟⎜ ⎟ ⎜ ⎟ ⎢ ⎥
⎝ ⎠⎝ ⎠ ⎝ ⎠ ⎣ ⎦

Ex. 77. Consider the following 4x4 matrix S. 

0 1 0 0
0 0 1 0

if
0 0 0 1
1 0 0 0

iS λ

⎡ ⎤
⎢ ⎥
⎢ ⎥=
⎢ ⎥
⎢ ⎥
⎣ ⎦

 where i = 1, 2, 3, 4 are the eigen values of

S, then find the value of ( )
4

4

1
i

i
λ

=
∑ (Ans: 4)

Sol :
2

0 0 1 0
0 0 0 1

;
1 0 0 0
0 1 0 0

S

⎡ ⎤
⎢ ⎥
⎢ ⎥=
⎢ ⎥
⎢ ⎥
⎣ ⎦

4

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

S

⎡ ⎤
⎢ ⎥
⎢ ⎥=
⎢ ⎥
⎢ ⎥
⎣ ⎦

⇒
4

4 4

1
Trace( )i

i
Sλ

=

=∑
Ex. 78. Find the eigen values of the antisymmetric matrix.

3 2

3 1

2 1

0
0

0

n n
A n n

n n

−⎡ ⎤
⎢ ⎥= −⎢ ⎥
⎢ ⎥−⎣ ⎦

where n1, n2 and n3 are the components of a unit vector?              (Ans: 0, i,-i)

Sol :
3 2 3 2

3 1 3 1 2 2 1 2 3 1

2 1 2 1

0 0
0 ; | | ( ) ( ); 0 0

0 0

n n n n
A n n A n n n n n n n n

n n n n

λ
λ

λ

− − −⎡ ⎤
⎢ ⎥= − = − + − − =⎢ ⎥
⎢ ⎥− − −⎣ ⎦

[ ] [ ]2 2
1 3 3 1 2 2 1 3 2 0n n n n n n n n nλ λ λ λ⎡ ⎤− + + − − + − =⎣ ⎦

3 2 2 2 3 2 2 2
1 3 1 2 3 1 2 3 2 1 2 30; ( ) 0n n n n n n n n n n n nλ λ λ λ λ λ− − − − + − = − − + + = ;

Since n1, n2 and n3 are the components of a unit vector, 2 2 2
1 2 3 1;n n n+ + =

( )3 3 20; 0 1 0; 0, iλ λ λ λ λ λ λ λ− − = + = ⇒ + = = = ±
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Ex. 79. Find the trace of the real 4x4 matrix U = exp(A) where 

0 0 0
4

0 0 0
4

0 0 0
4

0 0 0
4

A

π

π

π

π

−⎡ ⎤
⎢ ⎥
⎢ ⎥

−⎢ ⎥
⎢ ⎥

= ⎢ ⎥−⎢ ⎥
⎢ ⎥
⎢ ⎥−⎢ ⎥
⎣ ⎦

(Ans: 4cosh
4
π

)

Sol : Put x = / 4π .

0 0 0
0 0 0

;
0 0 0

0 0 0

x
x

A
x

x

−⎡ ⎤
⎢ ⎥−⎢ ⎥=
⎢ ⎥−
⎢ ⎥
−⎣ ⎦

2

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

0 0 0 0 0 0

x x
x x

A
x x

x x

− −⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥− −⎢ ⎥ ⎢ ⎥=
⎢ ⎥ ⎢ ⎥− −
⎢ ⎥ ⎢ ⎥
− −⎣ ⎦ ⎣ ⎦

2

2

2

2

0 0 0
0 0 0

;
0 0 0
0 0 0

x
x

x
x

⎡ ⎤
⎢ ⎥
⎢ ⎥=
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

3

3
3

3

3

0 0 0
0 0 0
0 0 0
0 0 0

x
x

A
x

x

⎡ ⎤−
⎢ ⎥−⎢ ⎥=
⎢ ⎥−
⎢ ⎥

−⎢ ⎥⎣ ⎦

; 

4

4
4

4

4

0 0 0
0 0 0
0 0 0
0 0 0

x
x

A
x

x

⎡ ⎤
⎢ ⎥
⎢ ⎥=
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

2 3 4

......
2! 3! 4!

A A A Ae I A= + + + + +

2 3

2 3

2 3

2 3

1 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 01 1
0 0 1 0 0 0 0 2! 3!0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0

x x x
x x x

x x x
x x x−

− ⎡ ⎤ ⎡ ⎤−⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢ ⎥− −⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢ ⎥= + + −
⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢ ⎥− −
⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢ ⎥

− ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎣ ⎦

4

4

4

4

0 0 0
0 0 01 ........

4! 0 0 0
0 0 0

x
x

x
x

⎡ ⎤
⎢ ⎥
⎢ ⎥+ +
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

Trace of 
2 4

4 1 ...... 4cosh 4cosh / 4
2! 4! 4

A x xe x xπ π
⎡ ⎤

= + + + = = ∴ =⎢ ⎥
⎣ ⎦
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Ex. 80. Matrix 
0

A B
M

C
⎡ ⎤

= ⎢ ⎥
⎣ ⎦

 is an orthogonal matrix. Find the value of |B|?                     (Ans: 1)

Sol :
0

A B
M

C
⎡ ⎤

= ⎢ ⎥
⎣ ⎦

 For orthogonal matrix ;TMM I=

2 2

2

1 0
;

0 0 0 1
A B A C A B AC

I
C B AC C

⎡ ⎤+⎡ ⎤ ⎡ ⎤ ⎡ ⎤
= =⎢ ⎥⎢ ⎥ ⎢ ⎥ ⎢ ⎥

⎣ ⎦ ⎣ ⎦ ⎣ ⎦⎣ ⎦
 ;

2 2 2 21; 1 0 0 1 1 | | 1C C and AC A and A B B hence B= = ± = ⇒ = + = ⇒ = =

NUMERICAL  ANALYSIS, SPECIAL FUNCTIONS
Ex. 81. Find the root of x3 � x � 1 = 0 after two approximations by using bisection method is        (Ans: 1.375)

Sol : (1) 1 1 1 ve; ( 1) 1 1 1 ve; (2) 8 2 1 5 vef f f= − − = − − = − + − = − = − − = +  root lies in between 1 and 2.

2
1 11.5; ( ) (1.5) 1.5 1 0.875 ;

2
a bx f x ve+

= = = − − = +  Root lies between 1 and 1.5 = 1.25 = x2;

( )3
2( ) 1.25 1.25 1 0.26f x ve= − − = − − ; roots lies between 1.5 and 1.25 3 1.375x⇒ =

Ex. 82. Given a > 0, the reciprocal value of a is 1/a by Newton Rephson method for f (x) = 0. What is the Newton
Raphson Algorithm is                  (Ans: 2

1 2i i ix x ax+ = − )

Sol :
( )

12 2

1/1 1 1; ( ) ; ( ) ; ;
1/

n
n n

n

x a
a f x a f x x x

x x x x+

−−′= = − = = −
−

2 2
1 1

1 ; 2n n n n n n
n

x x x a x x ax
x+ +

⎛ ⎞
= + − = −⎜ ⎟

⎝ ⎠

Ex. 83. In the above problem for a = 7 and starting x0 = 0.2, then find the first two approximations are
(Ans: 0.12, 0.1392)

Sol : 2 20
1 0 0 0 1

0

( ) 2 ; 2 0.2 7 (0.2) 0.12
( )

f xx x x ax x
f x

= − = − = × − × =
′

2
2 2 0.12 7 (0.12)x = × − × 0.24 7(0.0144) 0.24 0.1008 0.1392.= − = − =

Ex. 84. The recurrence relation to solve xx e−= using Newton Raphson method is

  (Ans: 
( )

1

1
1

i

i

x
i

i x

x e
x

e

−

+ −

+
=

+
)

Sol :
( )

1
( )( ) ; ( ) 1 ;
( ) 1

n

n

x
nx x n

n n n x
n

x ef xf x x e f x e x x x
f x e

−
− −

+ −

−
= − = + = − = −′

+′

(1 )
(1 )

n n

n

x x
n n

x

x e x e
e

− −

−

+ − +
=

+ ( )
( 1)

11

n n n

nn

x x x
n n n n

xx

x x e x e e x
ee

− − −

−−

+ − + +
= =

++

Ex. 85. If 
/ 2

0

(0) 1; ( / 6) 1.6487; ( / 3) 2.3632; ( / 2) 2.7182, ( )f f f f f x dx
π

π π π= = = = ∫  is. Use Trapezoidal rule.

(Ans: 3.072)
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Sol : x 0 π/6 π/3 π/2
f(x) 1 1.6487 2.3632 2.7182

Here we have three sub intervals.

( ) ( )
/ 2

0 1 1
0

( ) 2 ..... 1 2.7182 2 1.6487 2.3632
2 2 6n n
hf x dx y y y y

π π
−= + + + + = + + +⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦×∫

[ ] [ ]3.7182 2(4.0119) 3.7182 8.0238 3.072.
12 12
π π

= + = + =

Ex. 86. ( ) (0) 0.dy f x y
dx

= =  Find the solution at x = h is           (Ans: [ ]0( ) 4 ( / 2) ( )
6
hy f x f h f h= + + )

Sol : ( )( )1 0 2 0 0 1( ); / 2 / 2 ;k hf x k hf x h y k= = + +⎡ ⎤⎣ ⎦

( ) [ ]2 4 1 2 3 4
1/ 2 ; ( ); 2 2
6

k hf h k hf h y k k k k= = = + + +

[ ]0( ) 4 ( / 2) ( )
6
hy f x f h f h= + +

Ex. 87. The Backward difference is defined as 1r r ry y y −∇ = −  and shifting operator E is define as 1.r rEy y +=

Find the relation between and ?E∇ (Ans: ( )11
nn E−∇ = + )

Sol : 1 1 0 ;y y y∇ = − 1
1 1 1( );y y E y−∇ = − ( )1 1 1

1 11 ; 1 ; 1
nny E y E E− − −⎡ ⎤∇ = − ∇ = − ∇ = −⎣ ⎦

Ex. 88. Find a relation between andΔ ∇  and E (Ans: ( )21/ 2 1/ 2E E−Δ∇ = − )

Sol : ( ) ( ) 21 1 1 1 1/ 2 1/ 21 1 1 2E E E EE E E E E E− − − − −⎡ ⎤Δ∇ = − − = − − + = − + = −⎣ ⎦

Ex. 89. Find the value of 1 1tan n
n

− −⎛ ⎞Δ ⎜ ⎟
⎝ ⎠

(Ans: 1
2

1tan
2n

− ⎛ ⎞
⎜ ⎟
⎝ ⎠

)

Sol :
1 1 1 1 1 11 1 1 1 1 1tan tan 1 ; tan 1 ; tan tan 1 tan 1

1
n n

n n n n n n
− − − − − −− −⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎡ ⎤ ⎡ ⎤Δ = Δ − Δ − Δ = − − −⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎢ ⎥ ⎢ ⎥+⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎣ ⎦ ⎣ ⎦

;

1 1 1 1 1

1 11 11 1tan tan tan ; tan tan
1 11 1 1 1

1

A B n n nA B
AB n

n n

− − − − −

⎡ ⎤
− − +⎢ ⎥− −⎛ ⎞ ⎛ ⎞ +⎢ ⎥− = Δ =⎜ ⎟ ⎜ ⎟+ ⎛ ⎞⎛ ⎞⎢ ⎥⎝ ⎠ ⎝ ⎠ + − −⎜ ⎟⎜ ⎟⎢ ⎥+⎝ ⎠⎝ ⎠⎣ ⎦

 = 1

1 1
1tan

( 1 1) ( 1)1
1

n n
n n

n n

−

⎡ ⎤−⎢ ⎥+⎢ ⎥+ − −⎢ ⎥+
+⎣ ⎦

1

1
( 1)tan

( 1)1
( 1)

n n
n n

n n
n n

−

+ −⎡ ⎤
⎢ ⎥+⎢ ⎥=

−⎢ ⎥+⎢ ⎥+⎣ ⎦
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1

1
( 1)tan

( 1) ( 1)
( 1)

n n
n n n n

n n

−

⎡ ⎤
⎢ ⎥+⎢ ⎥=

+ + −⎢ ⎥
⎢ ⎥+⎣ ⎦

 = 1 1
2 2 2

1 1tan tan
2n n n n n

− −⎡ ⎤ ⎡ ⎤=⎢ ⎥ ⎢ ⎥+ + −⎣ ⎦ ⎣ ⎦

Ex. 90. Find a relation between average operator and central difference operator         (Ans: 2 21 ( 4)
4

μ δ= + )

Sol : [ ]1/ 2 1/2
1
2r r ry y yμ + −= + { }1/ 2 1/ 21 [ ] [ ]

2 r rE y E y−= +

1/ 2 1/ 2 1/ 2 1/ 21 1;
2 2r ry E E y E Eμ μ− −⎡ ⎤ ⎡ ⎤= + = +⎣ ⎦ ⎣ ⎦

22 1/ 2 1/ 21 ;
4

E Eμ −⎡ ⎤= +⎣ ⎦ ( )22 1/ 2 1/ 21 4 ........(1);
4

E Eμ −⎡ ⎤= − +⎢ ⎥⎣ ⎦

1/ 2 1/ 2
1/ 2 1/ 2 ( ) ( )r r r r ry y y E y E yδ −

+ −= − = − 1/ 2 1/ 2
rE E y−⎡ ⎤= −⎣ ⎦

1/ 2 1/ 2E Eδ −= −

∴  Equation (1)  become 2 21; 4
4

μ δ⎡ ⎤= +⎣ ⎦

Ex. 91. Given that 
2 2

0
( )

!

n
t tx

n
n

tH x e
n

∞
− +

=

=∑ what is the value of H4(0) is                   (Ans: 12)

Sol :
2 2

0
( )

!

n
t tx

n
n

tH x e
n

∞
− +

=

=∑ ; 
0 1 2 3 4

0 1 2 3 4
t( ) ( ) ( ) ( ) ( ) .......

0! 1! 2! 3! 4!
t t t tH x H x H x H x H x+ + + + +

2 2 2 3 2 4
2 ( ) ( ) ( )1 .........

2! 3! 4!
t t tt= − + − + +

4
21 ;

2!
tt− + 4

4
( ) 1 4!; ( ) 3 4 12

4! 2! 2!
H x H x= = = × =

Ex. 92. Express cosx in terms of Bessel function          (Ans: 0 2 42 2 .....J J J− + − )

Sol :
1 1( ) 2 32

0 1 2 32 3

1 1 1( ) ( ) ( ) ( ) ( ) ( ) ( ) ......
x t

te J x t J x t J x t J x
t t t

−
= + − + + + − + put cos sint iθ θ= +

cos sin ;pt p i pθ θ= +
1 1 1cos sin ; cos sin 2cos ;p

p pi p i p t p
t t t

θ θ θ θ θ= − = − ⇒ + =

1 2 sin ;p
pt i np

t
θ− =

1 2 sin
2

0 1 2 3( ) 2 sin ( ) 2cos 2 ( ) 2 sin 3 ( ) .....
n i

e J x i J x J x i J x
θ

θ θ θ= + + + +

sin
0 2 4( ) 2cos 2 ( ) 2cos 4 ( ) .......xie J x J x J xθ θ θ= = + + ( )

1 32 sin ( ) 2 sin 3 ......xi J x i Jθ θ+ + +

0 2 4equate real and imaginary part;cos( sin ) ( ) ( )2cos 2 2 ( ) cos 4 ....x J x J x J xθ θ θ= + + +

1 3sin( sin ) 2 ( )sin 2 ( )sin 3 ....x J x J xθ θ θ= + =
2

put πθ = ; 0 2 4cos ( ) 2 ( ) 2 ( ) ....x J x J x J x= − + +

90



Methods of Mathematical Physics Ex.31

Ex. 93. The generating function 
0

( , ) ( ) .n
n

n
F x t p x t

∞

=

= ∑  For the Legendre polynomial ( ) 1/ 22( , ) 1 2F x t xt t
−

= − +

then find the value of p3(-1)?                  (Ans: –1)

Sol : ( ) 1/ 22

0
1 2 ( ) n

n
n

xt t p x t
∞−

=

− + = ∑ ; ( ) 1/ 22

0
1 2 ( 1) ;n

n
n

t t p t
∞−

=

+ + = −∑ ( )
1/ 22

0
1 ( 1) n

n
n

t p t
∞−

=

⎡ ⎤+ = −⎣ ⎦ ∑ ;

( ) 1 2 3 41 1 ....... ( 1)n
nt t t t t p−+ = − + − + + −∑ 2 31 ......( 1) ( 1);n n n

nt t t t p= − + − + − = − −∑
( 1) ( 1) 1n

np − = − = −

Ex. 94. Find 
1

1
1

( ) ( )n nxp x p x dx−
−
∫ (Ans: 2

2
4 1

n
n −

 )

Sol : We have the Recurrence formula ( ) ( ) 1 12 1 1 ; 1n n nn xp n p np n n+ −+ = + + → −

[ ] 1 22( 1) 1 ( 1)n n nn xp np n p− −− + = + − ( )1 2; (2 1) 1 ;n n nn xp np n p− −− = + −

multiplying by pn we get ( ) ( )1 22 1 1n n n nn xp p np n p− −− = + − 2
1 2

1 . ;
2 1 2 1n n n n n

n nxp p p p p
n n− −

−
= +

− −

2
1 2

1 ( 1)
2 1n n n n nxp p np n p p

n− −⎡ ⎤= + −⎣ ⎦−
;

Integrating both sides with x
1 1 1

2
1 2

1 1 1

1( )
2 1 2 1n n n n n

n nxp p dx p x dx p p dx
n n− −

− − −

−
= +

− −∫ ∫ ∫
2

2 1 2 1
n

n n
⎛ ⎞= ⎜ ⎟− +⎝ ⎠ 2

2
4 1

n
n

=
−

Ex. 95. Find 
1

2
1 1

1
n nx p p dx− +

−
∫  (Ans: 

( )
( )( )( )

2 1
2 1 2 1 2 3

n n
n n n

+
− + + )

Sol :
1

2
1 1

1
n nx p p dx− +

−
∫ we have ( ) ( ) 1 1 12 1 1 ;n n n nn xp n p np xp+ − −+ = + + 1;n n→ −

[ ] 1 22( 1) 1 ( 1)n n nn xp np n p− −− + = + − ;

( ) ( ) ( )( 1) 2 1 2
1 11 ........(1), 2 ( 1) .....(2)

2 1 2 3n n n n n nxp np n p xp n p n p
n n− − + += + − = + + +⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦− +

2
22

1 1 2
2 2 2

( 2) ( 1)1(1) (2)
(2 1)(2 3) ( 1)( 2) ( 1)

n n n
n n

n n n n

n n p p n n p
x p p

n n n n p p n p p
+

− +

− + −

⎡ ⎤+ + +
× ⇒ = ⎢ ⎥

− + − + + −⎢ ⎥⎣ ⎦

Integrate both sides 
1 1

2 2
1 1

1 1

( 1)
(2 1)(2 3)n n n

n nx p p dx p dx
n n− +

− −

+
=

− +∫ ∫ ( )( )( )
2 ( 1)

2 1 2 3 2 1
n n

n n n
+

=
− + +
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Ex. 96. Find 2
0 ( )xJ x dx∫ (Ans: ( )22 2

10

2 2
xJJ x

+ )

Sol : 2 2
0 0( )xJ x dx J xdx=∫ ∫ ;

2 2 2 22 2
2 1 1 2 20 0
0 0 0 0 0 0 12 ;

2 2 2 2
J x J xx xJ J J J J x J J x= − = − = +∫ ∫ ∫

2 2
0

1 02
J x

xJ xJ= + ∫

2
0 ( )xJ x dx∫ ( )

2 2
0

1 1 ......(1)
2

J x dxJ xJ
dx

= + ∫

( ) [ ]
2

1
1 1 1 0 0 1 1 0

( )
;

2
xJdxJ xJ xJ xJ xJ xJ xJ xJ

dx
= − =∫ ∫ ∫

( )22 2
12 0

0 ( )
2 2

xJJ x
xJ x dx∴ = +∫

Ex. 97. Find 11
0 ?J =     (Ans: [ ]2 2

1 ( ) 2 ( ) ( )
4 n n nJ x J x J x− +− + )

Sol :    [ ]1 11 1 1
1 1 1 1

1 1( ) ( ) ( ) ; ( ) ( ) ( ) ;
2 2n n n n n nJ x J x J x J x J x J x− + − +⎡ ⎤= − = −⎣ ⎦

[ ]1
1 2

1( ) ( ) ( ) ;
2n n nJ x J x J x− −= −

[ ]1 11
1 2

1( ) ( ) ( ) ; ( )
2n n n nJ x J x J x J x+ += −

[ ]2 2
1 ( ) 2 ( ) ( )
4 n n nJ x J x J x− += − +
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VECTOR ALGEBRA
1. The vectors (x, 1, 0), (1, x, 1) and (0, 1, x) in R3 are

linearly dependent when the scalar x is
(a)  0 (b) 1±

(c) 2± (d) 3±

2. The Vectors kji �3�2� ++ , kjik ��4�2,�3 −+  are
(a)  linearly independent
(b)  linearly dependent
(c)  orthogonal to each other
(d)  parallel

3. The maximum value of the

function
2

)( xxexf −=  is

(a) 2 (b) 2/1

2
1 −e

(c)
1

2
1 −e (d)  

2/1

2
1 −e

4. A function f (x) = x (x-1) has
(a)  a minimum at x = 1
(b)  a maximum at x = 1
(c)  a minimum at x = 1/2
(d)  zero at x = -1

5.  Let f, g, h be vectors

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
=

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
−=

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

−
=

2

1
,

0

1
,

1

1
ihigif

in three dimensional complex vector space. Then
f  is
(a) orthogonal to both g and h
(b) orthogonal to g but not h
(c) orthogonal to h but not g
(d) not orthogonal to g and not orthogonal to

h.
6. If v is a differentiable vector function and f is

sufficiently differentiable scalar function

then ( )curl f v

(a)  0

(b)  ( ) ( )grad f v f curl v× +
 

(c)  f curl v

(d) ( )grad f v× 

7. The value ofλ  for which the vectors

( ) ( ) ( )1, 2, , 2, 1,5 and 3, 5,7λ λ− − −

are linearly dependent.
(a)  5 (b)  3/5
(c)  5/7 (d)  5/14

8. Let nu∑ be a series of positive terms. Given

that nu∑ is convergent and also
1Lt n

n
n

u
u→∞

+

exists, then the limit is
(a)  necessarily equal to 1
(b)  necessarily greater than 1
(c)  may be equal to 1 or less than 1
(d)  necessarily less than 1.

9. A linear  transformation T,  defined as

T
1

2

3

x
x
x

⎛ ⎞
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎝ ⎠

=
1 2

2 3

x x
x x
+⎛ ⎞

⎜ ⎟−⎝ ⎠
, transforms a vector for a

three dimensional real space to a two-
dimensional real space. The transformation
matrix T is

(a)  
1 1 0
0 1 1
⎛ ⎞
⎜ ⎟−⎝ ⎠

(b) ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
010
001

(c) ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
− 111

111
(d)  ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
100
001

VECTOR CALCULUS
10. Consider a vector field F = (yz,xz,xy) then

(a) )0,0,0(,0. =×∇=∇ FF

(b)  )0,0,0(,1. =×∇=∇ FF

(c) )0,,(,0. zyFF −=×∇=∇

(d)  ),,0(,1. xzFF −=×∇=∇
11. The value of the integral

( )
( )

( )

∫ +
2/,2/

0,0

sincos
ππ

xdyxdxy   is

OBJECTIVE TYPE QUESTIONS
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O. 2 Methods of Mathematical Physics

(a)  0 (b)  π /2
(c)  π (d)  2π

12. Find the values of the constants a, b, c for which
the vector

( ) ( ) ( )kzcyxjzybxiazyxV �3�3� +++−++++=


is irrotational
(a)  a = 1, b = 1, c = -1
(b)  a = 1, b = -1, c = 1
(c)  a = 3, b = 1, c = -1
(d)  a = 3, b = -1, c = 1

13. Which of the following statement is
INCORRECT?

(a) The vectors ( )cba ×× , ( )acb ××,  and

( )bac ××  are coplanar

(b) If , , anda b c d are coplanar, then

[ ] [ ] [ ] [ ]cbdcdadbacba ++=

(c) ( ) ( ) ( ){ } ( ){ }cbaaccbba ×=×××× ..

(d) If cba ,, represents the sides of a
tetrahedron, then the volume of tetrahedron

is [ ]cba
6
1

14. The work done when a force

( ) ( ) jyxyixyxF �2�22 +−+−= moves a particle
from origin to (1, 1) along a parabola  y2 = x
(a)  2/3 (b)  4/3
(c)  5/3 (d)  7/3

15. If for a scalar function 2, thenr
r

φ φ φ∇ =


 is

equal to

(a) r
1

(b) 2

1
r

(c) ( )rln (d)  ln(r)

16. The divergence of vectors iu


=  and ixv


=
is respectively
(a)  0, 0 (b)  0, 1
(c)  1, 0 (d)  1, 1

17. The value of the line integral
� �. where

c

F dl F xi yj= +∫
 

 and c is a shown, is

(1,1)

C

x 

y 

(a)  0 (b)  1
(c)  1/2 (d)  2

18. Consider  two vectors
�� �( 3 ) ( 3 ) (3 )A x y z i x y z j x y z k= + + + + − + − +



� �and ( sin ) ( cos )x xB e y i e y j= +


which of the
following is correct

(a) A


 is irrotational and B


 is irrotational

(b) A


is irrotational, B


is solenoidal

(c)  A


is solenoidal, B


is irrotational

(d)  A


is solenoidal and B


 is solenoidal
19. If  F is a solenoidal vector, then the value of curl

curl curl curl F is
(a)  F (b)  zero
(c) 4F∇ (d)  2 F∇

20. Find the turning points of ,)(
22 xexxf −=

where the function become maximum.
(a)  x = 0 (b)  x = +1 only
(c)  x = -1 only (d)  x = ± 1

21. Consider the vector V = r / r3

(A)  The surface integral of this vector over the
surface of a cube of side a and centered at the
origin
(a)  0 (b)  2π
(c)  2π a3 (d)  4π
(B) Which one of the following is NOT correct?
(a) Value of the line integral of this vector

around any closed curve is zero
(b) This vector can be written as the gradient

of some scalar function
(c) The line integral of this vector from point P

to point Q is independent of the path taken
(d) This vector can represent the magnetic field

of some current distribution
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22. The directional derivative

of 2 2 2( , ) 2 2f x y x y z= + + at point (2,1,3)p in

the direction of the vector �� 2a i k= −
 is ?

(a)  4 / 5                  (b) 4 / 5−

(c) 5 / 4 (d) 5 / 4−

23. The curl of a vector field �is 4 .F x


Identify the

appropriate vector field F


from the choices
given below.

(a) zyyzxzF �5�3�2 ++=


(b) zyyzF �5� +=


(c) zyyxF �5�3 +=


(d) zyxF �5�2 +=


24. If kzjyixr ��� ++=
   is position vector, then

the value of ( )rlog∇  is

(a) r
r

(b) 2r
r

(c) 3r
r−

(d)  3r
r

25.  If )(tF


 has a constant magnitude then

(a)  0)( =tF
dt
d

(b) 0)().( =
dt

tFdtF


(c) 0)()( =×
dt

tFdtF


(d)  0)()( =−
dt

tFdtF


26. If all the surfaces are closed in a region
containing volume V  then the following theorem
is applicable.
(a)  Stoke�s theorem
(b)  Green�s theorem
(c)  Gauss divergence theorem
(d)  None the above

27. The curl of a vector ( )kjieA xyz ��� ++=


 at the
point (1,2,3) is

(a)  ( )6 �� �4 3e i j k− + (b) ( )�� �4 3i j k− +

(c) ( )6 �� �e i j k+ + (d)  zero

28. Consider the following statements and identify
the CORRECT ONE.

 I. If andA B  are irrotational, BA


×  is also
irrotational

 II. If andA B  are irrotational, BA


× is
solenoidal

III. If andA B are irrotational, BA


×  = 0
(a) II & III only (b) II only
(c) III only (d) I & III only

29. If S is the sphere of radius R  and

kzjyixA ��� 333 ++=


, then ∫ =
s

dsA.


(a) 5

5
12 Rπ (b) 24 Rπ

(c) 2

3
4 Rπ (d)  5

5
4 Rπ

30. The angle between the surfaces

1222 =++ zyx  and 122 −+= yxz  at
the point (1, 1, -1)

(a)  ⎟
⎠

⎞
⎜
⎝

⎛−

3
10cos 1

(b) ⎟
⎠

⎞
⎜
⎝

⎛−

36
10cos 1

(c) ⎟
⎠

⎞
⎜
⎝

⎛−

36
5cos 1

(d)  ⎟
⎠

⎞
⎜
⎝

⎛−

3
1cos 1

31. A fluid motion is given by

( ) ( ) ( )kyxjxzizyV ��� +++++=


,
which is irrotational. The velocity potential is
given by
(a) zxyzxy +− (b) zxyzxy −+
(c) zxyzxy ++ (d)  zxxyyz +−

32. If rrf )(  is a solenoidal, which of the
following represents the correct function for
f (r)?  Where c is constant.

(a)  2r
c

(b) r
c

(c) 3r
c

(d)  4r
c
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33. A vector field F is said to be conservative if and
only if
(a) F is a curl of some vector r
(b) F can be represented as a gradient of scalar

functionφ
(c) 0=•∇ F
(d)  FF =×∇

34. If  
3

, thenxyz uu e
x y z
∂

=
∂ ∂ ∂  is equal to

(a)  [ ]22231 zyxxyzexyz ++

(b)  [ ]3331 zyxxyzexyz ++

(c) [ ]22231 zyxxyzexyz ++

(d)  [ ]33331 zyxxyzexyz ++

35. If kzjyixr ��� ++=  then 2).( rr ∇  is equal
to
(a)  2r 2 (b)  3r 2
(c)  4r 2 (d)  0

36. The four vertices of a regular tetrahedron are
located at O(0,0,0),  A (0,1,0),  B )0,5.0,35.0(

and 
20.5 ,0.5, 33

C ⎛ ⎞
⎜ ⎟
⎝ ⎠

.  The unit vector

perpendicular (outward) to the face ABC  is
(a)  zyx �29.0�71.0�41.0 ++

(b)  zyx �33.0�82.0�47.0 ++

(c)  zyx �33.0�82.0�47.0 ++−

(d)  zyx �29.0�71.0�41.0 −−−
37. If A is the region bounded by the parabolas

2 24 and 4y x x y= = ,then ∫ ∫
A

ydxdy is equal to

(a) 5
48

(b) 5
36

(c) 5
32

(d)  None of these

38. The unit vector to the surface 122 =−+ zyx
at the point P (1,1,1) is

(a)  
3

��� kji −+
(b)

6

���2 kji −+

(c)
6

��2� kji −+
(d)  

3

��2�2 kji −+

LINEAR ALGEBRA
MATRICES

39. The matrix representing the linear operator  
2

2

∂
∂x

in the basis 1
α= xu e , 2

α−= xu e  is

(a)
2

2

0
0
α

α
⎡ ⎤
⎢ ⎥
⎣ ⎦

(b)
2

2

0
0
α

α
⎡ ⎤
⎢ ⎥−⎣ ⎦

(c)
2

2

0
0
α

α
⎡ ⎤
⎢ ⎥−⎣ ⎦

(d)
2

2

0
0
α

α
⎡ ⎤
⎢ ⎥
⎣ ⎦

40. The matrix representing the linear operator dx
d

in the basis xx eueu αα −== 21 ,  is

(a) ⎥
⎦

⎤
⎢
⎣

⎡
0

0
α

α
(b) ⎥

⎦

⎤
⎢
⎣

⎡
− 0
0
α

α

(c) ⎥
⎦

⎤
⎢
⎣

⎡
−α

α
0

0
(d) ⎥

⎦

⎤
⎢
⎣

⎡
−αα

α 0

41. Which of the following matrix rotates the

vector ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
y
x

 through 30  about  x - axis

(a)

3
2 2

3
2 2

i

i

⎛ ⎞
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎝ ⎠

(b)
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜

⎝

⎛

−
2
1

2
3

2
3

2
1

(c)
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜

⎝

⎛ −

2
1

2
3

2
3

2
1

(d)  
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜

⎝

⎛

−
2
3

2
1

2
1

2
3

42. Which of the following is INCORRECT
regarding characteristic roots/ vectors?
(a) The characteristic roots of a unitary matrix

must be uni modular
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(b) Characteristic vectors corresponding to a

system of distinct characteristic roots of
any square matrix are linearly dependent

(c) Characteristic roots of a Hermitian matrix
are real

(d) Characteristic vectors of a unitary matrix are
orthogonal

43. The rank of the matrix
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

562
241
321

(a)  2 (b)  3
(c)  1 (d)  4

44. The matrix ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

23
21

A  is similar to the matrix

(a)  ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−10
04

(b) ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
22
31

(c) ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
01
40

(d)  ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
20
01

45. Given two matrices ⎥
⎦

⎤
⎢
⎣

⎡
=⎥

⎦

⎤
⎢
⎣

⎡
=

hg
fe

A
dc
ba

A '

whose elements are real numbers other than
zero. If IAA ='.  where I is the identity matrix
and D is the determinant of A then D is equal to
(a)  e/d (b)  d/e
(c)  bc/ad (d)  none of these

46. If ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

=
αα
αα

α cossin
sincos

A , then consider

the following statements:

I) αββα AAA =.

II) βαβα += AAA .

III) ( ) ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

−
=

αα
αα

α nn

nn
nA

cossin
sincos

IV) ( ) ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

=
αα
αα

α nn
nn

A n

cossin
sincos

which of the above statements are true.
(a)  I and II (b)  I and IV
(c)  II and III (d)  II and IV

47. Let ⎥
⎦

⎤
⎢
⎣

⎡
−
−

=
11
43

A , then An  is given by, where

n is any positive integer

(a) ⎥
⎦

⎤
⎢
⎣

⎡
+−+

−+
nn
nn

11
4131

(b) ⎥
⎦

⎤
⎢
⎣

⎡
−
−+

nn
nn

21
421

(c) ⎥
⎦

⎤
⎢
⎣

⎡
10
01

  (d)  ⎥
⎦

⎤
⎢
⎣

⎡
−
−

31
41

48. The condition for a Matrix

⎥
⎦

⎤
⎢
⎣

⎡
−+
+−+
γαδβ
δβγα

ii
ii

 to be a unitary matrix

(a)  2222 δγβα +=+

(b)  )( 2222 δγβα +−=+

(c) 12222 =+++ δγβα

(d)  )(2 2222 δγβα +=+

49. If ⎥
⎦

⎤
⎢
⎣

⎡
+−

+
=

021
210

i
i

A , then (I � A) (I + A)-1 is

(a) ⎥
⎦

⎤
⎢
⎣

⎡
−−
−−−
442

424
i

i
(b) ⎥

⎦

⎤
⎢
⎣

⎡
−−
−−−
221

212
i

i

(c) 6
1

⎥
⎦

⎤
⎢
⎣

⎡
−+−
−−−
442

424
i

i

(d)  6
1

⎥
⎦

⎤
⎢
⎣

⎡
−−
−−−
442

424
i

i

50. The rank of the matrix 

1 0 2
3 1 1
5 1 5

⎛ ⎞
⎜ ⎟−⎜ ⎟
⎜ ⎟−⎝ ⎠

 is

(a)  0 (b)  1
(c)  2 (d)  3

51. The value of the determinant

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

199719961995
199419931992
199119901989

 is

(a)  0 (b)  1
(c)  � 1 (d)  none of these

52. If product of matrices

⎥
⎦

⎤
⎢
⎣

⎡
=

θθθ
θθθ

2

2

sinsincos
sincoscos

A  and
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  B = ⎥
⎦

⎤
⎢
⎣

⎡

φφφ
φφφ

2

2

sinsincos
sincoscos

 is a null matrix,

thenθ  andφ  differ by
(a)  An odd multiple ofπ
(b)  An even multiple ofπ

(c)  An odd multiple of 2
π

(d)  An even multiple 2
π

53. If A is a square matrix of order 2 and 2|| =A
then A (adj A) is equal to

(a)  
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

200
020
002

(b)
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

2
1

2
1

2
1

00
00
00

(c)
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

100
010
001

(d)  None of these

EIGEN VALUES AND EIGEN
VECTORS

54. Consider the matrix ⎥
⎦

⎤
⎢
⎣

⎡
−

=
11

11
A the eigen

values of this matrix are
(a)  1 and -1 (b)  2 and -2

(c)  2 and 2− (d)  1/2 and -1/2
55. Let A, B and C be three matrices Tr(ABC) is

same as
(a)  Tr(BAC) (b)  Tr(CBA)
(c)  Tr(BCA) (d)  Tr(ACB)

  56.   The matrix
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
=

001
100
010

A has three eigen

             values iλ defined by i i iAv vλ= .Which of the
              following statements are NOT true?

(a)  0321 =++ λλλ
(b)  1 2 3, andλ λ λ are all real numbers.

(c)  121 +=λλ for some pair of roots.

(d)  3,2,1,13 =+= iiλ

57. The eigen values of the matrix

⎥
⎦

⎤
⎢
⎣

⎡ −
=

θθ
θθ

cossin
sincos

A  are

(a) θie± (b) θie 2±

(c) θie 3± (d)  2/θie±

58. If nλλλ ,..., 21  are the eigen values of A, then
the eigen values of  Am  are

(a)  nmmm λλλ ,..., 21 (b) m
n

mm λλλ ,..., 21

(c) nλλλ ,..., 21 (d)  mmm
nλλλ

,....., 21

59. It is given that the eigenvalues of the matrix

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
−

210
212
123

are integers then the eigenvalues

are,
(a)  5, -2, 3 (b)  2, 2, 2
(c)  -1, 2, -3 (d)  1, 2, 3

60. The eigen values of the matrix
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

111
111
111

 are

(a)  1, 0, 0 (b)  1, 2, 0
(c)  1, 1, 1 (d)  3, 0, 0

61. Given a matrix 2,
12
21

ATrA ⎥
⎦

⎤
⎢
⎣

⎡
=  is

(a)  10 (b)  9
(c)  2 (d)  zero

62. For arbitrary matrices E, F, G and H, if  EF � FE
= 0 then Trace (EFGH) is equal to
(a)  Trace (HGFE)
(b)  Trace (E) Trace (F) Trace (G) Trace (H)
(c)  Trace ( GFEH)
(d)  Trace (EGHF)

63. The eigen values of the matrix
⎟⎟
⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜
⎜

⎝

⎛

2200
2200
0011
0011

(a)  0, 0, 1, 5 (b)  0, 0, 6, 0
(c)  0, 0, 2, 4 (d)  0, 0, -7, 1

64. The eigen values of the matrix

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −
θθ
θθ

cossin
sincos

 are
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(a)  
1 ( 3 ) when 45
2

i θ± = 

(b)  
1 ( 3 ) when 30
2

i θ± = 

(c) ±  since the matrix is unitary

(d)  
1 (1 ) when 30
2

i θ± = 

65. State which of the following statements are
TRUE regarding eigen values and eigen vectors
of a matrix A
I) Determinant of A is equal to the product of

eigen value of A
II) If A is Real its eigen values are must be Real.
III) Eigen values of A-1 are multiplicative

reciprocals of A.
(a)  I, II, III (b)  I, III only
(c)  I, II only (d)  II & III only

66. One of the eigenvalues of the matrix ⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

100
023
032

is 5:
The other two eigenvalues are
(a)  0 and 0 (b)  1 and 1
(c)  1 and-1 (d)  -1 and -1

67. Eigen values of the matrix 

⎟⎟
⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜
⎜

⎝

⎛

−
0200
2000

0001
0010

i
i

are
(a)  -2,-1,1,2 (b)  -1,1,0,2
(c)  1,0,2,3 (d)  -1,1,0,3

68. A matrix whose determinants is zero is called
(a)  singular matrix (b)  unit matrix
(c)  null matrix (d)  orthogonal matrix

69. The eigen values of the matrix 
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

110
110
001

 are

(a)  1, 1, 2 (b)  0, 1, 2
(c)  0, 2, 3 (d)  1, 2, 2

70. If A and B are unitary matrices of the same order,
which of the following combinations is unitary?
(a)  A-1B (b)  AB-1

(c)  AB (d)  A + B

71. The rank of the matrix,
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛ −
=

541
74

312
λA  is 2,

then the value ofλ  is
(a)  -13 (b)  13
(c)  3 (d)  6

72. Let A and B be non � singular square matrices
of the same order. Consider the following
statements.

I) TTT BAAB =)(

II) 111)( −−− = BAAB
III) ( ) ( )( )adj AB adj A adj B=

IV) Rank( ) Rank ( ) Rank( )AB A B=

V) ||.|||| BAAB =
(a)  I, III and IV (b)  IV and V
(c)  I and II (d)  I, II and V

73. The system equations x + y + z = 6, x + 2y + 3z
=10,  x + 2y + λ z = 12 is inconsistent, if λ is
(a)  3 (b)  -3
(c)  0 (d)  2

74. The eigen values of 
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

−
−−

−
=

342
476

268
A  are

(a)  0, 3, -15 (b)  0, -3, -15
(c)  0, 3, 15 (d)  0, -3, -15

75. If A is a 3 �rowed square matrix, then

)(( Aadjadj  is equal to

(a) 6|| A (b) 3|| A

(c) 4|| A (d)  2|| A

76. If ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

te
tt

A t sin
cos2

, then dt
dA

 will be

(a)  ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

te
tt

t sin
sin2

(b) ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
te
tt

t sin
cos2

(c) ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −
te
tt

t cos
sin2

(d)  ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

te
tt

t cos
sin2

77. If 0det, ≠∈ × ARA nn , then
(a)  A  is non singular and the rows and columns
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of A are linearly independent.
(b)  A is non singular and the rows of A are

linearly dependent.
(c)  A is non singular and the A has one zero

rows.
(d)  A is singular

78. The matrix shown transforms the components
of a vector in one coordinate frame S to the
components of the same vector in a second
coordinate frame S1. This matrix represents a
rotation of the reference frame S by

1

1

1

1 3 0
2 2
3 1 0

2 2
0 0 1

x x

y y

z z

i
a a
a i a
a a

⎛ ⎞
⎜ ⎟
⎜ ⎟⎛ ⎞ ⎛ ⎞
⎜ ⎟⎜ ⎟ ⎜ ⎟

= ⎜ ⎟⎜ ⎟ ⎜ ⎟
⎜ ⎟⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠⎜ ⎟
⎜ ⎟⎜ ⎟
⎝ ⎠

(a)  30° counterclockwise about the z-axis
(b)  45° clockwise about the z-axis
(c)  60° clockwise about the y-axis
(d)  60° counterclockwise about the x-axis

CAYLEY� HAMILTON THEOREM

79. The characteristic equation 0isA Iλ− =

3 22 3 4 0λ λ λ+ − + = .  The characteristic
equation for A-1 is
(a)  0432 23 =−+− λλλ

(b) 0
4
1

3
1

2
1 23 =+−+ λλλ

(c) 02
2
323 =−−− λλλ

(d)  0
4
1

2
1

4
3 23 =++− λλλ

80. The rank of the matrix 
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

14
9
8
7

13121110
8765
7654
6543

 is

(a)  3 (b)  2
(c)  1 (d)  4

81. The rank of the matrix 
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
−−=
113
111

111
A  is

(a)  0 (b)  1
(c)  2 (d)  3

82. The characteristic equation of a square matrix

0
0

0

c b
A c a

b a

⎡ ⎤−⎢ ⎥
⎢ ⎥� −⎢ ⎥
⎢ ⎥−⎣ ⎦

(a)  0)(3 =+++ cbaAA

(b)  0)( 2223 =−++ cbaAA

(c) 0)( 2223 =+++ cbaAA

(d)  )( 2223 cbaAA ++=

LINEAR ORDINARY
DIFFERENTIAL EQUATIONS
FIRST ORDER

83. The solution of the equation

05/2/ 22 =++ xdtdxdtxd  subject to the
initial condition 3/,5 −== dtdxx  at t = 0.

(a) ( )tte t 2sin2cos5 +−

(b) ( )tte t 2cos2sin5 ++

(c) ( )tt 2cos2sin5 +

(d)  ( )te t 2sin5−

84. The solution of the differential equation y
dx =  (3x + y4) dy

(a)  cy
y
x

=+
3 (b) cy

y
x

=+
2

(c) cy
y
x

=+ 2
(d)  cy

y
x

+=
3

85. Introducing a parameter ,
dx
dyyp =′= the

equations xyxyy −′+′= 2 can be reduced to
the equation

(a)  xp
dx
dp

+= 2 (b) xp
dp
dx

+= 2
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(c) xp
dx
dp

+= (d)  xp
dp
dx

+=

Common Data (Q.86 - 87)
Consider  the differential  equation

0)()()( =+′+′′ xyxqyxPy .
86. If x p(x) and x 2 q(x) have the Taylor series

expansion x p(x) = 4 + x + x2 +� and x2 q(x) = 2
+ 3 x + 5 x2 +.. then the roots of the indicial
equation are
(a)  -1, 0 (b)  -1, -2
(c)  -1, 1 (d)  -1, 2

87. If  p(x) = 0 with the Wronskin at x = 0 as W (x =
0) = 1 and one of the solutions is x, then the
other linearly independent solution which
vanishes at x = 1/2 is
(a)  1 (b)  1 - 4x2|

(c)  x (d)  -1 + 2x

88. To change ( )3 3x y xy dx dy+ = to linear form the
substitution is?

(a)  3x v= (b)  3y v=

(c)  2
1 v
x

= (d)  2
1 v
y

=

89. 0=++ zdzydydxx  is the first order
differential equation of
(a)  Sphere (b)  Right circular cone
(c)  Cylinder (d)  Ellipsoid

90. Match the following and find the correct
alternative
Group -  A
 I) Cauchy�s equation
 II) Bernouli�s equation
 III) Method of variation of parameters
Group - B

p) ( ) 5)2(2 2

2
2 =++++ y

dx
dyx

dx
ydx

q) xe
dx

ydx
dx

ydx =− 2

2

3

3
2

r) ( ) xyaD tan2 =+

s)
22 yxxy

dx
dy

=+

(a)  I (p), II (q), III (r) (b)  I (s), II (q), III (r)
(c)  I (s) II (p), III (q) (d)  I (q), II (s), III (r)

91. What are the order and degree, respectively of
the differential equation of the family of

curves )(22 cxcy +=
(a)  1.1 (b)  1,2
(c)  1,3 (d)  2,1

92. The differential equation ydx - 2x dy = 0
represents a family of
(a)  straight lines (b)  parabolas
(c)  circles (d)  catenaries

93. The solution of 222)/( xyxydxdy =+ , is

(a)  )1/()(
2xecxy −+=

(b) )1/(1 xcey −=

(c) )1/(1
2xcey +=

(d)  )1/()(
2xecxy +=

SECOND ORDER
94. The most general solution of the differential

equation 0157
2

2
2 =+− y

dx
dyx

dx
ydx is given by

(a)  xx ececy 5
2

3
1 +=

(b) xx ececy 5
2

3
1

−− +=

(c) 5
2

3
1 xcxcy +=

(d)  xxcxcy log3
2

3
1 +=

95. A moving body is opposed by a force per unit
mass of value cx and resistance per unit mass
of value bv2 where x and v are the displacement
and velocity of the particle at that instant. The
velocity of the particle interms of x, if it starts
from rest.

(a)  bxe
b
c

b
c

b
cxV 2

22
2

22
−+−=

(b)  bxe
b
c

b
cV 2

22
2

22
−+−=

(c) bxe
b
c

b
c

b
cxV 2

22
2

22
−−+

−
=

(d)  bxe
b
cx

b
c

b
cxV 2

222
2

22
−−+=
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96. The family of conic represented by the solution
by the solution of the DE

0)123()134( =+++++ dyyxdxyx   is
(a)  Circles (b)  Parabolas
(c)  Hyperbolas (d)  Ellipses

97. The points, where the series solution of the
Legendre differential equation

0)1
2
3(

2
3`2)1( 2

2
2 =++−− y

dx
dyx

dx
ydx

will diverge, are located at
(a)  0 and 1 (b)  0 and -1

(c)  -1 and 1 (d)  
3 5and
2 2

98. Solution of the differential equation

xey
dx
dy

dx
yd 5
2

2

65 =+−

(a)  xxx eecec 53
2

2
1 ++

(b) xx ecec 3
2

2
1 +

(c)
6

5
3

2
2

1

x
xx eecec ++

(d)  
5

5
3

2
2

1

x
xx eecec ++

99. The particular Integral of differential equation
4

4 4 cos hd x x t
dt

+ =

(a)
1 cos h
5

t (b)
1 sin h
5

t

(c) tcos
5
1

(d)  tsin
5
1

100. The particular integral of the differential

equation (D3 � D) dx
dDeey xx =+= − ,  is

(a)  2/)( xx ee −+ (b) 2/)( xx eex −+

(c) 2/)(2 xx eex −+ (d)  2/)( xxx eee −−
101. The integrating factor  of the equation

yex
x
yy x sec)1(

1
tan' −=
+

−  is

(a)  x+1
1

(b) x+
−

1
1

(c)
x

ex

+1
(d)  1+xe

102. The general solution of the differential

equation 22 )( yppxyx =−  is given by

(a)  222 xcy += (b) 1+= cxy

(c) 2)( xcy += (d)  222 ccxy +=

103. If y = x is a solution of 0'''2 =−+ yxyyx ,
then the second linearly independent solution
of the above equation is

(a)  1/x (b) 2x
(c) 2−x (d)  nx

104. Two linearly independent solutions of the
differential equation

05)/(4)/(4 22 =++ ydxdydxyd  are

(a)  xexe xx sin,cos 2/2/ −−

(b)  xexe xx sin,cos 2/2/

(c) xexe xx sin,cos 2/2/ −

(d)  xexe xx sin,cos 2/2/−

105. The solution of the differential

equation. 2( 4 4) 2sinh 2D D y x+ + =  is

(a)  xxx exeexCC 2
2

22
21 216

1)( −+−+

(b) xxx exeexCxC 2
2

222
21 216

1)( −++ −

(c) xxx exeexCC 2
2

22
21 216

1)( −−++

(d) xxx exeexCC 2
2

222
21 68

1)( −−++

106. Integrating factor of the differential equation

0)2()1( 322 =−−+− dxaxyyxdyxx
is
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(a) 2/12 )1(
1
+xx (b) 2/12 )1(

1
+x

(c) 2 1/ 2
1

(1 )x x− (d)   2 1/ 2
1

2 (1 )x x−

107. The solution of the differential equation
03')13('' =−−+ iyyiy  is

(a)  ixx ececy 3
21 +=

(b) 1 2 3cos3 sin3xy c e c x c x−= + −

(c) ixx ececy 3
21

−+=

(d)  1 2 3cos3 sin3xy c e c x c x−= + −

108. The solution of 0)/( 22 =+ ydxyd
satisfying the condition

2)2/(,1)0( == πyy , is
(a)  cosx + 2sinx (b)  cosx + sinx
(c)  2 cosx + sinx (d)  2 (cosx + sinx)

109. The set of linearly independent solutions of the
differential equation

0)/()/( 2244 =− dxdydxdy    is

(a)  { }xx eex −,,,1 (b) { }xx xeex −− ,,,1

(c) { }xx xeex ,,,1 (d)  { }xx xeex −,,,1
110. Consider the following statements: The

equation 0]/)3[()/2( 4223 =−+ dyyxydxyx
is
1) exact
2) homogeneous
3) linear
(a)  1 and 2 are correct(b)  1 and 3 are correct
(c)  2 and 3 are correct(d)  1,2 and 3 are correct

111. Consider the following statements in respect of
the differential equation

22)/(2 xydxdyxy −= .
1) The differential equation is a homogeneous

equation
2) The curve represented by the differential

equation is a family of circles
3) The differential equation of the orthogonal

trajectories is  ))(2(/ 22 yxxydxdy −= ,
which one of the following is correct one.

(a)  1 and 2 only (b)  1 and 3 only
(c)  2 and 3 only (d)  1,2 and 3

112. If the population of a country doubles in 50
years, in how many years will it treble under the
assumption that the rate of increase is
proportional to the number of inhabitants.

(a)  2log
3log25 (b) 2log

3log50

(c) 2log
3log20 (d)  3log

2log25

 113. The solution of the differential equation

xyDD cosh2)( 3 =−  is

(a) )(
2321

xxxx eexeCeCC −− −+++

(b) )(
2321

xxxx eexeCeCC −− ++++

(c) )(
2321

xxxx eexeCeCxC −− −−++

(d) )(
2321

xxxx eexeCeCC −− −+++

114. The solution of gdtsd =22 / . ( g is a
constant, s = 0 and ds/dt =u when t = 0 ) is

(a)  s = gt (b) 2)2/1( gtuts +=

(c) 2)2/1( gts = (d)  2gtuts +=
Common Data (Q.115 - 116)
115. Which one of the following equations has the

same order and degree

(a)  xeydxdydxyd =++ 5)/(8/ 444

(b) 32433 5)1/(8)/(5 xydxdydxyd =+++

(c) { } )/(4)/(1 333/23 dxyddxdy =+

(d) { } 2/122 1)/()/( ++= dxdydxdyxy
116. The number of arbitrary constants in the

differential equation of the form
0)/,/,,( 33 =dxyddxdyyxφ  is

(a)  1 (b)  2
(c)  3 (d)  4
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Common Data (Q.117 - 118)
117. A particular integral of the differential

equation xyD =+ )4( 2  is

(a) xxe2 (b) xcos2x
(c)  xsin2x (d)  x/4

118. The homogeneous differential equation M (x,y)
dx + N (x,y) dy = 0 can be reduced to a differential
equation, in which the variables are separated,
by the substitution of
(a)  y = vx (b)  xy = v
(c)  x+y = v (d)  x � y = v

Common Data (Q.119 - 120)

119. xx ecxcxce 2
321 )3sin3cos( ++−  is the

general solution of

(a)  04)/( 33 =+ ydxyd

(b)  08)/( 33 =+ ydxyd

(c) 08)/( 33 =− ydxyd

(d) )/(2)/( 2233 +− dxyddxyd

02)/( =−+ dxdy
120.  Which of the following represents the solution

of the differential equation

,01
2

2

=⎟
⎠
⎞

⎜
⎝
⎛+⎟

⎠
⎞

⎜
⎝
⎛+ i

LCdt
di

L
R

dt
id

 where LCR 42 =

and R,C,L are constants (where 1C  and 2C  are
arbitrary constants )

(a)  L
tR

etCC
−

+ )( 21

(b) L
tR

etCtC 22
21 )(

−
+

(c) L
tR

etCtC 2
21 )sincos(

−
+

(d)  L
tR

etCC 2
21 )(

−
+

Common Data (Q.121 - 122)
121.  For non exact differential equation (1 + xy) ydx

+ (1 - xy)xdy = 0, what is the integrating factor.

(a)  )2/(1 22 yx (b) )2/(1 xy

(c) )2/(1 2xy (d)  )2/(1 2 yx

122. The cooling law � The rate at which a hot body
cools is proportional to the difference in
temperature between the body and the
surrounding medium�,
(a)  Ohm�s law (b)  Kepler�s law
(c)  Newton�s law (d)  Kelvin�s law

Common Data (Q.123 - 124)
123. The differentiale quation

yxyxdxdy 23 cos2sin/ =+  is reduced  to
the linear form dv/dx +Pv = Q, where P and Q
are functions of �x� alone, by changing the
variable as
(a)  siny = v (b)  cosy = v
(c)  tany = v (d)  sin2y = v

124. Solution of ,02// 22 =−+ ydxdydxyd

3)0(,0)0( 1 == yy  is

(a)  xx ee 2−+ (b) xx ee 2−−
(c) xx ee 2− (d)  xx ee 2+

125. Which one of the following curves gives the
solution of the differential equation

,321 kxk
dt
dxk =+ where k1, k2 and k3 are positive

constants with initial conditions x = 0 at t = 0.

126. Consider  the differential equation

0/222 =++ xdtdxdtdx . At time t = 0, it is
given that x = 1 and dx/dt = 0. At t = 1,the value
of x is given by
(a)  1/e (b)  2/e
(c)  1 (d)  3/e

127. Consider  the following three functions
xmxmxm eee 321 ,, . These functions linearly

independent if

(a)  321 mmm ≠= (b) 132 mmm ≠=
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(c) 321 mmm == (d)  321 mmm ≠≠
128. Consider the Assertion (A) and Reason ( R )

given below.]

 Assertion (A) :  The curves 3axy =  and
222 3 cyx =+   form orthogonal trajectories.

Reason ( R ) : The differential equation of the
second curve is obtained from the differential

equation of the first by replacement of dx
dy

 by

dy
dx

− .  The correct answer is

(a)  Both A and R are true and R is the correct
explanation of A.

(b)  Both A and R are true and R is not a correct
explanation of A.

(c)  A is true but R is false
(d)  A is false but R is true.

129. The differential equation of the family of circles
of radius r whose centre lies on the x � axis is

(a)  
22 ry

dx
dyy =+ (b)

21 r
dx
dyy =⎟

⎠
⎞

⎜
⎝
⎛ +

(c)
22 1 r

dx
dyy =⎟

⎠
⎞

⎜
⎝
⎛ + (d)

2
2

2 1 r
dx
dyy =⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
+⎟

⎠
⎞

⎜
⎝
⎛

130. Let cxcy =− 2)(  be the primitive of the
differential equation

024
2

=−⎟
⎠
⎞

⎜
⎝
⎛+⎟

⎠
⎞

⎜
⎝
⎛ y

dx
dyx

dx
dyx .

The number of integral curves which will pass
through (1,2) is
(a)  one (b)  two
(c)  three (d)  four

131. Solution curves of  ydx �xdy  = 0 form a family
of
(a)  circles (b)  straight lines
(c)  Hyperbolas (d)  parabolas

132. The solution of the differential equation

is 02

2

=+ y
dx

yd  satisfying the condition

1
2

,1)0( =⎟
⎠
⎞

⎜
⎝
⎛=
πyy

(a)  cos x +2 sin x (b)  cos x + sin x
(c)  2cos x + sin x (d)  2(cos x + sin x)

133. The solution of the differential

equation 0)168( 24 =++ yDD  is given
by

(a) xxxx ecececec −− +++ 43
2

2
2

1

(b)  xx exccexcc 2
43

2
21 )()( −+++

(c) xxccxxcc 2sin)(2cos)( 4321 +++

(d) xxccxxcc 2sinh)(2cosh)( 4321 +++

134. If 21 , II  are integrating factors of the

equations 1 12 1 and 2 1xy y xy y+ = − =  then

(a)  21 II −= (b) 2
21 xII =

(c) 2
2

1 IxI = (d)  121 =II
Common Data (Q.135 - 136)

For the differential equation

022

2

=+− y
dx
dy

dx
yd

135.  One of the solutions is
(a)  ex (b)  ln x

(c) 2xe− (d)  2xe
136. The second linearly independent solution is

(a)  e-x (b)  xex

(c)  x2ex (d)  x2e-x

Common Data (Q.137 - 138)
137. Ordinary points of the differential equation

(1-x2) y11 � 2xy1 +2y = 0 are
(a)  ±1 (b)  except ±1
(c)  all (d)  no points

138. The most general solution of the differential

equation 044 2

2

=++ y
dx
dy

dx
yd  is

(a)  ( ) 2/)( xeBxAxy +=

(b)  ( ) 2/)( xeBxAxy −+=

(c) 2/2/)( xx BeAexy −+=
(d)  y(x) = A cos h (x/2) + B sin h (x/2)

Common Data (Q.139 - 140)
139. The solution of the differential equation for
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y ( )t : 2

2

t
y

∂

∂
-y=2cosh ( )t , subject to the initial

conditions y ( )0 = 0 and 0=tdt
dy

= 0, is

(a)  
2
1

cosh ( )t + t sinh ( )t

(b)  -sinh ( )t + t cosh ( )t
(c)  t cosh ( )t
(d)  t sinh ( )t

140. Solution of the differential equation

,4xy
dx
dyx =+  with the boundary condition

that 1,at 1,isy x= =

(a)  45 4 −= xy (b)
5

4
5

4 xxy +=

(c)
x

xy
5
1

5
4 4

+= (d)  
x

xy
5
4

5

4

+=

FOURIER SERIES
141. Consider a function defined as

⎪
⎩

⎪
⎨

⎧

<<
<<−
−<<−

=
210
11

120
)(

t
tk
t

tf .

The Fourier coefficients a0,  bn  will be.

(a)  0, 0 (b) πn
kk 2,

(c)  k, 0 (d)  πn
kk,

142. Given 
⎩
⎨
⎧

<<
<<

=
cxc

cx
xf

21
00

)(  which of the

following represents the expansion of f(x) in a
Fourier series of period 2c.

(a)  ⎟
⎠
⎞

⎜
⎝
⎛ ++−= ...3sinsin2

2
1)(

c
x

c
xxf ππ

π

(b) ⎟
⎠
⎞

⎜
⎝
⎛ ++= ...3sin

3
1sin2)(

c
x

c
xxf ππ

π

(c) ⎟
⎠
⎞

⎜
⎝
⎛ ++−= ...3sin

3
1sin2

2
1)(

c
x

c
xxf ππ

π

(d)  ⎟
⎠
⎞

⎜
⎝
⎛ +++= ...3sinsin2

2
1)(

c
x

c
xxf ππ

π

143. Which of the following statements is wrong
(a)  Fourier series has sine terms when f(x) is

an odd function
(b)  Fourier series has cosine terms when f(x) is

an even function
(c)  Fourier series has sine as well as cosine

terms when f(x) is neither even nor odd
function

(d)  Fourier series has neither sine nor cosine
terms when f(x) is neither even nor odd
function

144. Fourier series for the function f(x) is given by
ππ ≤≤−+= xxxf ;0,/21)(
ππ ≤≤− xx 0,/21;   is

⎥⎦
⎤

⎢⎣
⎡ =++= ........

3
3cos

1
cos8)( 222

xxxf
π  by

using the above result deduce

......
5
1

3
1

1
1

222 +++

(a)  2
8
π (b) 2

4
π

(c)
4

2π
(d)  

8

2π

FOURIER & LAPLACE
TRANSFORMS
145. The Fourier sine transform of the function

f(t)=e-at is

(a)  ωπ
a2

(b) a
ω

π
2

(c) 22
2

a
a
+ωπ (d)  22

2
a+ω

ω
π

146. The inverse Laplace transform of

( )( )41
4
2 +−

+

sss
s

106



Methods of Mathematical Physics O. 15

(a)  tet 2sin
2
1

− (b) 12sin
2
1

−− te t

(c) te t 2sin
2
11 +− (d)  te t 2sin

2
1

+

147. The Fourier transform to k-space of a Gaussian

function in x, 2
)( xexf −= is

(a)  a Gaussian in 1/k, like 2/1 ke−

(b)  a power law in k, like 1/k2

(c)  a sinusoidal function like sin k or cos k

(d)  a Gaussian in k like 2ke−

148. If 
0 0

( ) ( ) then ( )st stf s F t e dt t F t e dt
∝ ∝

− −= ∫ ∫  is

(a)  ds
df

− (b) ds
df

(c)  0 (d)  � 1
149. The Laplace transform of a function f(t) exist if

(a)  It is uniformly continuous
(b)  It is piecewise continuous
(c)  It is uniformly continuous and of

exponential
(d)  It is piecewise continuous of exponential

order

150. The Laplace inverse transform of t  is

(a)  s
π

(b)
s
π

2
1

(c) 2/32 s
π

(d)  3s
π

151. Laplace transform of 0),sin()( >= tattetf at .

(a) [ ]222)(
)(2
aas

asa
+−

−
(b) 22)(

)(
aas

asa
+−

−

(c) 22)( aas
as
−−

−
(d)  22

2

)(
)(

aas
as
+−

−

152. The Laplace transform of ( ) ttf πsin=  is

( ) ( ) .0,22 >
+

= s
s

sF
π

π
 Therefore, the

Laplace transform of  t sin tπ  is

(a)  ( )222 π
π
+ss (b) ( )2222

2
π

π

+ss

(c) ( )222

2
π

π

+s
s

(d)  ( )222

2
π

π

+s

153. The value of  L[ at ] is ( where �a� is positive but
not necessarily an integer )

(a)  1

)1(
+

+Γ
ns

n
(b) 1

)1(
+

+Γ
as

a

(c) 1

)1(
+

+Γ
ns

a
(d)  ns

a )1( +Γ

154.
⎥⎥
⎥⎥
⎦⎦

⎤⎤

⎢⎢
⎢⎢
⎣⎣

⎡⎡

++++
++−−

256
1

2
1

pp
pL =

(a)  e-3t [cos4t t4sin
4
1

− ]

(b)  e-3t cos 2t

(c)  e-3t [cos4t t4sin
2
1

− ]

(d)  e2t sint

155. If f (x) =
0 for 3,

3 for 3,
x

x x
<⎧

⎨ − ≥⎩
 then the Laplace

transform of f (x) is
(a)  s 2− e s3 (b)  s 2 e s3−

(c)  s 2− (d)  s 2− e s3−

156. Which of the following function is not analytic?
(where z = x + iy)
(a)  sin z
(b)  z3

(c)  ex(cosy + isiny)
(d)  sinx siny � icosx cosy

157. If r is unit circle, 1=z , then ∫ =
r

dzz 0cot 2

because the function cot z2

(a) is analytic everywhere
(b) is not analytic everywhere but has no

singular point inside r
(c) has only one singular point inside r where

the residue is zero

107



O. 16 Methods of Mathematical Physics

(d) has several singular points inside r where
the residue is nonzero such that the sum
vanishes

158. The principle value of ln( )ii

(a)  πi (b) 2/π
(c) 2/πi (d)  2/π−

159. Let Z1 and Z2 be two non � zero complex

numbers. If  2121 ZZZZ +=+ , which of
the following is true

(a)  0)(Im,0)Re( 2121 =< ZZZZ

(b)  0)(Im,0)Re( 2121 => ZZZZ

(c) 0)(Im,0)Re( 2121 >> ZZZZ

(d)  0)(Im,0)Re( 2121 << ZZZZ

160. The real part of the function 
2

)( zezf = ,
where z = x + iy, is

(a)  22 yxe + (b) 22 yxe −

(c) )2cos(
22

xye yx −  (d) )2sin(
22

xye yx +

TAYLOR & LAURENT SERIES
161. The Laurent expansion of a function f(z) having

a pole of order  3 at z = 1 is

.
)1(3

2
)1(

1
1

1
2

)1()( 32
0 −

+
−

−
−

+
−

=∑
∞

zzz
zzf n

n

 The residue of iszatzf 1)( =
(a)  1 (b)  2/3
(c)  -5 (d)  0

162. The function ze
zf

+
=

1
1)(

(a)  is analytic everywhere
(b)  has a branch point singularity at z=0
(c) has poles of order one at

,...5,3, πππ iiiz ±±±=
(d) has poles of order two at

,...5,3, πππ ±±±=z

163. =
−∫

c

dz
z

z
1

cosπ
 ( where c is the circle |z| =3 )

(a)  π2i (b) π2i−
(c) 26πi (d)  26πi−

164. =
++∫

∞

∞−

dx
bxax

x
))(( 2222

2

(a)  ba
ab
+

π
(b) ab

ba )( +π

(c) ba +
π

(d)  ba −
π

165. Find the nature and location of singular point

of (z + 1) ⎟
⎠
⎞

⎜
⎝
⎛

− 2
1sin

z
(a)  Essential singularity at z = 2
(b)  Removable singularity at z = 2
(c)  Essential singularity at z =- 1
(d)  Removable singularity at z = - 1

Common Data (Q.166 - 167)

Consider a function 2)(
sin)(
π−

=
z

zzzf  of a

complex variable z.
166. Which of the following statements is TRUE for

the function f(z)?
(a)  f (z) is analytic every where in the complex

plane
(b)  f (z) has a zero at π=z
(c)  f (z) has a pole of order 2 at π=z
(d)  f (z) has a simple pole at

167. Consider a counterclockwise circular contour
|z| = 1 about the origin. The integral over this
contour is
(a)  -iπ (b)  zero
(c)  iπ (d)  2iπ

EVALUATION & INTEGRAL

168. The value of ( )∫ +c az
dz

22 where c is a unit circle

(anticlockwise) centered at the origin in the
complex plane is
(a)  π for a = 2 (b)  zero for a = 1/2
(c)  4π for a = 2 (d)  π /2 for a = 1/2

169. The value of the integral ( )∫
∞

+0
2 1

cos dx
x

mx
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(a)  me−

2
π

(b) me−π

(c) mie−π (d)  me 2

2
−π

170. The value of the integral ( )( )∫ −−
−

c

dz
zzz
z

21
34

where c is the circle 2/3=z
(a)  Zero (b)  πi
(c)  2πi (d)  -2πi

171. Let f (z) be continuous in a simply connected

domain D and ∫ =
c

dzzf 0)( for every closed

path in D. Then f(z) is
(a)  a constant in D (b)  analytic in D
(c)  zero in D (d)  a polynomial in D

172. Consider the function 
( ) ( )

2

2( )
1 2

zf z
z z

=
− +

(where 3)z =  , which of the following represent
the residues at each pole
(a)  7/9, 4/9 (b)  5/9, 7/9
(c)  2/9, 7/9 (d)  5/9, 4/9

173. The value of the integral ∫ ==
−c

zc
zz

dz 1,
22

is

(a)  0 (b) iπ

(c) iπ− (d)  iπ2−

174. The value of the integral 2
sin

2

ze z dz
z π∫  around

the unit circle in the complex plane is
(a)  1 (b)  0
(c) ∞ (d)  i

175. If z  is the complex conjugate of z, then the

value of the integral ∫
c

dzz  from z = 0 to z =

4 + 2i along the curve given by z = t2 + it is
(a)  3/810 i− (b) 3/45 i+
(c)  0 (d)  3/45 i−

176. ∫
∞

=
+0

52 )1( x
dx

(a)  π (b) 16
10π

(c) 256
35π

(d)  148
26π

177. The value of the integral ∫ −
dz

z
z
1

cos
2
π

 around a

rectangle with vertices ii ±−± 2,2  is

(a)  Zero (b) iπ

(c) iπ2 (d)  π
i

178. ( )( )∫ =
−−c

dz
zz
z

12
sin 2π

 ? Where c is the circle

|z| = 3
(a)  π6i (b) π2i
(c) π4i (d)  0

179. ?
1

2 =∫
c

Z dzez  where c is |z| = 1

(a)  π3i (b) π3i−

(c) 3
πi

(d)  None of these

180. The value of the integral 2

sin( )Z

c

e Z
z∫ dz, where

the contour C is the unit circle: 2−Z  = 1, is

(a)  2 iπ (b)  4 iπ
(c) iπ (d)  0

181. The value of the integral ,
232 dz

zz
e

C

z

∫ +−

where the contour C is the circle 2
3|| =z is
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(a)  ieπ2 (b) ieπ
(c) ieπ2− (d)  ieπ−

ELEMENTARY PROBABILITY
THEORY
182. A card is draw from a pack containing 52 cards

with 4 aces and another card is drawn from a
pack of 48 cards with 8 aces. What is the
probability that both are aces?

(a)  52
4

(b) 48
8

(c) 4852
32
×

(d)  78
1

183. In a group of ten people, the probability that at
least one person was born on a sunday is

(a)  1/7 (b) ( )710/11 −

(c) ( )107/1 (d)  ( )107/61 −
184. The probability that a man who is x years old

will die in a year is p. Then amongst n

persons nAAA ,...,, 21  each x years old now,,
the probability that A1 will die in one year is

(a)  2

1
n (b) np)1(1 −−

(c) [ ]n
n

p)1(12
1 −− (d)  [ ]n

n p)1(11 −−
185. The odds against a husband who is 45 years

old, living till he is 70 are 7: 5 and the odds
against his wife who is 36, living till she is 61 are
5 : 3. The probability that at least one of them
will be alive 25 years hence, is
(a)  61/96 (b)  5/32
(c)  13/64 (d)  64/13

186. A bag contains 4 white and 2 black balls.
Another bag contains 3 white and 5 black balls.
If one ball is drawn from each bag, the probability
that both are white is

 4 W 3 W
 2 B

1   2

5 B

(a)  1/24 (b)  1/4
(c)  5/24 (d)  7/24

187.  A man applying for his driver�s license estimates
that his chances of passing the written test are
2/3, and that his chances of passing the driving
test are 1/4. What is the probability that he
passes both tests.
(a)  1/7 (b)  1/6
(c)  1/3 (d)  1/4

Common Data (Q.188 - 189)
188.  A bag contains 9 marbles, 3 of which are red, 3

of which are blue, and 3 of which are yellow. If
three marbles are selected from the bag at
random, what is the probability that they are all
of different colors.
(a)  9/28 (b)  5/28
(b)  3/28 (c)  11/28

189. The probability of hitting a target is 2/5. A
person fires at the target 10 times. What is the
probability that he hits the target exactly 6
times?

(a)  
6

6
10

5
2
⎟
⎠
⎞

⎜
⎝
⎛C (b)

4

6
10

5
3
⎟
⎠
⎞

⎜
⎝
⎛C

(c)
46

6
10

5
3

5
2

⎟
⎠
⎞

⎜
⎝
⎛

⎟
⎠
⎞

⎜
⎝
⎛C (d)  

46

5
3

5
2

⎟
⎠
⎞

⎜
⎝
⎛

⎟
⎠
⎞

⎜
⎝
⎛

190. Poisson distribution is given by 
!x
meP

xm

x

−

= .

Which of the following is correct.

 I ) mm PP =−1 II ) mx P
m
xP =−1

III ) xx P
x
mP

11 +
=+

(a)  I and II only (b)  I , II and III
(c)  I and III only (d)  only I

191. Consider the following statements and Identify
the CORRECT ONE
I) Kronecker delta is a mixed tensor of

order 2
II) Velocity of a fluid at any point is a contra

variant tensor of rank 1
III) A symmetric tensor of second order

has ( )1
2
1

+nn  different Components

(a)  I, II, III (b)  I & II only
(c)  I & III only (d)  II & III only
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INTRODUCTORY GROUP
THEORY APPENDIX

192. Consider the matrix 

2 3 0
3 2 0
0 0 1

⎛ ⎞
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎝ ⎠

 the normalized

eigenvector corresponding to the eigenvalue 5
is

(a)  ⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
−
1
1

0

2
1

(b) ⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛−

0
1
1

2
1

(c) ⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

−1
0
1

2
1

(d)  ⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

0
1
1

2
1

Common Data(Q.193 - 194)
Apply Runge Kutta forth order method to
obtain y(0.2), y(0.6) from

,1/ 2ydxdy += with y = 0 at x = 0. Take step
size h = 0.2.

193. y(0.2) =
(a)  0.2027 (b)  0.4396
(c)  0.3846 (d)  0.9341

194. y(0.4) =
(a)  0.1649 (b)  0.8397
(c)  0.4227 (d)  0.1934

NUMERICAL METHODS
195. Back ward Euler method for solving the

differential equation  ( ),dy f x y
dx

=  is

specified by

(a) ( )1 ,n n n ny y h f x y+ = +

(b) ( )1 1 1,n n n ny y h f x y+ + += +

(c) ( )1 1 2 ,n n n ny y h f x y+ −= +

(d) ( )( )1 1 11 ,n n ny h x y+ + += +

196. The formula used to compute an approximation
for the second derivative of a function f  at a

point 0x  is

(a) 
( ) ( )0 0

2
f x h f x h+ + −

(b) 
( ) ( )0 0

2
f x h f x h

h
+ − −

(c) 
( ) ( ) ( )0 0 0

2
2f x h f x f x h

h
+ + + −

 (d)
( ) ( ) ( )0 0 0

2
2f x h f x f x h

h
+ − + −

197. The Newton - Raphson iteration formula for
finding 3 ,c  where c > 0 is,

(a) 
3 3

1 2
2

3
n

n
n

x cx
x+
+

= (b) 
3 3

1 2
2

3
n

n
n

x cx
x+
−

=

(c) 
3

1 2
2

3
n

n
n

x cx
x+
+

= (d) 
3

1 2
2

3
n

n
n

x cx
x+
−

=

198. The Newton � Raphson method is used to find
the root of the equation 2 2x − . If the iterations
are started from -1, then the iteration will
(a) converge to -1 (b) converge to 2
(c) converge to - 2 (d) not converge

199. The value of  

2

1

1 dx
x∫  computed using

Simpson�s  rule with a step size of 0.25h =  is
(a) 0.69430 (b) 0.69385
(c) 0.69325 (d) 0.69415

200. Given  0,a>  we wish to calculate its reciprocal

value  
1
a   by using Newton � Raphsonmethod

( ) 0f x = . The Newton � Raphson algorithm
for the function will be

(a) 1
1
2k k

k

ax x
x+

⎛ ⎞
= +⎜ ⎟

⎝ ⎠

(b) 2
1 2k k k

ax x x+ = +

(c) 2
1 2k k kx x ax+ = −

(d) 2
1 2k k k

ax x x+ = +
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201. Newton � Raphson formula to find the roots

of an equation  ( ) 0f x =  is given by

(a) 
( )
( )1 1

n
n n

n

f x
x x

f x+ = −

(b) 
( )
( )1 1

n
n n

n

f x
x x

f x+ = +

(c)
( )
( )1 1
n

n
n n

f x
x

x f x+ =

(d) 
( )
( )1 1

n n
n

n

x f x
x

f x+ =

202. Match the following and choose the correct
combination
Group – I
E) Newton � Raphson method
F) Runge � Kutta method
G) Simpson�s Rule
H) Gauss elimination
Group – II
1) Solving non � linear equations
2) Solving linear simultaneous equations
3) Solving ordinary differential equations
4) Numerical integration method
5) Interpolation
6) Calculation of eigen values
(a) E � 6, F � 1, G � 5, H � 3
(b) E � 1, F � 6, G � 4, H � 3
(c) E � 1, F � 3, G � 4, H � 2
(d) E � 5, F � 3, G � 4, H � 1

203. Identify the Newton � Raphson iteration
scheme for the finding the square root of 2

(a) 1
1 2
2n n

n
x x

x+
⎛ ⎞

= +⎜ ⎟
⎝ ⎠

(b) 1
1 2
2n n

n
x x

x+
⎛ ⎞

= −⎜ ⎟
⎝ ⎠

(c) 1
2

n
n

x
x+ = (d) 1 2n nx x+ = +

204. The following equation needs to be
numerically solved using the Newton �

Raphson method 3 4 9 0.x x+ − = The iterative
equation for this purpose is ( k  indicates the
iteration level)

(a) 
2

1 2
2 9
3 4

k
k

k

xx
x+

+
=

+

(b) 
3

1 2
3 9
2 9

k
k

k

xx
x+
+

=
+

(c) 2
1 3 4k k kx x+ = − +

(d) 
2

1 2
4 3
9 2

k
k

k

xx
x+

+
=

+
205. Matching  exercise choose  the correct one

out of the alternatives  A, B, C, D
Group – I
P) 2nd order differential equations
Q) Non � linear algebraic equations
R) Linear algebraic equations
S) Numerical integration
Group – II
1) Runge � Kutta method
2) Newton � Raphson method
3) Gauss Elimination
4) Simpson�s Rule
(a) P � 3, Q � 2, R � 4, S � 1
(b) P � 2, Q � 4, R � 3, S � 1
(c) P � 1, Q � 2, R � 3, S � 4
(d) P � 1, Q � 3, R � 2, S � 4

206. A differential equation  2 ( )tdx e u t
dt

−=  has to

be solved using trapezoidal rule of integration
with a step size 0.01h =  sec. Function ( )u t

indicates a unit step function. If 0 0x =  then

the value of  x  at 0.01t =  sec will be given by
(a) 0.00099 (b) 0.00495
(c) 0.0099 (d) 0.0198

207. Consider  a differential equation
( ) ( )dy x

y x x
dx

− =  with initial condition 0 0.y =

Using Euler�s first order method with a step
size of 0.1 then the value of y(0.3) is
(a) 0.01 (b) 0.031
(c) 0.0631 (d) 0.1

208. The following algorithm computers the integral

( )
b

a

J f x dx= ∫  from the given values  ( )j jf f x=

at equidistant points 0 1 0, ,x a x x h= = +
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2 0 2 02 ,..... 2mx x h x x mh b= + = + = compute

0 0 2

1 1 3 2 1

2 2 4 2 2

...........
..........

m

m

m

S f f
S f f f
S f f f

−

−

= +

= + + +
= + + +

0 1 24( ) 2( )
3
hJ S S S= + +⎡ ⎤⎣ ⎦

The rule of numerical integration, which uses
the above algorithm is
(a) Rectangle rule (b) Trapezoidal rule
(c) Four � point rule (d) Simpson�s rule

INTEGRATION BY TRAPEZOIDAL
& SIMPSON�S RULE

209. By Simpson�s rule, the value of 

3
4

3

x dx
−
∫  by

taking 6 sub-intervals is
(a) 96 (b) 98
(c) 99 (d) 100

210. By Simpson�s rule, the value of 

2

1

dx
x∫  dividing

the interval (1,2) into four equal parts is
(a) 0.6932 (b) 0.6753
(c) 0.6692 (d) 0.6319

211. Using Simpson�s 
1
3  rule, the value of

   x   1 1.5  2   2.5    3
( )f   x  2.1 2.4 2.2   2.8    3

( )
3

1

f x dx∫   for the following data is

(a) 4.975 (b) 5.05
(c) 11.1 (d) 55.5

212. If 0 1 2 31, 2.72, 7.39, 20.09e e e e= = = = and
4 54.60e = , then by Simpson�s rule value of

4

0

xe dx∫  is

(a) 5.387 (b) 52.78
(c) 53.17 (d) 53.87

213. If by Simpson�s rule

( )
1

2
0

1 1 3.1 4
121

dx a b
x

⎡ ⎤= + +⎣ ⎦+∫

When the interval [0, 1] is divided into 4 sub-

intervals and a & b are the values of 
1

1 x2+
 at

two of its division point, then a&b are

(a) 
1 1,

1.0625 125
a b= =

(b) 
1 1,

1.0625 1.5625
a b= =

(c) 
1 , 1

1.25
a b= =

(d) 
1 1,

1.5625 1.25
a b= =

214. A river is 80 meter wide. Its depth d meter and
corresponding distance x meter form one bank
is given below in table:

x 0
0

1010
12 15 14  8  3

8070605040
4

20 30
97d

The approximate area of cross-section of river
by Trapezoidal rule is
(a) 705 2m (b) 710 2m

(c) 730
2m (d) 750 2m

215. From the following table, using Trapezoidal
rule, the area bounded by the curve, the x-axis
and the line 7.47, 7.52x x= =  is

x 7.47
1.93

 7.48
 1.95

7.52
2.06

7.51
2.03

7.49
1.98

7.50
2.01f x( )

(a) 0.0776 (b) 0.1096
(c) 0.0896 (d) 0.0996

216. Taking four sub-intervals, the value of
1

0

1
1

dx
x+∫  by Simpson�s rule, is

(a) 0.6035 (b) 0.6945
(c) 0.6145 (d) 0.5945

217. If 1h =  in Simpson�s rule, the value of 

5

1

dx
x∫ is

(a) 1.43 (b) 1.48
(c) 1.56 (d) 1.62

218. A curve passes through the points given by
the following table:

x   1
 10

    2
   50

   5
 100

   3
  70

  4
 80 y
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By Trapezoidal rule, the area bounded by the
curve, the x-axis and the lines x = 1, x = 5 is
(a) 255 (b) 275
(c) 305 (d) 310

219. The value of 
1

3

0

x dx∫  by Trapezoidal rule

taking five sub-intervals is
(a) 0.21 (b) 0.23
(c) 0.24 (d) 0.26

220. Taking the step size 12
π

 the value of

/2
2

0

1 0.162sin xdx
π

−∫  by Simpson�s one third

rule is
(a) 1.5058 (b) 1.5759
(c) 2.5056 (d) 1.5056

INTEGRATION BY TRAPEZOIDAL

221. For / 1dy dx xy= + , given that 1y =  at 0x = .

The value of ( )0.1y  correct to four decimal

places using Taylor�s series is ( )0.1h =
(a) 2.1513
(b) 1.1053
(c) 1.2689
(d) None of the above

222. For 2/dy dx x y= −  given that 1y = at 0x = .

Using Taylor�s series the value of ( )0.1y
correct to four decimal places is
(a) 1.4396 (b) 0.9138
(c) 1.0134 (d) 0.9159

223. For 2 2/dy dx x y= +  given that 0y = at

0x = . The solution of differential equation for
0.4x =  using Picard�s method is

(a) 0.02193 (b) 0.02145
(c) 0.02135 (d) 0.02199

224. For /dy dx y x= −  given that 2y = at 0x = .
Using Picard�s method up to third order of
approximation the solution of the equation is

(a) 
2 3 4

2 2
2 6 16
x x xx+ + + −

(b) 
2 3

2 2
2 6
x xx+ + +

(c) 
2 3 4

2 2
2 6 24
x x xx+ + + −

(d) 
2 3

2 2
2 6
x xx+ + −

225. For 2/dy dx x y= + ,  given that 0y =  at

0x = . Using Picard�s method up to third order
of approximation the solution of the
differential equation is

(a) 
2 5 8 11

2 40 480 1600
x x x x

+ + +

(b)
2 5 8 11

2 20 160 4400
x x x x

+ + +

(c) 
2 5 8 11

2 20 160 2400
x x x x

+ + +

(d)
2 5 8 11

2 40 480 2400
x x x x

+ + +

226. For /dy dx xy= given that 1y = at 0x = .
Using Euler method taking the step size 0.1,
the y at x = 0.4 is
(a) 1.0611 (b) 2.4680
(c) 1.6321 (d) 2.4189

Common Data(Q.227 - 228)

For 2 2/dy dx x y= +  given that 1y = at

0x = . Determine the value of y at given x in
question using modified method of Euler. Take
the step size 0.02.

227. y at 0.02x =  is
(a) 1.0468 (b) 1.0204
(c) 1.0346 (d) 1.0348

228. y at 0.04x =  is
(a) 1.0316 (b) 1.0301
(c) 1.0408 (d) 1.0416

229. y at 0.06x =  is
(a) 1.0348 (b) 1.0539
(c) 1.0638 (d) 1.0796

230. For /dy dx x y= +  given that  1y = at 0x = .
Using modified Euler�s method taking step size
0.2, the value of y  at 1x =  is
(a) 3.401638 (b) 3.405417
(c) 9.164396 (d) 9.168238
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231. For the differential equation 2/dy dx x y= −
given that

x      0
     0

        0.2
       0.02

   0.4
  0.0795

   0.6
0.1762 y

Using Milne predictor-correction method, the
y  at next value of x  is

(a) 0.2498 (b) 0.3046
(c) 0.4648 (d) 0.5114

Common Data(Q.232 - 233)

For 2/ 1dy dx y= +  given that
Using Milne�s method determine the value of
y  for x  given in question.

x      0
     0

        0.2
       0.2027

   0.4
  0.4228

   0.6
0.6841 y

232. ( )0.8 ?y =

(a) 1.0293 (b) 0.4228
(c) 0.6065 (d) 1.4396

233. ( )1.0 ?y =

(a) 1.9428 (b) 1.3428
(c) 1.5555 (d) 2.168

Common Data(Q.234 - 235)
Apply Runge-Kutta fourth order method to
obtain ( )0.2 ,y ( )0.4y  and ( )0.6y  from

2/ 1dy dx y= + , with 0y = at 0x = . Take step
size 0.2h = .

234. ( )0.6y = ?
(a) 0.9348 (b) 0.2935
(c) 0.6841 (d) 0.563

235. For 2/dy dx x y= + ,  given that 1y =  at

0x = . Using Runge-Kutta fourth order
method the value of y  at 0.2x =  is ( 0.2h = )
(a) 1.2735 (b) 2.1635
(c) 1.9356 (d) 2.9468

236. For /dy dx x y= +  given that 1y = at 0x = .
Using Runge-Kutta fourth order method the
value of y  at 0.2x =  is ( 0.2h = )
(a) 1.1384 (b) 1.9438
(c) 1.2428 (d) 1.6389

237. The second order Runge-Kutta method is
applied to the initial value problem

( ) 0, 0y y y y′ = = , with step size h  then h  is

(a) ( )20 1y h −

(b) ( )20 2 2
2
y h h− +

(c) ( )20 2 2
6
y h h− +

(d) 
2 2

0 1
2 6
h hy h

⎛ ⎞
+ + +⎜ ⎟⎜ ⎟

⎝ ⎠
238. The Runge-Kutta method of fourth order is

used is used to solve the differential equation

( ) ( )/ , 0 0dy dx f x y= = with step size h . The
solution at x h=  is given by

(a) ( ) ( ) ( )0 4
6 2
h hy h f f f h
⎡ ⎤⎛ ⎞= + +⎢ ⎥⎜ ⎟

⎝ ⎠⎣ ⎦

(b) ( ) ( ) ( )0 2
6 2
h hy h f f f h
⎡ ⎤⎛ ⎞= + +⎢ ⎥⎜ ⎟

⎝ ⎠⎣ ⎦

(c) ( ) ( ) ( )0
6
hy h f f f h⎡ ⎤= + +⎣ ⎦

(d) ( ) ( ) ( )2 0 2
6 2
h hy h f f f h
⎡ ⎤⎛ ⎞= + +⎢ ⎥⎜ ⎟

⎝ ⎠⎣ ⎦

239. The method ( )1 2
11 3
4n ny y k k+ = + + 0,1,...n =

( )1 i nk hf x y= ; 2 1
2 2,
3 3n n
hk hf x y k⎛ ⎞= + +⎜ ⎟

⎝ ⎠
is used to solve the initial value problem

( ) ( ), 10 , 0 1y f x y y y′ = = − = . The method
willproduce stable results if the step size h
satisfies
(a) 0.2 0.5h< < (b) 0 0.2h< <
(c) 0 1h< < (d) 0 0.2h< <

240. The Solving the ordinary differential equation

( )2 , 0 0y x y′ = =  using Eular�s method, the

iterates ,ny n N∈  satisfy

(a) 22n ny x= (b) 2n ny x=

(c) 1n n ny x x −= (d) 12n n ny x x−= +
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1. (c) 2. (b) 3. (d) 4. (c) 5. (a) 6. (b) 7. (d) 8. (d) 9. (a) 10. (a)

11. (b) 12. (c) 13. (c) 14. (a) 15. (c) 16. (b) 17. (b) 18. (a) 19. (c) 20. (d)

21. (a,d) 22. (b) 23. (b) 24. (b) 25. (b) 26. (c) 27. (a) 28. (b) 29. (a) 30. (b)

31. (c) 32. (c) 33. (b) 34. (c) 35. (a) 36. (b) 37. (a) 38. (d) 39. (d) 40. (c)

41. (d) 42. (b) 43. (a) 44. (a) 45. (b) 46. (d) 47. (b) 48. (c) 49. (d) 50. (c)

51. (a) 52. (c) 53. (a) 54. (c) 55. (c) 56. (b,c) 57. (a) 58. (b) 59. (d) 60. (d)

61. (a) 62. (d) 63. (c) 64. (b) 65. (b) 66. (c) 67. (a) 68. (a) 69. (b) 70. (c)

71. (b) 72. (b) 73. (a) 74. (c) 75. (c) 76. (c) 77. (a) 78. (d) 79. (d) 80. (b)

81. (c) 82. (c) 83. (a) 84. (d) 85. (b) 86. (b) 87. (d) 88. (d) 89. (a) 90. (d)

91. (c) 92. (b) 93. (c) 94. (c) 95. (c) 96. (b) 97. (c) 98. (c) 99. (a) 100. (b)

101. (a) 102. (d) 103. (a) 104. (a) 105. (c) 106. (c) 107. (a) 108. (a) 109. (a) 110. (c)

111. (a) 112. (b) 113. (b) 114. (b) 115. (c) 116. (c) 117. (d) 118. (a) 119. (c) 120. (d)

121. (a) 122. (d) 123. (c) 124. (b) 125. (a) 126. (b) 127. (d) 128. (a) 129. (d) 130. (b)

131. (b) 132. (b) 133. (c) 134. (d) 135. (a) 136. (b) 137. (a) 138. (b) 139. (d) 140. (d)

141. (c) 142. (c) 143. (c) 144. (d) 145. (d) 146. (b) 147. (d) 148. (a) 149. (c) 150. (c )

151. (a) 152. (c) 153. (b) 154. (c) 155. (d) 156. (d) 157. (c) 158. (d) 159. (a) 160. (c)

161. (b) 162. (b) 163. (b) 164. (c) 165. (a) 166. (d) 167. (b) 168. (b) 169. (b) 170. (d)

171. (b) 172. (d) 173. (c) 174. (d) 175. (a) 176. (c) 177. (a) 178. (d) 179. (c) 180. (d)

181. (c) 182. (d) 183. (d) 184. (d) 185. (a) 186. (b) 187. (b) 188. (a) 189. (c) 190. (c)

191. (a) 192. (d) 193. (a) 194. (c) 195. (b) 196. (d) 197. (c) 198. (c) 199. (c) 200. (c)
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1. Vectors are L.D. ⇒ determinent = 0

1 0
1 1 0
0 1

x
x

x
=

⇒ 2( 1) 1 0x x x− − ⋅ =

⇒ 3 0x x x− − =

⇒ 3 2 0x x− =

⇒ 2( 2) 0x x − =

20, 2x x= =

2x = ±

2.
1 2 3
0 0 3 3(4 4) 0
2 4 1

= − =
−

⇒ Vectors are lineary dependent.

3. 2
( ) xf x xe−=

( )f x is maximum  ⇒ 0df
dx

=

2 2
( 2 ) 0x xe xe x− −+ − =

⇒
2 2[1 2 ] 0xe x− − =

⇒ 22 1x =

⇒
2 1

2
x = ⇒

1
2

x = 

4. ( ) ( 1)f x x x= −

1 2 1df x x x
dx

= − + = −

               EXPLANATIONS
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10 2 1 0
2

df x x
dx

= ⇒ − = ⇒ =

2

2 2 ved f
dx

= = +

( )f x  is minimum at x = 1/2.

5.

1
(1 1)

0
f g i i

⎛ ⎞
⎜ ⎟= − − −⎜ ⎟
⎜ ⎟
⎝ ⎠

= 1 - 1

0f g =

1
(1 1)

2
f h i i

⎛ ⎞
⎜ ⎟= − − ⎜ ⎟
⎜ ⎟
⎝ ⎠

= 1 + 1 –  2 = 0

f h = 0

⇒ f  is orthogonal to g and h.

7.

1 2 3
52 1 5 0 1( 7 25) 2( 14 5 ) 3( 10 ) 0

14
5 7

− − − = ⇒ − λ + − − λ + λ + − + λ = ⇒ λ =
λ λ

8. According to D’ Alembert’s ratio test.

1
1

lim 1
1

n
n n

u
u
+

→∞

<⎧
⎪= >⎨
⎪ =⎩

Convergent

Divergent

Test fails

9.

1
1 2

2
2 3

3

1 1 0
0 1 1

x
x x

x
x x

x

⎡ ⎤
+⎡ ⎤⎡ ⎤ ⎢ ⎥ = ⎢ ⎥⎢ ⎥ ⎢ ⎥ −−⎣ ⎦ ⎣ ⎦⎢ ⎥⎣ ⎦

10. ( , , )F yz xz xy=

ˆˆ ˆF yzi xzj xyk= + +

yx zFF FF
x y z

∂∂ ∂
∇⋅ = + +

∂ ∂ ∂

0F∇⋅ =
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ˆˆ ˆ

ˆˆ ˆ[ ] [ ] [ ] 0

i j k

F i x x j y y k z z
x y z

yz xz xy

∂ ∂ ∂
∇× = = − − − + − =

∂ ∂ ∂

11.

,
2 2

(0,0)

cos siny xdx xdy

π π⎛ ⎞
⎜ ⎟
⎝ ⎠

+∫

Line equation is x = y

dx dy=
2

0

( cos sin )x x x dx⇒ +∫
π

[ ] / 2
0sin ( cos ) cosx x x x= − − − π

sin
2 2 2
π π π

=

12. V
 is irrotational.

⇒ 0V∇× =


ˆˆ ˆ

0

3 3

i j k

x y z
x y az bx y z x cy z

∂ ∂ ∂
=

∂ ∂ ∂
+ + + − + +

( ) ( ) ( ) 0ˆ1ˆ3ˆ10 =−+−−+⇒=×∇ kbjaicV

c + 1 = 0 a - 3 = 0       b - 1 = 0
⇒    c = -1             a = 3            b = 1

13. { }( ) ( ) ( )a b b c c a× × × × { }( ) [ ] [ ]a b b c a c b c c a= × −

{ }( ) [ ]a b b c a c= × 

{ }{ }( ) [ ]a b c b c a= × 

2[ ] [ ] [ ]c a b b c a b c a a b c⎡ ⎤= = ≠⎣ ⎦

14. 2 2 ˆ ˆ( ) (2 ) (0,0) to (1,1)F x y x i xy y j= − + − +

W F ds= ⋅∫


ˆ ˆds dxi dyj= +

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2 2( ) (2 )F ds x y x dx xy y dy⋅ = − + − +


2y x=

                         2dydy dx=

1
2 2

0

( )2 (2 )W x y x ydy xy y dy= − + − +∫

1
4 2 2 3

0

( )2 (2 )y y y ydy y y dy= − + − +∫

1
5 3

0

(2 2 )y y y dy= − −∫
16 4 2

0

2 2
6 4 2
y y y⎡ ⎤⎛ ⎞ ⎛ ⎞ ⎛ ⎞

= − −⎢ ⎥⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎣ ⎦

1 1 1
3 2 2

= − −
1 1
3

= −

2
3

= −

2
3

W =

15. 2 lnr r r
rr

∇φ = = ⇒ φ =


16. 0 1
u i v xi
u v
= =

∇ = ∇ =



 

17. ˆ ˆ ˆ ˆF xi yj dl dxi dyj= + = +


( )
c c

F dl xdx ydy⋅ = +∫ ∫


:c x y=

1

0

2xdx= ∫
12

0

2
2
x⎛ ⎞

= ⎜ ⎟⎜ ⎟
⎝ ⎠

1=

18. 1 3 1 5A∇⋅ = + + =


sin sin 0x xB e y e y∇⋅ = − =
 

ˆˆ ˆ

3 3 3

i j k

A
x y z

x y z bx y z x y z

∂ ∂ ∂
∇× =

∂ ∂ ∂
+ + + − − +


ˆˆ ˆ( 1 1) (3 3) (1 1) 0i j k= − + − − + − =
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ˆˆ ˆ

sin cos 0x x

i j k

B
x y z

e y e y

∂ ∂ ∂
∇× =

∂ ∂ ∂

 
ˆˆ ˆ(0 0) (0 0) ( cos cos ) 0x xi j k e y e y= − − − + − =

19. Curl Curl Curl Curl F F= ∇×∇×∇×∇×

   F is solenoidal 0F⇒ ∇⋅ =

2[ ( ) ]F F= ∇×∇× ∇ ∇⋅ −∇

2F= −∇×∇×∇

2[ ]F= −∇ ∇×∇×

2 2[ ( ) ]F F= −∇ ∇ ∇⋅ −∇

4F= ∇

20. 22( ) xf x x e−=

2 222 ( 2 )x xdf xe x e x
dx

− −= + −

2 22 32 (1 ) 2 ( )x xdf xe x e x x
dx

− −= − = −

2 22
2 3

2 2 (1 3 ) 2( ) ( 2 )x xd f e x x x e x
dx

− −= − + − − 2 2 2 42 {1 3 2 2 }xe x x x−= − − +

22
4 2

2 2 [1 2 5 ]xd f e x x
dx

−= + −

20 1 0 1df x x
dx

= ⇒ − = = ±

For x = 1

2
1 1

2 2 [1 2 5] 4d f e e
dx

− −= + − = − = -ve

For x = -1

2
1 1

2 2 [1 2 5] 4d f e e
dx

− −= + − = − = -ve
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21. 3
rV
r

= 3 3 20r r rV
r r r

⎛ ⎞ ⎛ ⎞∇ ⋅ = ∇⋅ = ⇒∇× = ∇×⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

 

2

sin

0

1 0 0

r r r

r

r

∂ ∂ ∂
=

∂ ∂ ∂

 


θ θφ

θ φ

3
s s

rV ds ds
r

⋅ = ⋅∫ ∫ 3 0
V

r dV
r

⎛ ⎞= ∇ ⋅ =⎜ ⎟
⎝ ⎠∫

22. Directional derivative of a function in the direction of a is ˆˆ ˆ. 4 6 2
| |
af f xi yj zk
a

∇ ⇒∇ = + +
 ˆˆ 2

| | 5
a i k
a

−
=




(2,1,3)

4 4.
| | 5
a x zf
a

−
⇒∇ =


4 2 4 3 8 12 4

5 5 5
× − × − −

= = =

23. ˆ2F x∇⋅ =


(a)

ˆ ˆ ˆ

ˆ ˆ ˆ ˆˆ(5 3) (0 2) (0 0) 2 2

2 3 5

x y z

x y z x y
x y z
z z y

∂ ∂ ∂
= − − − + − = +

∂ ∂ ∂

(b)

ˆ ˆ ˆ

ˆ ˆ ˆˆ(5 1) (0 0) (0 0) 4

0 5

x y z

x y z x
x y z

z y

∂ ∂ ∂
= − − − + − =

∂ ∂ ∂

(c)

ˆ ˆ ˆ

ˆ ˆ ˆˆ ˆ(5 0) (0 0) (3 0) 5 3

0 3 5

x y z

x y z x z
x y z

x y

∂ ∂ ∂
= − − − + − = +

∂ ∂ ∂

(d)

ˆ ˆ ˆ

ˆ ˆ ˆˆ(5 0) (0 0) (0 0) 5

2 0 5

x y z

x y z x
x y z

y

∂ ∂ ∂
= − − − + − =

∂ ∂ ∂
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24. 2
1(log ) rr r
r r

∇ = =




27. ˆˆ ˆ( )xyzA e i j k= + +


ˆˆ ˆ

ˆˆ ˆ( ) ( ) ( )xyz xyz xyz

xyz xyz xyz

i j k

A ie xz xy je xy yz ke yz xz
x y z

e e e

∂ ∂ ∂
∇ × = = − + − + −

∂ ∂ ∂



)ˆ3ˆ4ˆ()3(ˆ)4(ˆˆ 6666

)3,2,1(
kjieekejeiA +−=+−+=×∇



28. ABBABAABBABA


..).().()(;0,0 ∇−∇+∇−∇=××∇=×∇=×∇ ;

0)().().( =×∇−×∇=×∇ BAABBA


;∴  If andA B
 

 are irrotational BA


×  is solenoidal.

29. kzjyixA ˆˆˆ 333 ++=


2222333 3)(3)ˆˆˆ(ˆˆˆ. Rzyxkzjyix
z

k
y

j
x

iA =++=++⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

+
∂
∂

+
∂
∂

=∇


;

∫ ∫∇=
v

dvAsdA


..

∫ ∫ ∫ ===∴
s

RdRRRdvRsdA 5222

5
12)4(33. ππ

30. 2 2 2
1 1x y zφ = + + − ⇒ 1

ˆˆ ˆ2 2 2xi yj zkφ∇ = + +

2 2
2 1x y zφ = + − − ⇒ 2

ˆˆ ˆ2 2xi yj kφ∇ = + −

1 (1,1, 1)
ˆˆ ˆ2 2 2i j kφ −∇ = + −

2 (1,1, 1)
ˆˆ ˆ2 2i j kφ −∇ = + −

1 2

1 2

. 4 4 2 10 10cos
| | | | 4 4 4 4 4 1 12 9 6 3

φ φ
θ

φ φ
∇ ∇ + +

= = = =
∇ ∇ + + + +

1 10cos
6 3

θ − ⎛ ⎞
⇒ = ⎜ ⎟

⎝ ⎠

31. V is irrotational

⇒ V φ= ∇ ˆˆ ˆ( ) ( ) ( )y z i z x j x y k= + + + + +

yx
z

xz
y

zy
x

+=
∂
∂

+=
∂
∂

+=
∂
∂ φφφ ;;

123



OE. 8 Methods of Mathematical Physics

32. Let 3( ) cf r
r

= ⇒ 3( ) cf r r r
r

=
 

( ) 3( ) crf r r
r

⎛ ⎞∇ ⋅ = ∇ ⋅⎜ ⎟
⎝ ⎠


3
rc
r

⎛ ⎞= ∇⋅⎜ ⎟
⎝ ⎠


0=

33. F is conservative when 0F F⇒∇× = ⇒ = −∇φ

34. xyzu e=

3 2 2
( )xyzu u xye

x y z x y z x y
∂ ∂ ∂ ∂⎛ ⎞= =⎜ ⎟∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂⎝ ⎠

[ ]xyzxye
x y
⎧ ⎫∂ ∂

= ⎨ ⎬∂ ∂⎩ ⎭
{ }( )( )xyz xyzxe xy xz e

x
∂

= +
∂

{ }2( )xyze x x yz
x
∂

= +
∂

2( ) (1 2 )xyz xyzyze x x yz e xyz= + + +

2 2 2( 2 1)xyze xyz x y z xyz= + + + 2 2 2(1 3 )xyze xyz x y z= + +

35.
2 2 2 2ˆ ˆˆ ˆ ˆ ˆ( . ) ( ) ( )r r xi yj zk i j k x y z

x y z
⎛ ⎞∂ ∂ ∂

∇ = + + + + + +⎜ ⎟∂ ∂ ∂⎝ ⎠

2 2 2( )x y z x y z
x y z

⎛ ⎞∂ ∂ ∂
= + + + +⎜ ⎟∂ ∂ ∂⎝ ⎠

(2 ) (2 ) (2 )x x y y z z= + + 2 2 2 22( ) 2x y z r= + + =

36. (0,1,0) (0.5 3,0.5,0) ( 0.5 3,0.5,0);

0.5 2,0.5, (0.5 3,0.5,0) ( 0.5773,0,0.4714)
33Bc

AB

R

= − = −

⎛ ⎞
= − = −⎜ ⎟⎜ ⎟
⎝ ⎠

ˆ ˆ ˆ

ˆ ˆ ˆ0.5 3 0.5 0 0.2357 0.4082 0.2886
0.5773 0 0.4714

x y z

AB BC x y z× = − = + +

0.55269AB BC× =

37. 2 24 and 4y x x y= =
2

2 and
4
xy x y⇒ = =

4
3 34 ( 4 ) 0

16
x x x x= − =

3 34x =

4,0x =
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2

22

4
2

x

x
A

yydxdy dx
⎛ ⎞

= ⎜ ⎟⎜ ⎟
⎝ ⎠

∫ ∫ ∫
41 4

2 16
xx dx

⎛ ⎞
= −⎜ ⎟⎜ ⎟

⎝ ⎠
∫

4
2

32
xx dx

⎛ ⎞
= −⎜ ⎟⎜ ⎟

⎝ ⎠
∫

45
2

0
5(32)

xx
⎡ ⎤

= −⎢ ⎥
⎣ ⎦

5416
5(32)

= −

32 216 10 1
5 5

⎛ ⎞= − = −⎜ ⎟
⎝ ⎠

3 4816
5 5

⎛ ⎞= =⎜ ⎟
⎝ ⎠

38. 2 2: 1x y zφ + − −

ˆˆ ˆ2 2xi yj kφ∇ = + −

(1,1,1)
ˆˆ ˆ2 2i j kφ∇ = + −

ˆ ˆˆ ˆ ˆ ˆ2 2 2 2Unit vector 
34 4 1

i j k i j kφ
φ

∇ + − + −
= = =
∇ + +

39. 1 2;x xu e u eα α−= =

2 2
2 2

1 22 2;x xd du e u e
dx dx

α αα α −= =

2 2
2 2

1 1 2 22 2

2 2

1 2 2 12 2

;

0 ; 0

d du u u u
dx dx

d du u u u
dx dx

= =

⇒ = =

α α

40. According to D’ Alembert’s ratio test.

1 1 1 2

2 1 2 2

0
0

d du u u u
dx dx
d du u u u
dx dx

⎡ ⎤
⎢ ⎥ α⎡ ⎤

=⎢ ⎥ ⎢ ⎥−α⎢ ⎥ ⎣ ⎦
⎢ ⎥⎣ ⎦

41. Rotation matron 

3 1
cos sin cos30 sin 30 2 2: 30
sin cos sin 30 cos30 1 3

2 2

R R R

⎛ ⎞
⎜ ⎟⎛ ⎞θ θ⎛ ⎞ ⎜ ⎟= θ = ⇒ = ⇒ =⎜ ⎟⎜ ⎟ ⎜ ⎟ ⎜ ⎟− θ θ −⎝ ⎠ ⎝ ⎠ −⎜ ⎟
⎝ ⎠

 


 

43.

1 2 3
| | 1 4 2

2 6 5
A =
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1(8) 2(1) 3( 2) 8 2 6 0A = − + − = − − =

2 3
4 12 8 0

4 2
= − = − ≠

( ) 2Aρ =

44.
1 2
3 2

A ⎛ ⎞
= ⎜ ⎟
⎝ ⎠

1 2
0

3 2
−

=
−

λ
λ

⇒ (1 )(2 ) 6 0λ λ− − − =

⇒ 22 2 6 0λ λ λ− − + − =

⇒ 2 3 4 0λ λ− − =

⇒ 2 4 4 0λ λ λ+ − − =

⇒ ( 1) 4( 1) 0λ λ λ+ − + =

⇒ ( 1)( 4) 0λ λ+ − =

⇒ 1, 4λ = −

Similar matrix 
4 0
0 1
⎡ ⎤

= ⎢ ⎥−⎣ ⎦

45. AA I′ = 1A A−′⇒ =

1e f d b
g h c aad bc

−⎡ ⎤ ⎡ ⎤
=⎢ ⎥ ⎢ ⎥−−⎣ ⎦ ⎣ ⎦

1 d b
c aD

−⎡ ⎤
= ⎢ ⎥−⎣ ⎦

d de D
D e

⇒ = ⇒ =

46.
cos sin cos sin

;
sin cos sin cos

A Aα β
α α β β
α α β β

⎡ ⎤ ⎡ ⎤
= =⎢ ⎥ ⎢ ⎥− −⎣ ⎦ ⎣ ⎦

2 cos sin cos sin
sin cos sin cos

A A Aα α α
α α α α
α α α α

⎡ ⎤ ⎡ ⎤
= = ⎢ ⎥ ⎢ ⎥− −⎣ ⎦ ⎣ ⎦

2 2

2 2

cos sin cos sin sin cos

sin cos cos sin sin cos

α α α α α α

α α α α α α

⎡ ⎤− +
= ⎢ ⎥

− − − +⎢ ⎥⎣ ⎦

cos 2 sin 2
sin 2 cos 2

α α
α α

⎡ ⎤
= ⎢ ⎥−⎣ ⎦
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cos sin cos sin
sin cos sin cos

A Aα β
α α β β
α α β β

⎡ ⎤ ⎡ ⎤
= ⎢ ⎥ ⎢ ⎥− −⎣ ⎦ ⎣ ⎦

cos cos sin sin cos sin sin cos
sin cos cos sin sin sin cos cos
α β α β α β α β
α β α β α β α β

− +⎡ ⎤
= ⎢ ⎥− − − +⎣ ⎦

cos( ) sin( )
sin( ) cos( )

Aα β
α β α β
α β α β +
+ +⎡ ⎤

= =⎢ ⎥− + +⎣ ⎦

47.
3 4
1 1

A
−⎡ ⎤

= ⎢ ⎥−⎣ ⎦

2 3 4 3 4
1 1 1 1

A
− −⎡ ⎤ ⎡ ⎤

= ⎢ ⎥ ⎢ ⎥− −⎣ ⎦ ⎣ ⎦

9 4 12 4 5 8
3 1 4 1 2 3
− − + −⎡ ⎤ ⎡ ⎤

= =⎢ ⎥ ⎢ ⎥− − + −⎣ ⎦ ⎣ ⎦

48. ;
i i i i

A A
i i i i

α γ β δ α γ β δ
β δ α γ β δ α γ

++ − + − −⎛ ⎞ ⎛ ⎞
= =⎜ ⎟ ⎜ ⎟+ − − − +⎝ ⎠ ⎝ ⎠

is unitary 1A A A A+= ⇒ =

⇒ i iα γ α γ+ = − ( )( ) ( )( ) 1i i i iα γ α γ β δ β δ⇒ + − − − − − =

2 2 2 2 1α γ β δ+ + + =

49.
1 0 0 1 2 1 1 2
0 1 1 2 0 1 2 1

i i
I A

i i
+ +⎡ ⎤ ⎡ ⎤ ⎡ ⎤

− = − =⎢ ⎥ ⎢ ⎥ ⎢ ⎥− + − +⎣ ⎦ ⎣ ⎦ ⎣ ⎦

1 0 0 1 2 1 1 2
0 1 1 2 0 1 2 1

i i
I A

i i
+ +⎡ ⎤ ⎡ ⎤ ⎡ ⎤

+ = + =⎢ ⎥ ⎢ ⎥ ⎢ ⎥− + − +⎣ ⎦ ⎣ ⎦ ⎣ ⎦

( )1 1 1 21( )
1 5 1 2 1

i
I A

i
− − +⎡ ⎤

+ = ⎢ ⎥+ −⎣ ⎦

1 1 1 2 1 1 21( )( )
1 2 1 1 2 16

i i
I A I A

i i
− − − − −⎡ ⎤ ⎡ ⎤

− + = ⎢ ⎥ ⎢ ⎥− −⎣ ⎦ ⎣ ⎦

1 5 1 2 1 21
1 2 1 2 5 16

i i
i i
− − − − −⎡ ⎤

= ⎢ ⎥− + − − +⎣ ⎦

4 2 41
2 4 46

i
i

− − −⎡ ⎤
= ⎢ ⎥− −⎣ ⎦

50. 1( 4) 2(2) 0A = − + =

0 2
2 0

1 1
= ≠

− ( ) 2A⇒ =ρ
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51.

2 2 1 3
33 3 1 2

1989 1990 1991 1989 1990 1991 1989 1990 1991
1992 1993 1994 3 3 3 3 3 3
1995 1996 1997 6 6 6 3 3 3

R R R RRR R R
→ −

→→ −

⎡ ⎤ ⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦ ⎣ ⎦

  | | 0A⇒ =

52.
2 2

2 2

cos cos sin cos cos sin

cos sin sin cos sin sin
A B

θ θ θ φ φ φ

θ θ θ φ φ φ

⎡ ⎤ ⎡ ⎤
⋅ = ⎢ ⎥ ⎢ ⎥

⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦

2 2 2 2

2 2 2 2

cos cos cos sin cos sin cos cos sin cos sin sin

cos cos sin sin cos sin cos sin sin sin cos sin
A B

θ φ θ θ φ φ θ φ φ θ θ φ

φ θ θ θ φ φ θ θ θ φ φ φ

⎡ ⎤+ +
⋅ = ⎢ ⎥

+ + +⎢ ⎥⎣ ⎦

cos cos cos( ) cos sin cos( )
cos sin cos( ) sin sin cos( )
θ θφ θ φ θ φ θ φ
φ θ θ φ θ φ θ φ

− −⎡ ⎤
= ⎢ ⎥− −⎣ ⎦

A B⋅ =  0 cos( ) 0θ φ⇒ − =

2
πθ φ− =

53. We have A(adjA) | | ,nA I=  where n  is the order. Here, 3 and | | 2n A= = ;

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
=

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
==∴

200
020
002

100
010
001

2.2)( 3IAadjA

54.
1 1
1 1

A ⎡ ⎤
= ⎢ ⎥−⎣ ⎦

1 1
0

1 1
λ

λ
−

=
− −

⇒ (1 )( 1 ) 1 0λ λ− − − − =

⇒ (1 )(1 ) 1 0λ λ− − + − =

⇒ 21 1 0λ− + =

⇒ 22 λ=

⇒ 2λ = ±

55. Tr (ABC) = Tr (CAB) = Tr (BCA)

56.

0 1 0
0 0 0
1 0 0

A
⎡ ⎤
⎢ ⎥= ⎢ ⎥
⎢ ⎥⎣ ⎦
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1 0
0 1 0
1 0

λ
λ

λ

−
− =

−

2( )( ) 1( 1) 0λ λ− − − =

⇒ 3 1 0λ− + =

⇒ 3 1λ = 1 2 1λ λ⇒ =

1 2 3Tr( ) 0 0A = ⇒ + + =λ λ λ

1 2 3| | 1 1A λ λ λ= ⇒ =

57.
cos sin
sin cos

A
θ θ
θ θ

−⎡ ⎤
= ⎢ ⎥
⎣ ⎦

cos sin
0

sin cos
θ λ θ
θ θ λ
− −

=
−

2 2(cos ) sin 0θ λ θ− + =

2 2 2cos 2 cos sin 0θ λ λ θ θ+ − + =

2 2cos 1 0λ θλ− + =

22cos 4cos 4
2

θ θλ ± −
=

θθθλ iei ±=±=⇒ sincos
59. Tr (A) = 6

3(0) 2(3) 6A = + =

1 2 3 6λ λ λ⇒ + + = , 1 2 3 6=λ λ λ

1, 2,3λ⇒ =

60. Tr( ) 3A = 1 2 3 3λ λ λ⇒ + + =

1 2 30 0A λ λ λ= ⇒ = 3,0,0λ⇒ =

61.
2 21 2 1 2 5 4

Tr( ) 10
2 1 2 1 4 5

A A⎡ ⎤ ⎡ ⎤ ⎡ ⎤
= = ⇒ =⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎣ ⎦ ⎣ ⎦ ⎣ ⎦

62. EF - FE = 0 ⇒ EF = FE
Tr (EFGH) = Tr (HEFG) = Tr (GHEF) = Tr (GHFE) = Tr (EGHF)
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63.
21 1

0 (1 ) 1 0 2,0
1 1
λ

λ λ
λ

−
= ⇒ − − = ⇒ =

−

22 2
0 (2 ) 4 0 4,0

2 2
λ

λ λ
λ

−
= ⇒ − − = ⇒ =

−

64. Eign values are cos sinie iθ θ θ± = ±

Let    3 1 130 ( 3 )
2 2 2

i iθ ⎛ ⎞= ⇒ ± ⇒ ±⎜ ⎟
⎝ ⎠



65. If A is a real matrix, its eigen values are real or complex conjugate in pairs.

66. 1 2 3 1 2 35 ; 5λ λ λ λ λ λ+ + = = −

1 2 35 0λ λ λ= ⇒ + =

2 3 1λ λ = −

2 31 , 1λ λ= = −

67.
1

0
1
λ

λ
−

=
−

2 1 0 1λ λ⇒ − = ⇒ = ±

2
0

2
i

i
λ

λ
−

=
−

2 4 0 2λ λ⇒ − = ⇒ = ±

69. 1 2 3 3λ λ λ+ + = ;       1 2 3 0λ λ λ = ⇒ 0,1, 2λ =

70. The products of the unitary matrices are also unitary, if A and B are unitary matrices, then AB and BA are
also unitary.

71. ( ) 2 0A Aρ = ⇒ =

0
541

74
312

=
−

λ

⇒ 2(35 4 ) 1(20 ) 3(16 7) 0λ λ− + − + − =

⇒ 70 8 20 48 21 0λ λ− + − + − =

⇒ 9 117 0λ− + =

⇒
117 13

9
λ = =
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73.

3 3 2
2 2 1
3 3 1

1 1 1 6 1 1 1 6 1 1 1 6
1 2 3 10 0 1 2 4 0 1 2 4
1 2 12 0 1 1 6 0 0 3 2R R RR R R

R R R

λ λ λ→ −→ −
→ −

⎡ ⎤ ⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥− −⎣ ⎦ ⎣ ⎦ ⎣ ⎦

 

If   3 ( ) 2 ( ) 3A ABλ ρ ρ= = =

( ) ( )A ABρ ρ≠

⇒  System is inconsistent.

74. | | 8(21 16) 6( 18 8) 2(24 14)A = − + − + + − 40 60 20 0= − + =

1 2 3 18λ λ λ+ + =

1 2 3 0λ λ λ =

0,3,15λ⇒ =

75. 2( 1)| ( ) | | | nadj adjA A −=
2(3 1) 4| | | |A A−= =

76. ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −
=⇒⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
=

te
tt

dt
dA

te
tt

A tt cos
sin2

sin
cos2

78. For the rotation through an angleθ  about x axis in the counter clockwise sense.

1 3 0
2 2cos sin 0

3 1sin cos 0 0 60
2 2

0 0 1 0 0 1

i
i

i i
θ θ
θ θ θ

⎡ ⎤
⎢ ⎥
⎢ ⎥⎡ ⎤ ⎢ ⎥⎢ ⎥ = ⇒ =⎢ ⎥⎢ ⎥ ⎢ ⎥⎢ ⎥⎣ ⎦ ⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦



79. 1 1A Aλ
λ

−→ ⇒ →

3 2
1 2 3 4 0

λλ λ
+ − + =

2 31 2 3 4 0λ λ λ+ − + =

3 24 3 2 1 0λ λ λ− + + =

2
3 3 1 0

4 2 4
λ λλ − + + =
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80.

4
2 2 1 4
3 3 2
4 4 3

5

3 4 5 6 7 3 4 5 6 7
4 5 6 7 8 1 1 1 1 1
5 6 7 8 9 1 1 1 1 1

10 11 12 13 14 5 5 5 5 5 RR R R R
R R R
R R R

→ − →
→ −
→ −

⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥
⎣ ⎦ ⎣ ⎦



3 3 2
4 4 2

3 4 5 6 7
1 1 1 1 1
1 1 1 1 1
1 1 1 1 1

R R R
R R R
→ −
→ −

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎣ ⎦


3 4 5 6 7
1 1 1 1 1
0 0 0 0 0
0 0 0 0 0

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎣ ⎦



2)( =∴ Aρ

81.
1 1

0 2 0
1 1

A = ⇒ = − ≠
−

82. 0)(0 2223 =+++⇒=− cbaIA λλλ ,

83. 2( 2 5) 0D D x+ + =

2 2 5 0m m+ + =

2 4 20
2

m − ± −
=

2 4 1 2
2

im i− ±
= = − ±

1 2[ cos 2 sin 2 ]tx e c t c t−= +

1 2 1 2[ cos 2 sin 2 ] [ 2 sin 2 2 cos 2 ]t tdx e c t c t e c t c t
dt

− −= − + + − +

2 1 2 1[(2 )cos 2 ( 2 )sin 2 ]te c c t c c t−= − − − +

5; 3 at 0dxx t
dt

= = − =

1 25 3 2 5 3c c= ⇒ − = − = −

2 22 2 1c c= ⇒ =
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84. dyyxydx )3( 4+= ;
3

4 3;3 yx
ydy

dx
y

yx
dy
dx

=−
+

=

I.F 3

1ln
ln3

13 13

y
eee yy

dy
y ===
∫

= −
−

;

∫ +=∴ cdy
y

yFIx 3
3 1)..( ; ∫ +=+= cy

y
xcdy

y
x

33 ;

85. Given equator is, )1_(2 xyxyy −′+′=  but )2_(2 xxPPy −+= ;

Differentiating ern. (2) w. r. t. P,

2 . . 2 0dy dx dx dx dx dy dy dx dx dxP x P P P x P P P x
dP dP dP dP dP dP dx dP dP dP

⎛ ⎞= + + − ⇒ =α + + = = + − =⎜ ⎟
⎝ ⎠
 xP

dP
dx

+=⇒ 2

86. Given that,  ...532)(...4)( 222 +++=+++= xxxqxxxxxP indical equation is,

0)1( 00
2 =+−+ qkPk ;

02)14(2 =+−+∴ kk 2,1;0)1)(2(;0232 −−==++=++ kkkkk

87. ?; 21 == yxy  wronskin, 1 2 2
2 2

1 2 21
y y x y

W xy y
y y y

′= = = −
′ ′ ′

; at 0,
2
1

2 == yx

2
2 2

1; 2 2
2

dyu W y W y Wx C
dx

′= ⇒ = = + ;

 If WCCWyx −=+=== ;
2
120,0;

2
1

2 ; )12(22 −=−=∴ xWWWxy

88. ( )3 3 3 3; ;dyx y xy dx dy x y xy
dx

+ = = + 3 3 3 2 3;dy dyxy x y y xy x
dx dx

− −− = − = put 2y v− =

89. 0=++ zdzydyxdx  By integrating, we get =++
222

222 zyx
 constant;

Czyx =++ 222  which represents the equation of a sphere.

91. );1()(22 →+= cxcy Differentiating (1) with respect to ‘x’

})({2)1(;22 2/111211 yyxyyyyyccyy +=⇒=⇒=  ;

32 13122134 444 yyyyxyxyy =+− . Order is ‘1’ degree is 3.
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92. 2ydx xdx= ⇒ 2dx dx c
x x
= +∫ ∫ ⇒ ln 2ln lnx y c= = ⇒ 2x cy= .

93.
222 xyxy

dx
dy

=+ . Dividing throught by 2y . xxy
dx
dyy 22 12 =+ −− ;

out 1 2; ; 2 2 ; 2 2dy dv dv dvy v y xv x xv x
dx dx dx dx

− −= − = − + = − = −

2)2(. xdxx eeFI −−
=∫=

∫ +−=⇒ CdxFIxFIv ).)(2().(

∫ +=+−= −−− CeCdxxeve xxx 222

2 ; ;111
22 xx ce

y
cev +=+= 2

1
1

xce
y

+
=∴

94. )1_(01572

2
2 =+− y

dx
dyx

dx
ydx  which is in the form of a cauchy’s homogeneous linear equation

put yDD
dx

ydxDy
dx
dyxxtex t )1(;log 2

2
2 −==⇒=⇒=  where dt

dD = ,

Then equation (1) becomes, [ ] )2_(0)158(0157)1( 2 =+−=+−− yDDyDDD  A.E.
5

2
3

1
log5

2
log3

1
5

2
3

1
2 3,50158 xcxcyececececymmm xxtt +=+=+==⇒=+−⇒

95. From Newtons rd3  law,, ;2
2

2

bvcx
dt

xdm −−=  but dx
dvv

dt
dx

dx
dvv

dt
d

dt
dx

=== )(2

0)1( 22 =++⇒=−−=⇒ cxbv
dx
dvvmbvcx

dx
dvv 

Put cxbz
dx
dz

dx
dz

dx
dvvzv −=+⇒==

2
12;2

bxbdx
eeFIcxbz

dx
dz 22.;22 =∫=−=+⇒ ; ∫ ′+−=∴ cdxxece bxbx 22 2

c
b

e
b

excze
bxbx

bx ′+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−−=⇒ 2

22
2

42
2 bxec

b
cx

b
cz 2

22
−′++−=⇒ ;

Applying initial condition 0)0( ==xV bxe
b
c

b
cx

b
cvz 2

22
2

22
−−+−==∴
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96. ⇒===+⇒=+++++
x
N

y
MNdyMdxdyyxdxyx

2
23

2
200)123()134(  the given equation is

exact∴  the solution is,
constant terms excluding terms

(4 3 1) (2 1)
y x

Mdx C x y dx y dy C
=

+ = + + + + =∫ ∫ ∫ ∫

03232 2222 =+++++⇒=++++ CyxyxyxCyyxxyx .  Compare with standard form,

0
4
12

4
9;0222 222 >=−=−=+++++ abhcfygxbyhxyax ; It is parabola condition

97. Given equation.is,
2

2
2

3(1 ) 2 (3 / 2 1) 0
2

d y dyx x y
dxdx

− − + + =
2

2 2 2
2 3

1 2(1 )
d y x dy

dxdx x x
⇒ − +

− −

2

2 2 2
2 3(3 / 2 1) 0 (3 / 2 1) 0

1 2(1 )
d y x dyy

dxdx x x
+ = ⇒ − + + =

− −

21 0 1x x− = ⇒ = ± ; The solution will diverge at 1 and -1.

98. EAeyDDey
dx
dy

dx
yd xx .)65(65 525
2

2

=+−⇒=+−

is, 0652 =+− mm 2,30)2)(3( =⇒=−−⇒ mmm

C.F. xxxx ee
DD

IPecec 55
2

3
2

2
1 6

1
65

1. =
+−

=+=

IPFCy .. +=∴ ; 
xxx eececy 53

2
2

1 6
1

++=

99. ;cosh)4(cosh4 4
4

4

txDtx
dt

xd
=+⇒=+

teee
D

e
D

ee
D

IP
tt

tt
tt

cosh
5
1

552
1

4
1

4
1

2
1

2)4(
1. 444 =⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+=⎟

⎠
⎞

⎜
⎝
⎛

+
+

+
=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛ +
+

=
−

−
−

100. )(
2

)(
13

1)(1.)( 23
3 xxxxxxxx eexee

D
xee

DD
IPeeyDD −−−− +=+

−
=+

−
=+=−

101. The given equation is, yex
x
yy x sec)1(

1
tan

−=
+

−′  Dividing the above equation with

s ins e c , c o s (1 )
1

xd y yy y x e
d x x

− = −
+

. Put xex
x

v
dx
dv

dx
dv

dx
dyyvy )1(

1
;cossin −=

+
−=⇒=

x
eeFI xdx

x

+
==∫= +−+

−

1
1. )1log(1

1

.
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102. The given differential equation is 22 )( yppxyx =−  Let υ== 22 , yandux , then ,2 duxdx =

and υdydy =2 ; du
d

y
xpor

du
d

dx
dy

x
y υυ

== ,  Substituting these in the given equation, we get

2

2

22
2 . ⎟

⎠
⎞

⎜
⎝
⎛=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−

du
d

y
xy

du
d

y
xyx υυ

; or,,
22

22 , ⎟
⎠
⎞

⎜
⎝
⎛+=⎟

⎠
⎞

⎜
⎝
⎛=−

du
d

du
duor

du
d

du
dxy υυυυυ

 Which is of Clairaut’ss

forms. Hence the required solution is 2222 , ccxyorccu +=+=υ .

103. ,02

2
2 =−+ y

dx
dyx

dx
ydx  which is a Cauchy’s homogeneous linear eqation, put

xtex t log=⇒=  and ...)1(, 2

2
2 yDD

dx
ydxDy

dx
dy

−==

,0)1(0)1( 2 =−⇒=−+−∴ yDyDyyDD  where ..EA
dt
dD=  is,

xcxcxcxcececymm tt /;1;01 21
1

2121
2 +=+=+=±==− −− ; ∴  The others solutions is x

1 .

104. 0)544(0544 2
2

2

=++⇒=++ yDDy
dx
dy

dx
yd ;

A.E. is, iimmm ±−=
±−

=
−±−

==++
2
1

8
84

8
80164;0544 2 ; )sincos( 21

2 xcxcey
x

+=∴
−

105. xyDD 2sinh2)44( 2 =++ .A.E. is, 2 4 4 0; 2, 2m m m+ + = = − − ; x
FC exccy 2

21. )( −+= .

P. I xx ee
DD

x
DD

22
22 )(

44
12sinh2

44
1 − =−

++
=

++
=

xxxx e
D

xeee
D

2222
2 )2(216

1)(
)2(

1 −−

+
=−

+
= xx exe 2

2
2

216
1 −−= ;

xxx
IPFC exeexccyyy 2

2
22

21.. 216
1)( −− −++=+=∴

106. Given D.E. is, 0)2()1( 322 =−−+− dxaxyyxdyxx ;

dxaxyyxdyxx )2()1( 322 −−−=− ; 
2 3

2 2
(2 1)

(1 ) (1 )
d y x a xy
d x x x x x

−
+ =

− − ;

I.F
2

2
2 1 2 2 2 2 2
(1 )

2 2 2 2
2 1 1 (1 );
(1 ) (1 ) (1 ) (1 )

x d x
x x x x x x xe d x d x d x d x

x x x x x x x x

−
− − − + − −

= = = +∫ ∫ ∫ ∫
− − − −

∫

2/12 )1(
1ln

2/12
2

2 ..;
)1(

11)1ln(
2
1ln

1
2

2
1ln xxeFI

xx
nxxdx

x
xx −=

−
=−−−=∫

−
−

⎟
⎠
⎞

⎜
⎝
⎛−+−=
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2/12 )1(
1.
xx

FI
−

=

107. [ ] 03)13(03)13( 2 =−++=−′++′′ yiDiDiyiy ; A.E is,

immimimim 3,10)1)(3(03)13(2 −=⇒=−+=−−+

1 2 3cos3 sin 3xy c e c x c x= + −

108.
2

2 2
2 0 ( 1) ; 1 0d y y D y D D i

dx
+ = ⇒ + + = ⇒ = ± ;

1 2 1 2cos sin ; (0) 1 1 ; 2 2
2

y c x c x y c y cπ⎛ ⎞∴ = + = ⇒ = = ⇒ =⎜ ⎟
⎝ ⎠

; xxy sin2cos +=∴

109. ;1,1,0,00)1(;0)(0 2224
2

2

4

4

−=⇒=−=−⇒=− DDDDD
dx

yd
dx

yd

xx ececxccy −+++= 4321 ;∴  the set of linearly independent so equations, { }xx eex −,,,1

110. [ ] 422

3
223

/)3(
/20)3()/2(

yxy
yx

dx
dydyxydxyx

−
−==−+ ; l

3
2

3
2

)3.(
.2

/)3(
/2

2222

21

22233

44

44222

33

−
−=

−
−=

−
−=

−
−=+

v
v

xxv
vx

xxvxv
xvx

xvxxv
xvx

dx
dvxv  the given ern

is homogeneous )3(
2

22 xy
xy

dx
dy

−
−= .

111. Given cxyxdV
V
V

x
dx

dx
dVxV

dx
dyV

x
y

xy
xy

dx
dy

=+⇒=
+

+⇒+=⇒=→
−

= 22
2

2

0
1

2)1(;);1(
)/(2

1)/(
 which is

circle. The differential equation of the orthogonal trajectories )(
)2()1(; 22 yx

xy
dx
dy

dy
dx

dx
dy

−
=⇒−= .

112. Let the population be '' x  at time ‘t’ (in years) and '' 0x  be the population at time 0=t .

kdt
x

dxkx
dt
dxx

dt
dx

==⇒ ;α . By integrating, we get )1_(loglog ktcexcktx =⇒+=  at

cxxxt =⇒== 00,0 ; ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=⇒⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
=⇒=∴

00
0 log1log1

x
x

t
k

x
x

k
texx kt

for 
2

0
log50, 2
50

t x x k= = ⇒ = . at  t = t’

0
1 50 log33 log3, log3, log3, 50

log 2 log 2
x x kt t t t

k
′ ′ ′ ′= ⇒ = = = =
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113. .cosh2)1(cosh2)( 23 ⇒=−⇒=− EAxyDDxyDD

1,1,00)1( 2 −==⇒=−⇒ mmmm

. 1 2 3 3

3 2

1; . 2cosh
( )

1 1( ) ( )
( ) (3 1)

x x
C E

x x x x

y c c e c e P I x
D D

e e x e e
D D D

−

− −

= + + =
−

= + = +
− −

. 1 2 3 3

3 2

1; . 2cosh
( )

1 1( ) ( )
( ) (3 1)

x x
C E

x x x x

y c c e c e P I x
D D

e e x e e
D D D

−

− −

= + + =
−

= + = +
− −

)(
222

xxxx eexexex −− +=+=

∴  The complete solution is, )(
2321

xxxx
PICF eexececcyyy −− ++++=+=

114. ;2

2

g
dt

sd
=  Integrating cgt

dt
ds

+=⇒ ;  Again at cuu
dt
dst =⇒== ,0 ; )1_(ugt

dt
ds

+=∴ ;

Again integrating, ( )000,0
2
1

2
1 22 =′⇒′=⇒==+=⇒′++= ccstatgtutscutgts

0
111

10)1()1( 222

2
22 =

+
+

+
⇒

+
+

−=⇒=+++
x

dx
y

dy
x
y

dx
dyy

dx
dyx .

Integrating by applying the method of variables

{ })(tantan);(tan)(tan;)(tan)(tan 11111 xcyxcycxy −−−−− ==−==+ ;

[ ]t a n e x p a n s io n o f ta n ( )
1 ta n ( )

c xy A B
c x
−

= −
+

 ;

Given 
ta n(0 ) 1, 1 ta n

1 ta n ( 0 )
cy c
c

= ⇒ = =
+ ;

xxy
x
xy −=+=⇒

+
−

=∴ 1)1(
1
1 xyxyxyy −=+⇒−=+ 112

115. Option (a) order = 4, degree = 1; option (b) = 3, degree = 4; option (c)

2 / 3 2 33 33 3

3 31 4 1 4 order 3dy d y dy d y
dx dxdx dx

⎧ ⎫ ⎡ ⎤⎛ ⎞ ⎛ ⎞⎪ ⎪⎛ ⎞ ⎛ ⎞⎪ ⎪ ⎟ ⎟⎜ ⎜⎢ ⎥⎟ ⎟⎜ ⎜⎟ ⎟� � � � ⇒ � �⎟ ⎜ ⎟ ⎜⎨ ⎬⎜ ⎜⎟ ⎟⎢ ⎥⎟ ⎟⎜ ⎜⎜ ⎜⎟ ⎟⎜ ⎜⎪ ⎪⎝ ⎠ ⎝ ⎠⎝ ⎠ ⎝ ⎠⎪ ⎪ ⎢ ⎥⎩ ⎭ ⎣ ⎦
degree
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116. 0,,, 3

3

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
dx

yd
dx
dyyxφ ;φ  represent a rd3  order D.E 3⇒  arbitary constants.

117.
12 2

2
2

1 1 1( 4) 1 1
4 4 4 4 4 4

4 1
4

p
x D D xD y y x x x x

D

−
⎛ ⎞ ⎛ ⎞

+ = = = + = − = =⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟⎛ ⎞ ⎝ ⎠ ⎝ ⎠+⎜ ⎟⎜ ⎟
⎝ ⎠

[ ]...1)1( 21 xxx +−=+ −

118. 0),(),( =+ dyyxNdxyxM ),(
),(

yxN
yxM

dx
dy

−=  Put dx
dvxv

dx
dyvxy +=⇒= . Now we can represent

the variables V and x .

119. From option, (c)
2

1642,20)42)(2(0)2( 233 −±−
==⇒=++−⇒=− DDDDDyD

31
2

322 ii
±−=

±−
=

xx ecxcxcey 2
321 )3sin3cos( ++=⇒ −

120. 0101 2
2

2

=⎟
⎠
⎞

⎜
⎝
⎛ ++=⎟

⎠
⎞

⎜
⎝
⎛++ i

Lc
D

L
RDi

Lcdt
di

L
R

dt
id

; where dt
dD =  A.E. is,

2/401 2
2

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
−⎟

⎠
⎞

⎜
⎝
⎛±−=⇒=++

LcL
R

L
Rm

Lc
m

L
Rm

L
RL

R
L
RLR

m
22

/
22

−=
⎟
⎠
⎞

⎜
⎝
⎛−⎟

⎠
⎞

⎜
⎝
⎛±−

= ; ( )LcR 42 =

∴  Solution is, LRtetccy 2/
21 )( −+=

121. Given D.E. is, 00)1()1( =+⇒=−++ NdyMdxxdyxyydxxy ;

NyMx
FINyMx

−
=∴=−

1.,0 ; 222222 2
1

)(
1.

yxyxxyyxxy
FI =

−−+
=∴

123.  Given D.E. is, yxyx
dx
dy 23 cos2sin =+  dividing throught by )1_(tan2sec,cos 322 xyx

dx
dyyy =+

Put 
dx
dyy

dx
dVyV 2sectan =⇒=  then equation (1) can be written as,
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32 xxv
dx
dV

=+  _(2) Which is of the linear form QPv
dx
dV

=+

124. Given equation can be rewritten as ,0)2( 2 =−+ yDD

where dx
dD = .A.E. is, 1,20)1)(2(022 −=⇒=−+⇒==+ mmmmm ;

xxxx ececyececy 2
2

12
2

1 2; +−=′+=∴ −− ;

1 2 1 1 2 2 1(0) 0 0 (0) 3; 2 1 1andxy c c c e y c c c c′= ⇒ = + ⇒ = = − + ⇒ = = −  ; xx eey 2−−=∴

125. Given D.E can be rewritten as, 
2 2

1 132

1 1
.

k kdt t
k kkkdx x I F e e

dt k k
+ = = =

∫

∴  Solution is, ∫ +=+=+= ce
k
kc

kk
e

k
kcdte

k
kxe tkk

t
k
k

t
k
kt

k
k

12
1

2

1

3

1

2
/

2

3

121

3

1

3

/
,

2

3

2

3/

2

3 00)0(;12

k
kcc

k
ktxce

k
kx tkk −=⇒+=⇒==+= −

; ( )tkkekkx 12 /
23 1/ −=∴

126. 0)12(02 2
2

2

=++⇒=++ xDDx
dt
dx

dt
xd

A.E. is, 0)1)(1(0122 =++=++ mmmm

2

1 2 1 2 2

2 1 0( 1)( 1) 0 1 1

( ) t t t t

m m m m m
dxx c c t e c e c e c te
dt

− − − −

� � � � � � ⇒ �− −

⇒ � � �− � −

tttt tececec
dt
dxetccx −−−− −+−=+=⇒ 22121 )(1

100)0(11)0( 21211 ==⇒+−=⇒===⇒== cccct
dt
dxctx

tettx −+=∴ )1()( ;∴  at 1=t eex /22 1 == −

127. The function are linearly independent if 0≠W

xmxmxm

xmxmxm

xmxmm

ememem
ememem

eee
W

321

321

321

2
3

2
2

2
1

321=
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)()( 2
12

2
21

)(
3

2
22

)( 212321 mmmmeemmmee xmmxmxmmxm −+= ++

 = { })()()( 132131312332
)( 321 mmmmmmmmmmmme xmmm −+−+−++

128. 3
3.....(1) yy ax a

x
� ⇒ � . Differentating equation (1), x

yax
dx
dy 33 2 ==  for orthogonal

tranjectories, 3 0
3

dy x ydy xdx
dx y

= − ⇒ + =  integrating by the method of seperation of variables.

∴The curves (1) and (3) form orthogonal trajectories.

129. The equation of the circle with radius r and centre on x-axis is,  2 2 2( ) ....(1)x a y r− � �

dx
dyyyr

dx
dyyyryrax −=−⇒=+−−=−⇒ 2/1222/1222/122 )(02)(2)()1( ;

 On squaring, 
2 2 2

2 2 2 2 2 2 2 2; 1dy dy dyr y y r y y u r y
dx dx dx

⎡ ⎤⎛ ⎞ ⎛ ⎞ ⎛ ⎞− = ⇒ = + = +⎢ ⎥⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎢ ⎥⎣ ⎦



130. The given equation is 024
2

=−⎟
⎠
⎞

⎜
⎝
⎛+⎟

⎠
⎞

⎜
⎝
⎛ y

dx
dyx

dx
dyx ......(1)

Also given primitives is cxcy =− 2)( .......(2)

The curve passes through (1,2) 4,10)4)(1()2( 2 =⇒=−−⇒=− ccccc . There are two integral

curves xyandxy 4)4()1( 22 =−=−

131. 00 =−⇒=⇒=−
y

dy
x

dx
x
y

dx
dyxdyydx

By integrating we get cxyycxcyx =⇒==+− log)log(0logloglog ;u
A family of straight lines.

132. The given equation can be written as, ;01.0)1( 22 immEAyD ±=⇒=+⇒=+

121 11)0();sincos( cyxcxcy =⇒=+=∴

and xxycy sincos;11)2/( 12 +=∴=⇒=π

133. Given, 0)4(0)168( 2224 =+⇒=++ yDyDD

;2,20)4( 22 iimm ±±=⇒=+⇒ ;2,20)4( 22 iimm ±±=⇒=+⇒

134.  The given equations are )2(12)1(12 11 →=−→=+ yxyandyxy ; Both differential equations are

linear .I.F of (1) ;2log2
2

1 xeeI xdx
x ==∫=  (3) and I.F of (2) 

2
log2

2

2
1
x

eeI xdx
x ==∫= −−  (4) From (3) and (4),

21II = 1.
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135, 136. Given D.E. can be written as, 1,10)12(..0)12( 22 =⇒=+−⇒=+− mmmEAyDD ;∴  Solution

is, xexccy )( 21 += .

137. 0
1

2
1

2022)1( 22
2 =

−
+′

−
−′′⇒=+′−′′− y

x
y

x
xyyyxyx  where 21

2)(
x
xxP

−
−=  and

21
2)(

x
xQ

+
= ;∴  The given equation is not analytic at 1±=x . Ordinary point means the point at

which the function is not analytic.

138. 0)4/1(0)144( 22 =++⇒=++ yDDyDD ;

2/2 )(2/1,2/1,0)4/1(. xeBxAymmEA −+=∴−−=⇒=++⇒

139.  Given equation, is tyD cosh2)1( 2 =−  where 101.. 2 ±=⇒=−⇒= mmEA
dt
dD ;

1 2 2 2
1 1; . 2cosh ( )

1 1
t t t t

CFy c e c e P I t e e
D D

− −∴ = + = = +
− −

tteeee
D

t tttt sinh)(
2
1)(

2
1

=−=+= −−

tttececy tt sinhcosh21 ++−=′ − ; 2121 00)0(;00)0( ccyccy −=⇒=′+=⇒=

Which implies that 021 == cc ; ∴  The solution of the given D.E, is tty sinh=

140. xeeFIxy
xdx

dyxy
dx
dyx xdx

x ==∫==+⇒=+ log
1

34 ..1 5 4
3 4 4

5 5 5 5
x xyx x xdx c xy y

x
⇒ = + ⇒ = + ⇒ = +∫ ;

141.
⎪
⎩

⎪
⎨

⎧

<<
<<−
−<<−

=
210
11

120
)(

t
tk
t

tf . We have ( ) ∑∑
∞

=

∞

=

++=
11

0 sincos2/
n

n
n

n l
tnb

l
tnaatf ππ

( ) ( )∫∫
−−

==
2

2
0 2

11 dttfdttf
l

a
l

l

1
1
1

1

1 ( / 2).2
2 2

kkdt t k k+
−

−

= = = =∫ ;

( )∫
−

=
l

l
n dt

l
tntf

l
b πsin1

∫
−

==
1

1 22
sin

2
1 kdttnk π 1

1

2

2
cos

−

⎟
⎠
⎞

⎜
⎝
⎛

⎟
⎠
⎞

⎜
⎝
⎛−

π

π

n

tn

00 ==
πn
k

. .

142. Given,
⎩
⎨
⎧

<<
<<

=
cxc

cx
xf

21
00

)(  ;

By Fourier theorem, ( ) ∑∑
∞

=

∞

=

++=
11

0 sincos
2 n

n
n

n l
xnB

l
xnAAxf ππ
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Where, ( ) ,
2
2 2

0
0 ∫=

l

dxxf
l

A ( ) ( )∫∫ ⎟
⎠
⎞

⎜
⎝
⎛=⎟

⎠
⎞

⎜
⎝
⎛=

l

n

l

n dx
l
xnxf

l
Bdx

l
xnxf

l
A

2

0

2

0

sin
2
2&cos

2
2 ππ

Here, ; ( ) ∫∫ ==
c

c

c

n dx
c

xn
c

dx
c

xnxf
c

A
22

0

cos1cos1 ππ

( ) ( )∫∫ ⎟
⎠
⎞

⎜
⎝
⎛=⎟

⎠
⎞

⎜
⎝
⎛=

l

n

l

n dx
l
xnxf

l
Bdx

l
xnxf

l
A

2

0

2

0

sin
2
2&cos

2
2 ππ

Here, ( ) ( ) 12.111 22

0
0 =−=== ∫∫ cc

c
dx

c
dxxf

c
A

c

c

c

( ) ∫∫ ==
c

c

c

n dx
c

xn
c

dx
c

xnxf
c

A
22

0

cos1cos1 ππ
; ( ) 001

sin
1 2 ==

⎟
⎠
⎞

⎜
⎝
⎛

=
ππ

π

n
c

n
c

xn

c
c

c

( ) ∫∫ ⎟
⎠
⎞

⎜
⎝
⎛=⎟

⎠
⎞

⎜
⎝
⎛=

c

c

c

n dx
c

xn
c

dx
c

xnxf
c

B
22

0

sin1sin1 ππ

( )π
ππ

π

n
n

c
n

c
xn

c
c

c cos11
cos

1 2 +−=
⎟
⎠
⎞

⎜
⎝
⎛−

= 0, if is even
2 / , if is odd

n
n nπ

⎧
= ⎨−⎩

∴  The fourier series for given function will be, ( ) ⎥⎦
⎤

⎢⎣
⎡ +++−= .....5sin

5
13sin

3
1sin2

2
1

c
x

c
x

c
xxf πππ

π

 143. The fourier series is a series of sines and cosines in the form,

( ) ∑∑
∞

=

∞

=

++=
11

0 sincos
2 n

n
n

n nxbnxaaxf

 If ( )xf  is an even function, the corresponding series is a cosine series and if ( )xf  is as odd function,
the corresponding series is a sine series.

144. At x = 0;  2 2 2
8 1 1(0) ......... (0) 1

1 3
andf f⎡ ⎤= + + =⎢ ⎥π ⎣ ⎦

145. atetf −=)(  the Fourier sine transform of the given function is, ∫
∞

=
0

sin)(2)( tdttfg s ω
π

ω

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

+
=

+
== ∫∫

∞
−

∞
−

0
2222

0

sin2sin2)(
ba

bbxdxe
a

tdteg axat
s 

ω
ω

π
ω

π
ω
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146.
⎭
⎬
⎫

⎩
⎨
⎧

+−
+−

)4)(1(
4

2
1

sss
sL 2 2

4
1( 1)( 4) 4

s As B c D
s ss s s s

+ +
= + +

−− + +

Multiplying throughout by ),4)(1( 2 +− sss

We get  ssDsscssBAss )4()4)(1()1()(4 22 +++−+−+=+

15511)4(44 =⇒=⇒=−=⇒−=⇒+ DDsccs

 Comparing the coefficient of s on both sides, comparing the coefficient of 3S  on both sides.

0110 =−=−−=⇒++= DcADcA 1
11

4
1

)1)(1(
4)( 22 −

+
−

+
+

=
+−

+
=∴

ssssss
ssf

{ }
⎭
⎬
⎫

⎩
⎨
⎧

+
−

⎭
⎬
⎫

⎩
⎨
⎧

−
=∴ −−−

4
2

2
1

1
1)()( 2

111

s
L

s
LsfLtf 12sin

2
11

)1)(1(
4 1

2
1 −−=

⎭
⎬
⎫

⎩
⎨
⎧−

+−
+

− −− te
s

L
sss

sL t

147. The Fourier transform of a gaussian function is a gaussian in.

148. ∫
∞

−=
0

,)()( dtetFsf st
 we are { } )()1()( sF

ds
dtftL n

n
nn −= { }

ds
dfttfLdtettF st −==∴∫ − )()(

149. The Laplace transform of a function )(xf exists only if the function satisfies the following codition:

i) The function )(tf  should be as arbitrary continous function in every finite internal and that )(tf = 0
    for all values of t.

ii) The function )(tf  should be of expontial order..

150. [ ] ( )
2/32/3

2
1

2/1

2
!}{

SS
tLtL π

===

151. [ ]atteL at sin  we are )(
}{sin 22 aS

aatL
+

= . Also n

n
nn

ds
sfdtftL )()1()}({ −=

where [ ])()( tFLsf = 22222 )(
2

)(
)1(}sin{

as
as

as
a

ds
dattL

+
=

+
−=

We know that [ ] )()( asftFeL at −= 22 2

2sin
( )

at as aL te at
s a a

−⎡ ⎤∴ =⎣ ⎦ ⎡ ⎤− +⎣ ⎦

152. ttf πsin)( =  and 2222222 )(
2)1(}sin{:;)()(
π
π

π
ππ

π
π

+
=⎥⎦

⎤
⎢⎣
⎡

+
−=∴⎥⎦

⎤
⎢⎣
⎡

+
==

S
S

Sd
dtt

S
tfLsF s

153. Given function is  [ ] ∫
∞

− ===
0

)()( aasta tdttetfLttf
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∫ ∫∫
∞ ∞

−−−−
∞ −

−∞− −
==

−
−

0 0

21

0

1
0

)1( dtet
S

a
s
adtet

S
adt

s
eate stasta

st
ast

;

 As proceeding like this we get 
1

9 1)( 2)( 3)...3.2.1 1{ }a
a a

a a a a aL t
S S +

− − − Γ +
= =

154. ( ) ( ) ( )2 2 22

1 3 2
3 16 3 4 3 16
p p

p p p
+ +

= −
+ + + + + +

1
2

1
6 25

pL
p p

− ⎡ ⎤+
⎢ ⎥

+ +⎣ ⎦

3
2 2 2 2

1 4
24 4

t pe
p p

− ⎡ ⎤
= −⎢ ⎥

+ +⎣ ⎦
3 1cos 4 sin 4

2
te t t− ⎡ ⎤= −⎢ ⎥⎣ ⎦

155. Given
⎩
⎨
⎧

>−
<

=
3,3
3,0

)(
xx
x

xf [ ]
0

( ) ( )sxL f x e f x dx
∞

−= ∫

= 
3

0 3 3 3 3

( ) ( ) ( 3) 3sx sx sx sx sxe f x dx e f x dx x e dx xe dx e dx
∞ ∞ ∞ ∞

− − − − −+ = − = −∫ ∫ ∫ ∫ ∫

3

1sxex
s s

∞−

= +
− ∫

∞
−−−−

∞
−−

∞
−− ==−−=+

s

ssssxssxsx ese
S

e
s

e
s

e
s

e
s

dxe 323
2

3

3
2

3

3

13133

156. A function is said to be analytic is x
v

x
u

∂
∂

=
∂
∂

 and x
v

y
u

∂
∂

=
∂
∂

(cauchy’s Reimann condition) and the function must be conditions

iyxiyxiyxzzf sincoscossin)sin(sin)( +=+== ivuyxiyx +=+= sinhcoscoshsin

zzf

x
vyx

y
u

y
vyx

x
u

sin)(
sinhsin

coshcos
=

⎪
⎪
⎭

⎪⎪
⎬

⎫

∂
∂

−==
∂
∂

∂
∂

==
∂
∂

(a)  is analytic.

(b) 223333 33)()( xyyxiiyxiyxzzf −+−=+== ivuyyxixyx +=−+−= )3()3( 3223

3

22

)(
6

33
zzf

y
vxy

y
u

y
vyx

x
u

=

⎪
⎪
⎭

⎪⎪
⎬

⎫

∂
∂

−=−=
∂
∂

∂
∂

−=
∂
∂

 is analytic function.
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(c) ivuyieyeyiyezfzzf xxx +=+==== sincos)sin(cos)()( 3

)sin(cos)(
sin

cos
yiyezf

x
vye

y
u

y
vye

x
u

x

x

x

+=⇒

⎪
⎪
⎭

⎪⎪
⎬

⎫

∂
∂

−=−=
∂
∂

∂
∂

==
∂
∂

is analytic function.

(d) ,coscossinsin)( ivuyxiyxzf +=−=  say

cos sinu v u vx y
x y x y
∂ ∂ ∂ ∂

= = =
∂ ∂ ∂ ∂ x

v
y
u

x
v

y
u

x
vyx

y
u

∂
∂

−+
∂
∂

⇒
∂
∂

=
∂
∂

∂
∂

==
∂
∂ ;cossin ;

yxiyxzf coscossinsin)( −=∴  is not analytic

157. ⇒=1|| Z  unit circle centred at the origin ∫∫ == dz
z
zdzzzf 2

2
2

sin
coscot)( z = 0 is a pole.

∴  The function has only one singular point inside r where the residue is zero

158. πππππππ π )2/12(2/2)2/(2)log(2)log2(log 2/ +−−−+−+−+ ====== nniineiniiniiii eeeeeei
i ;

ππ )2/12(ln)ln( )2/12( +−==∴ +− nei ni  principal value is obtained by putting n = 0 2/; π−u

160. Given that 2
( ) zf z e=

xyiyxezfxyiyxziyxz 2222 22

)(2 +−=⇒+−=⇒+=

[ ])2sin()2cos()(
2222 2 xyixyeeezf yxxyiyx +==⇒ −−

161. ∑
∞

= −
+

−
−

−
+

−
=

0
32 )1(3

2
)1(

1
1

1
2

)1()(
n

n

n

zzz
zzf

∴  The residue of ( ) at 1f z z�  is, 3/2

162. ze
zf

+
=

1
1)( Poles of ze

zf
+

=
1

1)(  are found by equanting to zero, i . ,e. ,  1 + ez = 0

( )π121 +±=−=⇒ niz ee ( )π12 +±=⇒ niz , Where n = 0, 1, 2, ....... ( )zf∴ has poles of order 1 at

z = ,.....5,3, πππ iii ±±±

163. f (z) = ( )∫ −c

dz
z

z
1

cosπ
 ; Poles of  f (z)⇒ z - 1 = 0⇒ z = 1 is a pole of order 1 and which lies inside the circle

whose radius is 3, centred at the origin. Now, by cauchy’s integral formula,

146



Methods of Mathematical Physics OE. 31

( ) ( ) ( ) ( )∫∫ =
−

⇒
−

= 0
00

0 2
2
1 zifdz

zz
zfdz

zz
zf

i
zf

c

π
π

Taking f (z) = cos (π z) and z0 = 1 , we have ; ( )∫
=

= −==
−3

10 2cos2
1

cos
0

z
z izidz

z
z ππππ

.

164. Let ( ) ( )( ) ,2222

2

dz
bzaz

zdzzf
cc
∫∫ ++

=  where c is the contour consisting of the semicircle CR of

radius R together with the part of the real axis from -R to R as shown in figure? The poles are given

by, ( )( ) 02222 =++ bzaz ibiaz ±±=⇒ ,  of which z = ia, ib only lie inside c.

∴  By residence theorem, ( ) ( ) ( ){ }ibziaz
c

zfszfsidzzf == +=∫ ReRe2π

( ) ( ) ( ) ( ){ }2 lim lim
z ia z ib

i z ia f z z ib f zπ
→ →

= − + −

( )( ) ( )( )⎭
⎬
⎫

⎩
⎨
⎧

++
+

++
=

→→ ibzaz
z

bziaz
zi

ibziaz 22

2

22

2

limlim2π

( ) ( )( )⎭
⎬
⎫

⎩
⎨
⎧

−
−

+
−

−
=

ibba
b

abia
ai

2.2
2 22

2

22

2

π

( ) ( )( )⎭
⎬
⎫

⎩
⎨
⎧

−
−

−
−

=
ibba

b
baia

ai
2.2

2 22

2

22

2

π
baba

ba
+

=⎟
⎠
⎞

⎜
⎝
⎛

−
−

=
ππ 22

Also,                  ( ) ( ) ( )∫∫∫ +=
− RC

R

Rc

dzzfdxxfdzzf

Now, let ∞→R . For any point on CR as ∞→z ,

( ) ( )( ) ∫∫∫ <
++

=
RR CCc zz

dzz
dz

bzaz
zdzzf 22

2

2222

2

 as a > 0, b > 0 ∫∫ ==
RR CC R

dz
z
dz

22

On semicircle RC  , Rz = ∞→→== Ras
RR

R 02
ππ ∫

∞

∞− +
=

++
∴

babxax
dxx π

))(( 2222

2
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165. ⎟
⎠
⎞

⎜
⎝
⎛

−
+=

2
1sin)1()(

z
zzf

Let =
−

+⇒+=+⇒=−
z

zzttz
2

1sin)1(132

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛+⎟

⎠
⎞

⎜
⎝
⎛−+=⎟

⎠
⎞

⎜
⎝
⎛+=

ttt
t

t
t 1

!5
11

!3
11)3(1sin)3(

3

...
2
1

6
131...1

2
11

6
131 3332 +−−+=+−−+=

tttttt

..
)2(2

1
)2(6

1
2

31 32 +
−

−
−

−
−

+=
zzz

)(zf∴ has essential singularity at 2=z

166. ( )
( )

( )
( )22

sinsin
z

zz
z

zzzf
−
−

=
−

=
π
π

π ( )
( ) ( ) ( )

⎭
⎬
⎫

⎩
⎨
⎧

−
−

+
−

−−
−

= ....
!5!3

53

2
zzz

z
z πππ

π

( )
( ) ( )

⎭
⎬
⎫

⎩
⎨
⎧

−
−

+
−

−
−

= ....
!5!3

1 3zz
z

z ππ
π ; ( )zf⇒ has a simple pole at z = π .

167.  |z| = 1 ⇒ radius of contour = 1 , centred at origin. Then the pole z =π  lies outside the contour..

∴ ( ) 0.f z dz =∫

168. Poles z ai= ±  if a = 2  then 2z ai= ±  lies outside the contour;  if 
2
iz = ± i.,e. a = 1/2 poles lies inside

the contour.

2

2Res
iz=
= π

2

2Res
iz=−
= − π

169. Let I = ∫
∞

+0
2 1(

cos dx
x

mx
 let 2

0

cos
( 1)

mx dx
x

∞

+∫  poles of )(zf  are i±  only iz =  lies within the contour

i
e

iz
e

iziz
mzizzsf

mimz

iziziz 2
)(lim

))((
cos)(lim)(Re

−

→→=
=

+
=

−+
−= ,

2
.2 m

m

e
i

ei −
−

=∴ ππ
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170. 2,1,00)2)(1(
)2)(1(

34)( =⇒=−−⇒
−−

−
= zzzzpoles

zzz
zzf  of which 1,0 == zz  lie inside the

circle of radius 3/2, centred at the origin 2
2
4

)2)(1(
)34(lim)(Re

00
==

−−
−

=
→= ZZZ

zzzsf
zz

1
2

1
)2)(1(

)34(lim)(Re
11 −=

−
=

−−
−

=
→= ZZZ

zzzsf
zz ∫ ==Σ=

−−
−

∴
C

iRidz
zzz
z πππ 2)1(22

)2)(1(
)34(

172. Poles of  f (z) are z =1 (second order) and z = - 2

(Simple) Residue of f (z)(at z = 1) = ( )
( )

( ) ( )

22

21

1
5 / 9;

1 ! 1 2

z

z

zz dLt
z dz z z→

−
=

− − +

Residue of f (z)(at z = - 2) =
( )

( ) ( )

2

22

2
4 / 9

1 2

z

z

z
Lt

z z→−

+
=

− +

173. Let I = ∫
C zz

dz
22 . here 0

)2(
1

2
1)( 2 =

−
=

−
= z

zzzz
zf  and z = 2 are poles. But z = 0 is the only pole which

lies inside the contour 0 20

1Re ( ) lim 1/ 2; 2 ( 1/ 2)
( 2) 2z z

c

dzf z z i i
z z z z= →

∴ = = − ∴ = π − = −π
− −∫

174. Let ∫= dz
z

zeI
z

22
sin
π

0,
2

sin)( 2 == z
z

zezf
z

π
 is a pole of order 2.

2
20 00

1 sin 1 1 1Re ( ) lim ( cos cos ) (1 1)
2 2 4 4 2

z
z z

z zz

d e zsf z z e z ze
dz zπ π π π= =→

⎛ ⎞
∴ = = + = + =⎜ ⎟

⎝ ⎠

2
sin 12 2 .

22

ze z i R i i
z

∴ = π Σ = π =
ππ∫

175.
22 2 4 2 3

2 3

00 0

8( ) : (2 ) (2 ) 10
2 2 3 3
t t t it it dt t i t t it dt i
⎡ ⎤

⎡ ⎤− + = + − = + − = −⎢ ⎥⎣ ⎦
⎣ ⎦

∫ ∫

176. ∫
∞

+0
52 )1( x

dx
 consider the function, 2 5

1( )
(1 )

f z
z

=
+  poles, iz ±=⇒  of order 5. of which only z = i lies

inside the contour 
4

5
1 4 5 5

1 1Re ( ) ( )
4! ( ) ( )z

z i

dsf z z i
dz z i z i=

=

⎧ ⎫⎪ ⎪= −⎨ ⎬
+ −⎪ ⎪⎩ ⎭

iziz
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dz
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d

=

−

=

− +
−

=+= 6
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3
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iziz

iz
dz
diz

dz
d

=

−

=

− +
−××

=+
×

= 87
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)(
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765)(
!4
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iz 256
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−

By cauchy- Residence theorem, ∫ ∫ ∫
−

+=
C

R

R CR

dzzfdxxfdzzf )()()(

∫ ∫∫∫ ≤
+

≤
+

=∴
||
||

|1|
||

)1(
)( 05252 z

dz
z

dz
z

dzdzzf
RR CC

 (as 1 > 0) 10

| | ( 0 semicircle | | )thdz n z R
R

� �∫ 

∫ ∫
∞

∞−

∞

==
+

⇒=
+

∴
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5252 256
35

256
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2
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)1256
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)1(
πππ
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dx

i
i

x
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177. z
zzz

z ππ cos
1

1
1

12/1
1

cos
2 ⎟

⎠
⎞

⎜
⎝
⎛

+
−

−
=

− ∫ ∫ ∫ ⎭
⎬
⎫

⎩
⎨
⎧

+
−

−
=

−
∴ dz

z
zdz

z
zdz

z
z

1
cos

1
cos2/1

1
cos

2
πππ

( ) ( ) ( )⎭
⎬
⎫

⎩
⎨
⎧

+
+−

−
−=

−→→ 1
cos1lim

1
cos1lim22

1
11 z

zz
z

zzi
zz

πππ

( ) 011 =+−= iπ ( )[ ]θθ coscos =−

178. Let ( ) ( )( )12
sin 2

−−
=

zz
zzf π

 z = 2 , z = 1 are simple poles lying within the given circle of radius 3 , centred at the origin.

( )( ) ( ) ( )( ) ( ) ( )( )∫
⎭
⎬
⎫

⎩
⎨
⎧

−−
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−−
−=

−−
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→→ 21
sin2lim

21
sin1lim2
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sin 2
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1
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zzidz

zz
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ππππ
( ) 0002 =+= iπ .

179. ( ) ∫∫ =
c

z

c

dzezdzzf /12
 ;  Where c  represents a circle of unit radius centred at the

origin. ( ) ( ).../1!4/1/1!3/1/1!2/1/11 4322/12 +++++== zzzzzezzf z

⎟
⎠
⎞

⎜
⎝
⎛ +++++= ...1

!4
11

!3
1

!2
1

2
2

zz
zz

Res ( ) 6/1!3/10 ===zzf  ; ∫ ==∴ 3/6/1.2/12 iidzez z ππ .

150



Methods of Mathematical Physics OE. 35

180. Let I = ∫
c

Z

z
ZSine

2
)(

dz , where C is c unit circle contour at (2, 0); Z = 0 , is a pole of order 2, which lies

outside the contour.  ∫ =∴ .0sin
2 dz

z
zez

181. Given , ( ) ( )( )12232 −−
=

+−
=

zz
e

zz
ezf

zz

⇒  Poles are z = 2 , z = 1 , out of which z = 1 is the only

pole which lies inside the contour.n

( )∫ ==
+−

∴ 12 Re2
23 z

z

zfsidz
zz

e π ( ) ( )( ) 2
lim2

12
1lim2

11 −
=

−−
−=

→→ z
ei

zz
ezi

z

z

z

z
ππ iπ2= iee π2

1

1

−=
−

182. Probability that the card, which is drawn from a pack containing 52 cards with 4 aces, become are

is, 52
4

52
4

1

1
1 ==

c
cP  Probability that the card, which is drawn from a pack of 48 cards with 8 aces, become

ace is, 6
1

48
8

48
8

1

1
2 ===

c
cP ∴  The probability that both are aces is, 78

1
6
1.

13
1

6
1.

52
4. 21 ==== PPP .

184. The probability that no one die, � �� � � � � �1 1 ....... times 1 .nP p p n p� − − � −

 The probability that at least one dies ( )np−−= 11 ∴  The probability that A1 will die in one year is ,

� � � �� �1
1dies 1 1 nP A p
n

� − − .

185. Let E = Event that the husband will be alive 25 years hence and F = event that the wife will be alive 25

years . Then 8
5)(

12
7)(;

8
3)(

12
5)( ==== FPandEThusPFPandEP ; The probability that at least

one of them will be alive 25 years hence = 96
61)().(1 =− FPEP .

186. Probability that the ball which is drawn from bag 1 become white is,
6
4

6
4

1

1
1 ==

c
cP

Probability that the ball which is drawn from bag 2 become white is,
8
3

8
3

1

1
2 ==

c
cP

∴ The Probability that both are white is, 4
1

8
3.

6
4

==P .
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187. Since these two events are independent, the probability of passing both is 6
1

4
1

3
2

=× .

188. Total marbles of ways of selecting 3 marbles out of 9 is 849 3 =c .

∴  The probability that all are different 
28
9

84
27

84
333

==
××

= .

189. If n independent trials constitute one experiment and this experiment be repeated N times, then the
frequency of r success is, .rnr

r
n qPcN −

Here, 5
2

=P
2 31
5 5

q = − =  , n = 10 , r = 6. ∴ The probability = 
46

6
10

5
3

5
2

⎟
⎠
⎞

⎜
⎝
⎛

⎟
⎠
⎞

⎜
⎝
⎛C .

190.
!x
meP

xm

x

−

= ; ( )
1 1

1 1 ! ! !

m m m m m me m e m m e mP m Pmm m m m

− − − − −
= = = =− − ;

( )
1 1

/1 1 ! ! !

m x m x m xe m e m m x e m xP x mPxx x x x m

− − − − −
= = = =− − ; ( ) ( )

1 .
1 1 ! ! 1

m x m xe m e m mPx x x x

− + −
= = =+ + + ( )1

.
+x
mPx

191.

2 3 0
3 2 0 0 5
0 0 1

λ
λ λ

λ

−
− = ⇒ =

−

3 3 0 0
3 3 0 0
0 0 4 0

x
y
z

−⎡ ⎤ ⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟⎢ ⎥⇒ − =⎜ ⎟ ⎜ ⎟⎢ ⎥
⎜ ⎟ ⎜ ⎟⎢ ⎥−⎣ ⎦ ⎝ ⎠ ⎝ ⎠

3 3 0x y x y− + = ⇒ =

4 0 0z z− = ⇒ =

193. 0 0x = 0 0y =

2( , ) 1f x y y= +

1 1 2 3 4
1 ( 2 2 )
6n ny y K K K K+ = + + + +

1 0 0( , ) (0.2)(1) 0.2K hf x y= = =

1
2 0 0, (0.2) (0.1,0.1) (0.2)(1.01) 0.202

2 2
KhK hf x y f⎡ ⎤= + + = = =⎢ ⎥⎣ ⎦

2
3 0 0, (0.2) (0.1,0.101) (0.2)(1.010201) 0.20204

2 2
KhK hf x y f⎡ ⎤= + + = = =⎢ ⎥⎣ ⎦

4 0 0 3, (0.2) (0.1,0.20204) (0.2)(1.0408) 0.20816
2
hK hf x y K f⎡ ⎤= + + = = =⎢ ⎥⎣ ⎦
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1
10 [0.2 0.404 0.40408 0.20816]
6

y = + + + +

(0.2) 0.2027y =

194. (0.2) 0.2027y =

0 0.2Let x = , 0 0.2027y = , 0.2h =

1 0 0( , ) (0.2)(1.041) 0.2082K hf x y= = =

2 (0.3,0.3068) 0.2188K hf= =

3 (0.2) (0.3,0.3121) 0.21948K f= =

4 (0.2) (0.3,0.42218) 0.2356K f= =

(0.4) (0.2) 1 2 3 4
1 [ 2 2 ]
6

y y K K K K= + + + +

(0.4) 0.4227y =

195.  Back ward Euler method is given by ( )1 1 1,n n n ny y h f x y+ + += +

196. The finite difference approximation for the 2nd derivative of a function f at a point 0x  is

( ) ( ) ( ) ( )0 0 011
2

2f x h f x f x h
f x

h
+ − + −

=

197. Let 3x c=  then  3 0x c− = ( ) 3 0f x x c⇒ = − = and ( )1 23f x x=

Newton – Raphson method is given by

( )
( )

( )3 3 3 3

1 11 2 2 2
3 2;

3 3 3
nn n n n

n n n n
n n n n

x cf x x x c x cx x x x
f x x x x+ +

− − + +
= − = − = =

198. Let ( ) 2 2f x x= −  and  0 1x = −

( )
( )

( ) ( )

( )
( )

( )

( )

2 2 2

1 11

22 2
0 2

1 2
0 1

22
2

3
2

22
3

4
3

2 2 ( 2);
2 2 2

9 1721.5 22 21 2 3 4 41.5 ; 1.4166
2 2 2 2 2 1.5 3 3

1.4166 22 2.0067 2 1.4141
2 2( 1.4166) 2.8332

1.41412
2

n nn n
n n n n

n n nn

x xf x xx x x x
x x xf x

x xx x
x x

xx
x

xx
x

+ +

− + +
= − = − = =

+− ++ ++ −
= = = = − = = = = =−

− − − −

− ++ +
= = = =−

− −

−+
= =

2 1.9996 2 1.4141
2( 1.4141) 2.8282

+ +
= = −

− −

∴  The iteration will converge to  2 1.4141− = −

153



OE. 38 Methods of Mathematical Physics

199.
1( ) , 1, 2, 0.25f x a b h
x

= = = =

x      1

     1

          1.25

              0.8 

               2

              0.5 

       1.50

       0.6667

        1.75

       0.5714f x( )= 
1
x

( ) ( ) ( )
2

0 4 1 3 2
1

1 4 2 0.69325
3
hdx y y y y y

x
⎡ ⎤= + + + + =⎣ ⎦∫ ;

( ) ( ) ( )
2

0 4 1 3 2
1

1 4 2 0.69325
3
hdx y y y y y

x
⎡ ⎤= + + + + =⎣ ⎦∫

200. Let  
1x
a

=      (or)     
1 0a
x
− = Then take ( ) 1f x a

x
= −  and  ( )1

2
1f x
x

= − Now the Newton’s formula

gives ( )
( )

2
1 1

2

1
1

1
nn

n n n n n
nn

n

a
xf x

x x x x x
x af x

x
+

⎛ ⎞
−⎜ ⎟ ⎛ ⎞⎝ ⎠= − = − = + ⎜ ⎟−− ⎝ ⎠

2
1 2n n nx x ax+ = − for  n = 0, 1, 2, 3, ..

201. Newton – Raphson formula is
( )
( )1 1 0,1,2,3,..........n

n n
n

f x
x x n

f x+ = − =

202. E – 1, F – 3, G – 4, H – 2

203. Let 2x=       (or)  2 2 0x − = Taking  ( ) 2 2f x x= −   and  ( )1 2f x x= Newton – Raphson’s

formula is 
( )
( )

( )2 2 2 2

1 1 11

2 2 2 2 1 2;
2 2 2 2
nn n n n

n n n n n n
n n n nn

xf x x x xx x x x x x
x x x xf x+ + +

− ⎡ ⎤− + +
= − = − = = ∴ = +⎢ ⎥

⎣ ⎦

204. Given  ( ) 3 4 9 0f x x x= + − = ( )1 2 4f x x⇒ = + Newton – Raphson formula is

( )
( )

( )
( ) ( )
3 3 3 3

1 11 22 2

4 9 3 4 4 9 2 9
3 43 4 3 4

k kk k k k k k
k k k k

k kk k

x xf x x x x x xx x x
f x xx x

x+ +

+ − + − − + +
= − = − = =

++ +
∴

205. P – 1, Q – 2, R – 3, S – 4
1. Simpson’s Rule is one of the numerical integration technique (method).
2. Gauss – elimination method is used to solve only linear algebraic equations.
3. Runge – Kutta method is used to solve the ordinary differential equations.
4. Newton – Raphson method is used to solve the linear and non – linear algebraic equations.
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206. Given ( )2 ,tdx e u t
dt

−=   where ( )u t  is an unit step function.

By the definition of unit step function, we have ( ) {0, 0
1, 0

t
tu t <
≥=

(0) 0 ? 0.01secx and x at t= = =

( )2tdx e u t
dt

−=
0.01

2 2

0

( ) ( )
t

t t

t

dx e u t dt x e u t dt
=

− −

=

⇒ = ⇒ = ∫
0.01

0

( )
t

t

x g t dt
=

=

⇒ = ∫ where 2( ) ( )tg t e u t−=

{
{ 2 ,

0,2
1, 0

0, 0
0t

t ot
t

t
e t

c

−

<−
≥

<
≥

=

=

By TrapEzoidal rule, we have ( ) ( )
0.1

0

( )
2
hx g t dt g a g b⎡ ⎤⇒ = = +⎣ ⎦∫

( ) ( ) ( ) ( )2 0.01

0.02

0.01 0.010 0.01 1
2 2

0.01 1 ; 0.0099
2

g g e

e x

−

−

⎡ ⎤⎡ ⎤= + = +⎣ ⎦ ⎢ ⎥⎣ ⎦

⎡ ⎤= + =⎣ ⎦

207. Given ( ) ( ) ( )............. 1 0 0................. 2dy y x and y
dx

− = =

Also given 0.1h = ( )0.3 ?y =

From (2), we have

( )

( )
( )

0 0

1 0

2 0

3 0

0, 0 ,

1 0 0.1 0.1
2 0 2 0.1 0.2

3 0 3 0.1 0.3

dyx y and f x y y x
dx

x x h
x x h

x x h

= = = = +

= + = + =

= + = + =

= + = + =

Euler’s first order method is given by

( )

( )( ) [ ]
( ) ( )[ ]
( ) ( )

1 0 0 0 0

1 0 0

2 1 1 1

3 2 2 2

,

0 0.1 0.1 0 0 0.0

, 0.0 0.1 0.1 0.0 0.0 0.01 0.01

, 0.01 0.1 [0.2 0.01] 0.01 0.021 0.031

P

dyy y hf x y y h
dx

y x y

y y hf x y

y y hf x y

⎛ ⎞= + = + ⎜ ⎟
⎝ ⎠

= + + = + =

= + = + + = + =

= + = + + = + =
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209. The Table of x and corresponding value of ( )f x  are as follows :

i

0

1

2

3

4

5

6

x 

-3

-2

-1

0

1

2

3

y x= 4

y0 = 81

= 16y1

 = 1y2

 = 0y3

 = 1y4

= 16y5

= 81y6

Using Simpson rule, we have ( ) ( )
3

4
0 1 3 5 2 4 6

3

4 2
3
hx dx y y y y y y y

−

⎡ ⎤= + + + + + +⎣ ⎦∫

( ) ( )1 81 4 16 0 16 2 1 1 81
3
⎡ ⎤= + + + + + +⎣ ⎦ [ ]1 81 128 4 81 98

3
= + + + =

210. Here
2 1 0.25

4
h −
= = ;The table of x and corresponding value of ( )f x  are as follows

i
0
1
2
3
4

xi

1
1.25
1.5
1.75
2

yi

1
0.80
0.667
0.571
0.5

Using Simpson rule we have

( )
2

0 1 3 2 4
1

4 2
3

dx h y y y y y
x

⎡ ⎤= + + + +⎣ ⎦∫ ( ) ( )0.25 1 4 0.8 0.571 2 0.667 0.5
3

⎡ ⎤= + + + +⎣ ⎦ 0.6932=

211.  Here 0.5h = Using Simpson’s rule

( ) [ ]
3

1

0.5 2.1 20.8 4.4 3
3

f x dx = + + +∫ [ ]0.5 2.1 20.8 4.4 3
3

= + + + 5.05=

212. Here 1h = ;By Simpson rule we have

( ) ( )
4

0

1 1 4 2.72 20.09 2 7.39 54.60
3

xe dx ⎡ ⎤= + + + +⎣ ⎦∫ [ ]1 1 91.24 14.78 54.60
3

= + + + 53.87=
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213.
( )1 2 2

1 1 1
1.06251 1 0.25

a y
x

= = = =
+ + ( )3 2 2

3

1 1 1
1.56251 1 0.75

b y
x

= = = =
+ +

214.  Here 10h = Using Trapezoidal rule

( )10 0 3 2 4 7 9 12 15 14 8
2

A ⎡ ⎤= + + + + + + + +⎣ ⎦ [ ] 25 0 3 130 705 m= + + =

215. Using Trapezoidal rule ( ) ( )
7.52

0 1 2 3 4 5
7.47

2
2
hf x dx y y y y y y⎡ ⎤= + + + + +⎣ ⎦∫

( )0.01 1.93 2 1.95 2.01 2.03 2.06
2

⎡ ⎤= + + + +⎣ ⎦ [ ]0.005 1.93 15.94 2.06= + + 0.0996=

216.  Taking four equal part between 0 & 1, h = 0.25.Using Simpson’s formula

i

0

1

2

3

4

xi

1

2

3

4

5

 = 1y0

= 0.5y1

 = 0.33y2

 = 0.25y3

 = 0.2y4

1
i

i

y
x

=

( )
1

0 1 3 2 4
0

1 4 2
1 3

hdx y y y y y
x

⎡ ⎤= + + + +⎣ ⎦+∫ ( ) ( )0.25 1 4 0.8 0.571 2 0.67 0.5
3

⎡ ⎤= + + + +⎣ ⎦ 0.6945=

217.  The Table of x and corresponding ( )f x  are as follows :Using Simpson’s rule we have

( )
5

0 1 3 2 4
1

4 2
3

dx h y y y y y
x

⎡ ⎤= + + + +⎣ ⎦∫ ( ) ( )1 1 4 0.5 0.25 2 0.33 0.2 1.62
3
⎡ ⎤= + + + + =⎣ ⎦

218.  Here 1h = ( )
5

0 1 2 3 4
1

2
2
hydx y y y y y⎡ ⎤= + + + +⎣ ⎦∫ ( )1 10 2 50 70 80 100 255

2
⎡ ⎤= + + + + =⎣ ⎦

219. Here
1 0 0.2

5
h −
= = Calculating all values of ( )f x

x

f x  = x( ) 3

0

0

0.2

0.008

0.4

0.064

0.6

0.216

0.8

0.512

0.1

1

( )
1

3
0 1 2 3 4 5

0
2
hx dx y y y y y y⎡ ⎤= + + + + +⎣ ⎦∫ ( )0.2 0 0.008 0.064 0.216 0.512 1

2
⎡ ⎤= + + + + +⎣ ⎦ 0.26=

157



OE. 42 Methods of Mathematical Physics

220. ( ) 21 0.162sinf x x= −
1 cos21 0.162 0.919 0.081cos2

2
x x−⎛ ⎞= − = +⎜ ⎟

⎝ ⎠
Here Where

/12h π=

when 0 0x = , 0 1y = when 1 /12x π= , 0
1 0.919 0.081cos30 0.9795y = + ==

when 2 / 6x π= , 0
2 0.919 0.081cos60 0.9795y = + =

when 3 / 4x π= , 0
3 0.919 0.081cos90 0.9586y = + =

when 4 / 3x π= , 4 0.9372y =

when 5 5 /12x π= , 5 0.9213y =

when 6 / 2x π= , 6 0.9154y =

( ) ( ) ( ) ( )
/2

0 6 1 3 5 2 4
0

4 2
2
hf x dx y y y y y y y

π

⎡ ⎤= + + + + + +⎣ ⎦∫ 1.5056=

221.  We have 0 1 00.1, 0, 0.1h x x x h= = = + = Now 1dy xy
dx

= + or
2

2
d y dyx y

dxdx
= + or

3 2

3 2 2d y d y dyx
dxdx dx

= + or
4 3 2

4 3 23d y d y d yx
dx dx dx

= + ; From ( )0 1y =  we have

2 3 4

2 3 41; 1, 2, 3dy d y d y d y
dx dx dx dx

= = = =  and so on

Taylor series expression gives ( ) ( )
2 2 3 3 4 4

2 3 4 ....
2! 3! 4!

dy h d y h d y h d yy x h y x h
dx dx dx dx

+ = + + + + +

( ) ( ) ( )2 30.1 0.1
0.1 1 01 1 1 2 ...

2! 3!
y = + × + + +

0.01 0.0011 0.1 ....
2 3

= + + + +

1 0.1 0.005 0.000033................= + + + 1.1053=

222.  Let 0.1h = ,  given 0 0x = ,    0 1y = ; 1 0 0.1x x h= + = ,Now 2dy x y
dx

= − and

0,1
1dy

dx
⎛ ⎞ = −⎜ ⎟
⎝ ⎠ ;

2

2 1 2d y dyy
dxdx

= −  and 
2

2
0,1

3d y
dx

⎛ ⎞
=⎜ ⎟⎜ ⎟

⎝ ⎠
;

23 2

3 22 2d y dy d yy
dxdx dx

⎛ ⎞= − −⎜ ⎟
⎝ ⎠

 and

3

3
0,1

3d y
dx

⎛ ⎞
= −⎜ ⎟⎜ ⎟

⎝ ⎠
;

4 2 3

4 2 32 3d y dy d y d yy
dxdx dx dx

⎡ ⎤
= − +⎢ ⎥

⎢ ⎥⎣ ⎦
and 

4

4
0,1

34d y
dx

⎛ ⎞
=⎜ ⎟⎜ ⎟

⎝ ⎠

The Taylor series expression gives ( ) ( )
2 2 3 3 4 4

2 3 4 ...
2! 3! 4!

dy h d y h d y h d yy x h y x h
dx dx dx dx

+ = + + + + +
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( ) ( ) ( ) ( ) ( ) ( )2 3 40.1 0.1 0.1
0.1 1 0.1 1 3 8 34 .....

2! 3! 4!
y = + − + + − + +

1 0.1 0.015 0.001333 0.0001417= − + − + 0.9138=

223. Here  ( ) 2 2
0 0, , 0 0f x y x y x y= + = = . We have, by Picard’s method

( )
0

0 ,
x

x

y y f x y dx= + ∫  …(1)

The first approximation to y  is given by ( ) ( )
0

1
0 0,

x

x

y y f x y dx= + ∫ ,where

( ) 2
0

0 0

0 ,0
x x

y f x dx x dx= + =∫ ∫ . . . (2)

The second approximation to y  is given by ( ) ( )( )
0

3
2 1

0
0

, 0 ,
3

x x

x

xy y f x y dx f x dx
⎛ ⎞

= + = + ⎜ ⎟⎜ ⎟
⎝ ⎠

∫ ∫

6 3 7
2

0

0
9 3 63

x
x x xx dx

⎛ ⎞
= + + = +⎜ ⎟⎜ ⎟

⎝ ⎠
∫

Now,                          ( ) ( ) ( )3 70.4 0.4
0.4 0.02135

3 63
y = + =

224.  Here  ( ) 0 0, ; 0, 2f x y y x x y= − = = ;We have by Picard’s method ( )
0

0 ,
x

x

y y f x y dx= + ∫
The first approximation to y  is given by

( ) ( ) ( )
0

1
0 0

0

, 2 ,2
x x

x

y y f x y dx f x dx= + = +∫ ∫ ( )
2

0

2 2 2 2
2

x
xx dx x= + − = + −∫ … (1)

The second approximation to y  is given by

( ) ( )( )
0

2 1
0 ,

x

x

y y f x y dx= + ∫
0

2
2 ,2 2

2

x

x

xf x x dx
⎛ ⎞

= + + −⎜ ⎟⎜ ⎟
⎝ ⎠

∫

2 2

0

2 2 2
2
xx x dx

⎛ ⎞
= + + − −⎜ ⎟⎜ ⎟

⎝ ⎠
∫ =

2 3
2 2

2 6
x xx+ + − ……... (2)

The third approximation to y  is given by

( ) ( )( )
0

3 2
0 ,

x

x

y y f x y dx= + ∫
0

2 3
2 ,2 2

2 6

x

x

x xf x x dx
⎛ ⎞

= + + + −⎜ ⎟⎜ ⎟
⎝ ⎠

∫
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2 3

0

2 2 2
2 6

x
x xx dx

⎛ ⎞
= + + + − −⎜ ⎟⎜ ⎟

⎝ ⎠
∫

2 3 4
2 2

2 6 24
x x xx= + + + −

225. Here  ( ) 2
0 0, , 0 0f x y x y x y= + = = ;

We have, by Picard’s method ( )
0

0 0,
x

x

y y f x y dx= + ∫

The first approximation to y  is given by ( ) ( ) ( )
0

1
0 0

0

, 0 ,0
x x

x

y y f x y dx f x dx= + = +∫ ∫
2

0

0
2

x
xxdx= + =∫

The second approximation to y  is given by

( ) ( )( )
0

2
2 1

0
0

, 0 ,
2

x x

x

xy y f x y dx f x dx
⎛ ⎞

= + = + ⎜ ⎟⎜ ⎟
⎝ ⎠

∫ ∫
4 2 5

0
4 2 50

x
x x xx dx

⎛ ⎞
= + = +⎜ ⎟⎜ ⎟

⎝ ⎠
∫

The third approximation is given by

( ) ( )( )
0

3 2
0 ,

x

x

y y f x y dx= + ∫
2 5

0

0 ,
2 20

x
x xf x dx

⎛ ⎞
= + +⎜ ⎟⎜ ⎟

⎝ ⎠
∫

4 10 7

0

2
4 400 40

x
x x xx dx

⎛ ⎞
= + + +⎜ ⎟⎜ ⎟

⎝ ⎠
∫

2 5 8 11

2 20 160 4400
x x x x

= + + +

226. We have  x  :    0.1    0.2     0.3   0.4
Euler’s method gives

( )1 ,n n n ny y h x y+ = + ……… (1)

By putting 0n =  in (1) gives

( )1 0 0 0,y y hf x y= +

Here  0 00, 1, 0.1x y h= = =

( )1 1 0.1 0,1 1 0 1y f= + = + =

0n = in (1) gives ( )2 1 1 1,y y hf x y= +

( ) ( )1 0.1 0.1,1 1 0.1 0.1 1 0.01f= + = + = +

Thus ( )2 0.2 1.01y y= =

2n = in (1) gives ( ) ( )3 2 2 2, 1.01 0.1 0.2,1.01y y hf x y f= + = +

Thus ( )3 0.3 1.01 0.0202 1.0302y y= = + =

3n = in (1) gives ( ) ( )4 3 3 3, 1.0302 0.1 0.3,1.0302y y hf x y f= + = +
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1.0302 0.03090= +

Thus ( )4 0.4 1.0611y y= =

Hence                             ( )0.4 1.0611y =

227. The Euler’s modified method gives ( )*
1 0 0 0,y y hf x y= + ,

( ) ( )*
1 0 0 0 1 1, ,

2
hy y f x y f x y⎡ ⎤= + +
⎣ ⎦

Now, here

228. [ ]*
2 1 1 1( , ) 1.0202 0.02 (0.02, 1.0202)y y hf x y f= + = + 1.0202 0.0204 1.0406= + =

Next *
2 1 2 2( , ) ( , )

2
hy y f x y f x y⎡ ⎤= + +⎣ ⎦

[ ]0.021.0202 (0.02,1.0202) (0.04,1.0406)
2

f f= + +

[ ]1.0202 0.01 1.0206 1.0422 1.0408= + + = Thus

2 (0.04) 1.0408y y= =

229. *
3 2 2 2( , ) 1.0416 0.02 (0.04,1.0416)y y hf x y d= + = + 1.0416 0.0217 1.0633= + = Next

*
3 2 2 2 3 3( , ) ( , )

2
hy y f x y f x y⎡ ⎤= + +⎣ ⎦ [ ]3

0.021.0416 (0.04,1.0416) (0.06,1.0633)
2

y f f= + +

[ ]1.0416 0.01 1.0865 1.1342 1.0638= + + = 3 (0.06) 1.0638y y= =

230. We assume that x   :  0     0.2     0.4    0.6      0.8     1

Euler’s modified method gives *
1 0 0 0( , )y y hf x y= +

*
1 0 0 0 1 1( , ) ( , )

2
hy y f x y f x y⎡ ⎤= + +⎣ ⎦

Here 0 01, 0, 0.2y x h= = =

*
1 1 0.2 (0,1) 1 0.2(1) 1.2y f= + = + = ; [ ]0.21 (0,1) (0.2,1.2)

2
f f+ +

[ ] 11 0.1 1 1.4 , 1.24 (0.2)y y= + + = = Now *
2 1 1 1( ) 1.24 0.2 (0.2,1.24)y y hf x y f= + = +

1.24 0.2 1.44 1.528= + × =
*

1 1 1 1 2 2( ) ( , )
2
hy y f x y f x y⎡ ⎤= + +⎣ ⎦

[ ]0.21.24 (0.2,1.24) (0.4,1.528)
2

f f= + + [ ]1.24 0.1 1.44 1.928 1.5768= + + =

2 (0.4) 1.5768y y= =
Now

*
3 2 2 2( , ) 1.5768 0.2 (0.2 (0.4,1.5768)y y hf x y f f= + = + 1.5768 0.3953 1.9721= + =
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*
3 2 2 2 3 3( , ) ( , )

2
hy y f x y f x y⎡ ⎤= + +⎣ ⎦ [ ]0.21.5768 (0.4,1.5768) (0.6,1.9721)

2
f f= + +

[ ]1.5768 0.1 1.9768 25721 2.03169,= + + = 3 2.03169y = Next

*
4 3 3 3( , ) 2.0317 0.5 (0.6,20317)y y hf x y f= + = + = 2.0317 0.5263 2.558+ =

*
4 3 3 3 4 4( ) ( , )

2
hy y f x y f x y⎡ ⎤= + +⎣ ⎦

[ ]0.22.0317 (0.6,2.0317) (0.8,2.558)
2

f f= + + [ ]2.0317 0.1 2.6317 3.358 2.63067= + + = Next

*
5 4 4 4( , ) 2.63067 0.2 (0.8,2.63067)y y hf x y f= + = + 2.63067 02(3.43067) 3.3168= + =

*
5 4 4 4 5 5( , ) ( , )

2
hy y f x y x y⎡ ⎤= + +⎣ ⎦ [ ]0.022.63067 (0.8,2.63067) (1,3.3168)

2
f f+ +

[ ] 52.63067 0.1 3.43067 4.3168 , 3.405417y= + + =

231. We have x :   0     0.2      0.4     0.6

2( )f x x y= −

On calculation we get  1 2 3( ) 0.1996 ( ) 0.3937 ( ) 0.5689f x f x f x= = =

Using predictor formula ( )
0 1 2 34

4 (2 2 )
3

py y h f f f= + − +

0.2h = [ ]0.80 2(0.1996) (0.3937) 2(0.5689)
3

= + − +

( ) *
2 2 3 34 ( 4 )

3
c hy y f f f= + − + * ( )

4 4 4( , ) (0.8,0.3049) 0.07070pf f x y f= = =

[ ]( )
4

20.0795 0.3937 4(0.5689) 0.7070 0.3046
30

cy = + + + =

232. We have 2( ) 1f x y= + On calculation we get 1 2 31.04108, 1.17875 1.46778f f and f= = =

By predicated formula ( )
0 1 2 34

4 2 2
3

p hy y f f f= + − +⎡ ⎤⎣ ⎦ ; [ ]80 2(1.04108) 1.17875 2(1.46778)
30

+ − +

( ) ( ) ( ) *
2 2 3 44 4 41.0237, 1.0237, ( 4 )

3
p p c hy y y y f f f= = = + + + ;

* ( ) *
4 4 44( , ) (0.8,1.0237) 2.0480pf f x y f f= = = [ ]( )

4
20.4228 1.1787 4(1.4678) 2.0480
3

cy = + + +

(0.8) 1.0293y =
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233. ( )
1 2 3 45

4 (2 2 )
3

p hy y f f f= + − +
0.80.2027 (2 1.1787 1.4678 2(2.0594) 1.5382
3

= + × − + =

* ( )
5 5 5( , ) (1,15382) 3.3660pf f x y f= = = ; ( ) *

3 3 4 55
0.2 4
3

cy y f f f⎡ ⎤= + + +⎣ ⎦

[ ]20.6841 1.467 4 2.0594 3.3360 1.5555
30

= + + × + =

234. We now to find 3 (0.6)y y= ; 1 2 2( , ) (0.2) (0.4,0.4228) 0.2357k hf x y f= = =

2 2 2 1
1 1, (0.2) (0.5,0.5406) 0.2584
2 2

k hf x h y k f⎛ ⎞= + + = =⎜ ⎟
⎝ ⎠

;

3 2 2 2
1 1, (0.2) (0.5,0.520) 0.2609
2 2

k hf x h y k f⎛ ⎞= + + = =⎜ ⎟
⎝ ⎠ 4 1 2 3 4

1 2 2
6

k k k k k= + + +⎡ ⎤⎣ ⎦

[ ]1 0.2357 2(0.2584) 2(0.2609) 0.2935
6

= + + + [ ]1 0.2357 0.5168 0.5218 0.2935 0.2613
6

= + + + =

3 (0.6) 2 0.4228 0.2613 0.6841y y y k= = + = + =

235. Here given 0 00 1, 0.2x y h= = = ; 2( , )f x y x y= + To find 1 (02)y y= ;

1 0 0( , ) (0.2) (0,1) (0.2) 1 0.2k hf x y f= = = × =

1
2 0 0, (0.2) (0.1,1.1) 0.2(1.31) 0.262

2 2
khk hf x y f⎛ ⎞= + + = = =⎜ ⎟

⎝ ⎠
;

2
3 0 0, (0.2) (0.1,1.131) 0.2758

2 2
khk hf x y f⎛ ⎞= + + = =⎜ ⎟

⎝ ⎠

4 0 0 3( , ) (0.2) (0.2,1.2758) 0.3655k hf x h y k f+ + = = ; 1 2 3 4
1 2 2 2
6

k k k k k= + + +⎡ ⎤⎣ ⎦

[ ]1 0.2 2(0.262) 2(0.2758) 0.3655 0.2735
6

= + + + = Here 1 (0.2) 0 1 0.2735 1.2735y y y k= = + = + ⇒

236. Here ( , ) , 0.2f x y x y h= + = To find 1 (0.2)y y= 1 0 0( , ) 0.2 (0,1) 0.2k hf x y f= = =

2
3 0 0, (0.2) (0.1,1.12) 0.244

2 2
khk hf x y f⎛ ⎞= + + =⎜ ⎟

⎝ ⎠

4 0 0 3( , ) (0.2) (0.2,1.244) 0.2888k hf x h y k f= + + = = 1 2 3 4
1 [ 2 2 ]
6

k k k k k= + + +

[ ]1 0.2 2(0.24) 2(0.244) 0.2888 0.2428
6

= + + + = ; 1 (0.2) 0 1 0.2428 1.2428y y y k= = + = + =
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237. Here      1 0 1 2
1 ( )
2

y y k where k k k= + = + ; 1 0 0( , )k hf x y= ; 2 0 1( , )k hf x h k= + ; ( , )dy y f x y
dx

= − =

Thus 0(0)y y= 1 0k hy= − ; 2 0 1 0 1 0 0 0( , ) 1( ) (1 )k hf h y k h y k h y hy hy h= + = − + = − + = − −⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦

2
2

0 0 0 0 0 0
1 1( ) { (1 )} 2
2 2 2

hk hy hy h hy h y y hy⎡ ⎤= − + − − = − + = −⎡ ⎤⎣ ⎦ ⎣ ⎦ ;

Thus    
2

1 0 0 02
hy y y hy= + − 20 2 2

2
y h⎡ ⎤= − +⎣ ⎦

238. We have ( )dy f x
dx

= Step size = 0 0, 0, 0h y x= = ;By Runge-Kutta of the fourth order

1 0 0 0( , ) ( ) (0)k hf x y h f x hf= = =⎡ ⎤⎣ ⎦ ; 2 0 0 1 0
1 1 1,
2 2 2 2

hk hf x h y k hf x h hf⎛ ⎞ ⎛ ⎞ ⎛ ⎞= + + = = =⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠

;

3 0 0 2
1 1,
2 2 2

hk hf x h y k hf⎛ ⎞ ⎛ ⎞= + + =⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

; 3 0 0 3( , ) ( )k hf x h y k hf h= + + =

Hence bu fourth order  Runge-Kutta formula the solution at x = h; 1 0 1 2 3 4
1 ( 2 2 )
6

y y k k k k= + + + + ;

1( ) 0 (0) 2 2 2 ( )
6 2 2 2

h h hy h hf hf hf hf hf h
⎡ ⎤⎛ ⎞ ⎛ ⎞ ⎛ ⎞= + + + + +⎢ ⎥⎜ ⎟ ⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎣ ⎦
(0) 4 ( )

6 2
h hf f f h
⎡ ⎤⎛ ⎞= + +⎢ ⎥⎜ ⎟

⎝ ⎠⎣ ⎦

239. 1 1 2
1 ( 3 )
4n ny y k k+ = + 0,1,2,3,.....n = 1 ( , )n nk nf x y ; 1

2
32( , )

3 3n n
khk hf k y= + + and

10 ( , )y y f x y′ = − = 0 00, 1x y= = . We can take step size, 0.1 0.2h or= Thus 0 0.2h< <

240. 2 ( , )dy x f x y
dx

= = ; Initially 0 00.1, 0x y= =  taking h = 1;

1 0 0 0(1) ( ) 0y y y hf x y= = + + = ; 2 1 0 1(2) ( , ) 2y y y hf x h y= = + + = ;

3 2 0 2(3) ( 2 , ) 6y y y hf x h y= = + + = ; 4 3 0 3(4) ( 3 , ) 12y y y hf x h y= = + + = ;

5 4 0 4(5) ( 4 , ) 20y y y hf x h y= = + + = ;Clearly

(1) 0.1, (2) 1.2, (3) 2.3y y= = = ; (4) 3.4 (5) 4.5y y= = .  Thus 1.n n ny x x−=
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